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Robust Nuclear Spin Entanglement via Dipolar Interactions in Polar Molecules
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We propose a general protocol for on-demand generation of robust entangled states of nuclear and/or
electron spins of ultracold 'S and %% polar molecules using electric dipolar interactions. By encoding a
spin-1/2 degree of freedom in a combined set of spin and rotational molecular levels, we theoretically
demonstrate the emergence of effective spin-spin interactions of the Ising and XXZ forms, enabled by
efficient magnetic control over electric dipolar interactions. We show how to use these interactions to create

long-lived cluster and squeezed spin states.
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Ultracold polar molecules hold great promise for quan-
tum simulation, metrology, and information processing
because they feature strong electric dipolar (ED) inter-
actions that are both long range, anisotropic, and, more
importantly, tunable [1-16]. A necessary condition toward
their use for these goals is the capability to take advantage
of their intrinsic ED interactions to create highly entangled
and long-lived molecular states that are robust to environ-
mental decoherence, such as spin-squeezed states for
enhanced sensing [17-19], or cluster states for measure-
ment-based quantum computation [20-25].

Up to date, rotational states of simple bialkali molecules
such as KRb have been proposed as the primary workhorse
and a natural degree of freedom to encode a qubit [1-12].
This is because the long-lived rotational states can be
directly coupled by long-range ED interactions and manip-
ulated by microwave (mw) fields [26,27]. Nevertheless,
rotational states feature important limitations that have
hindered their use for entanglement generation: (1) ultracold
molecules prepared in different rotational states typically
experience different trapping potentials and therefore are
subject to undesirable decoherence, leading to short coher-
ence times [28-30]; (2) fine tuning of the many-body
Hamiltonian parameters requires the use of strong and
well-controlled dc electric fields E [1,11]. As these fields
take time to switch and change, on-demand generation of
entanglement using long-range ED interactions between
rotational states remains a significant experimental challenge.

To overcome these important limitations, here we pro-
pose to leverage a larger set of internal levels accessible in
ultracold polar molecules, which include nuclear and/or
electron spin levels in addition to their rotational structure.
Taken together, these levels can be used as a robust resource
for on-demand entanglement generation. By encoding an
effective spin-1/2 into a combined set of nuclear spin and
rotational molecular levels, we take advantage of the long
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coherence times enjoyed by nuclear spin levels and the
strong ED interactions experienced by rotational levels at
different stages of the entanglement generation process. We
note that other types of qubit encodings have been
suggested in Refs. [4,5]. Our proposal, in addition to the
electric tunability of dipole-induced spin-exchange and
Ising couplings, offers magnetic tunability of the ED
interactions, and the ability to turn off exchange inter-
actions on demand even at finite E fields. The magnetic
tunability, an essential advantage of our approach, arises
from inducing avoided crossings of electron spin-rotational
levels of the opposite parity in £ molecules such as
YO [31-34], CaF [35,36], and SrF [37,38], which have
already been cooled down and trapped in optical potentials.
We also show how to engineer magnetically tunable level
crossings in 'Z molecules via mw dressing. In this way, we
can engineer spin models of Ising and XXZ types with an
enlarged set of control parameters.

Entangling nuclear spins of 'S molecules: Ising inter-
actions and cluster states.—Consider an ensemble of
ultracold 'Y molecules confined to a single plane of a
three-dimensional (3D) optical lattice at unit filling as
shown in Fig. 1(a). To entangle the nuclear spins of the
molecules via ED interactions, we propose to encode an
effective spin-1/2 into the states |1) = |00, M) and ||) =
|10, M’} as shown in Fig. 2(a). We refer to these states as
nuclear spin-rotational states. Here, |[NMy, M) denote
molecular eigenstates in the limit of large magnetic field
B, where the nuclear spin projections on the field axis M =
{M, ,M,,} are good quantum numbers [26,39]. At zero E
field the rotational quantum number N is a good quantum
number with the rotational energy spacing set by the
rotational constant B,. At finite E field, the rotational
states admix but we can still label the states that adiabati-
cally connect to zero-field N-states as N [40]. We further
assume that the external E and B fields are parallel.

© 2023 American Physical Society
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FIG. 1. (a) Experimental setup for nuclear spin entanglement
generation consisting of 'S molecules in superpositions of spin-
rotational states trapped in an optical lattice on a 2D plane.
Molecular spins (arrows) interact via the long-range Ising
interaction (wavy line), creating cluster-state entanglement rep-
resented by the yellow shaded area. (b) Same as (a) but in the
presence of a B field and the spin-rotation interaction (red wavy
lines) near an avoided crossing in X molecules. The blue shaded
area represents entanglement of the XXZ type leading to the
generation of spin-squeezed states.

Importantly, we require that our effective spin-1/2 states
have different nuclear spin projections (M # M), which
ensures that the off-diagonal matrix elements of the
molecular electric dipole moment (EDM) d are strongly

suppressed ((1]d|]) = dy, — 0). This is because in the
large B-field limit, the electric quadrupole interaction,
becomes small compared to the Zeeman interaction [41],
and M and My become good quantum numbers. This
property makes our encoding distinct from the one pro-
posed in all of the previous theoretical work, which used
rotational states with M = M’ [1-4,6-8,11]. The only
exception is Ref. [64], which proposed the use of a
combination of electron spin and rotational states near
avoided level crossings to engineer interqubit interactions
using infrared laser pulses. In our work, these interactions
arise naturally without the need to use extra pulses or
avoided crossings (except in the specific case of the XXZ
model with 'Z molecules as discussed below).

In the absence of an external E field, all matrix elements
of the EDM vanish identically in our effective spin-1/2
basis [see Fig. 2(a)], as the basis states have a definite
parity. As a result, the long-range ED interaction between
the molecules also vanishes. When an E field is applied, the
diagonal matrix elements dy = (1|d|1) and d| = (|d||)
acquire finite values with d; # d|, as shown in Fig. 2(b),
whereas dy | — 0 (see above). This leads to the emergence
of ED interactions between molecules in the different
nuclear spin-rotational states described by the long-range
Ising model [41]

Hap = > T35S (1)

i>j

where the effective spin-1/2 operators S act in the two-
dimensional Hilbert space of the ith molecule {||),[1)},
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FIG. 2. (a) Zeeman energy levels of a typical bialkali molecule
(here, “°K¥7Rb). Our effective spin-1,/2 states |1) = |00, M) and
|4) = |10, M") are marked by arrows. (b) Expectation values of
the EDM d; (top curve) and d| (bottom curve) and the Ising
coupling constant J, (bottom panel) as a function of the reduced
E-field strength 3 = dE/B, [40]. (c) Protocol for creating long-
lived nuclear spin cluster states of polar molecules via ED
interactions.

J5; = (dy —d})*(1 = 3cos?0;;)/|R ;| is the Ising coupling
constant, R; j is the distance vector between the molecular
centers of mass, and 6;; is the angle between R;; and the
direction of the E field. The E-field dependence of Jj;
shown in Fig. 2(b) reaches a maximum at f; = Ed/B, ~ 3.
Importantly, because our effective spin-1/2 states cor-
respond to the N =0 and N = 1 Stark levels, the Ising
interaction between the molecules in different nuclear spin-
rotational states (M # M’) is as strong as that between the
molecules in ordinary rotational states (M = M") [10].
The starting point of our general entanglement-
generating protocol is an ensemble of N = 0 molecules
trapped in a single plane of a 3D optical lattice as shown in
Fig. 2(c). The molecules are initialized in a coherent
superposition of two different N = 0 nuclear spin states
100, +) = (1//2)[|00,M) +|00,M")]. No long-range inter-
actions are initially present between the molecules, since
dy =d, for all N =0 nuclear spin states even in the
presence of a dc E field, and thus ij = 0. As an example,
we consider ultracold KRb(!E") molecules prepared
in a coherent superposition of two nuclear spin sta-
tes |00, +)gry = (1/v/2)[|00, =3, =1/2) + 00, =4, 1/2)],
which can be realized experimentally via two-photon
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microwave excitation [26,65]. Further analysis of the
experimental feasibility of our protocol [41] shows that
most of the requisite experimental tools have already been
implemented in the laboratory, and thus its experimental
realization appears feasible with current or near-future
technology.

In Step 1, we initialize our spin-rotational qubits by pre-
paring a coherent superposition |+) = (1/v2)[|1) +|{)]
[see Fig. 2(c)]. This can be achieved by starting with the
coherent superposition of N = 0 nuclear spin states |00, +)
defined above, and applying a resonant pulse of mw
radiation on the |00, M') — |10, M’) rotational transition.

Figure 3(a) illustrates the idea for KRb. By applying a
mw 7 pulse to the superposition |00, +) gy, resonant on the
|00, —4, 1/2) — |10, —4, 1/2) transition (which has a large
transition dipole moment), the population in the
|60, —4,1/2) state is coherently transferred to the rotation-
ally excited state, leading to the desired superpositi-
on |+)kgy = (1/v2)[|00,-3,-1/2) + |10, -4,1/2)]. To
show that it is possible to selectively excite a single
eigenstate component of the initial superposition, (i.e.,
|00, —4, 1/2) but not |00, -3, —1/2)), we plot in Fig. 3(b)
the energy difference between the main transition
(|60, —4,1/2) < |iO, —4,1/2)) and the competing transi-
tion. The differential Stark shift is seen to be negative at
small E fields, approaching zero at E ~ 10 kV/cm.
Thus, selective mw excitation of the desired transition
|00, —4,1/2) — |10, —4,1/2) is possible by tuning the E
field below 5 kV/cm or above 15 kV/cm, where the
competing transition is energetically detuned.

In Step 2, we let our initial n-molecule superposition
|+)®" evolve under the Ising interaction for the cluster time
te = n/|J;;,|. Because of the long-range nature of the
interaction, the resulting proxy cluster state will be different
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FIG. 3. (a) Energy levels of “°K®’Rb used in our entanglement
generation protocol plotted vs E field at B =400 G and
Mp=My+M;, +M, = —7/2. The initial coherent super-
position of the N = 0 nuclear spin states is marked with a blue
circle. The mw transition used to excite the initial coherent
superposition |+) is marked with a green arrow. The competing
mw transition is marked by the gray arrow. The differential Stark
shift (b) and the NN Ising constant (c) plotted vs E field for
40K37Rb molecules at the lattice spacing of 500 nm.

from the proper cluster state formed under nearest-neighbor
(NN) interactions [20,21]. Nevertheless, theoretical simu-
lations in 1D show that cluster-state fidelities above 75%
can be achieved for <12 molecules even in the presence of
moderately strong (|J5;,,/J5;,,| = 0.1) next-NN inter-
actions [66]. These interactions can also be efficiently
suppressed using dynamical decoupling techniques [66].

At t = t. a maximally entangled cluster state of nuclear
spin-rotational qubits is created [20,24]. The Ising coupling
constant J;;,, is plotted for the NN interactions of KRb
molecules in Fig. 3(c). At E =20 kV/cm and the NN
spacing of 500 nm, Ji, /27 =30Hz and it takes
t.~16.7 ms to evolve the lattice-confined ensemble of
KRb molecules into the highly entangled cluster state.
Preserving the coherence during Ising evolution is exper-
imentally feasible because the coherence times 7', of the
nuclear spin-rotational superpositions are likely to be
similar to those of purely rotational superpositions [65,67],
with T, = 470 ms demonstrated for CaF [30]. A detailed
analysis of the effects of decoherence on cluster states in
presented in the Supplemental Material [41].

In Step 3, we coherently transfer population back to the
ground rotational state via the |10, M) — |00, M) transition.
After the de-excitation step, the molecules find themselves
once again in a coherent superposition of N = 0 nuclear
spin sublevels |00, +) = (1/+/2)[|00, M) + |00, M")]. The
long-range Ising interaction is thereby completely turned
off, preserving the entanglement created in Step 2. We
expect the resultant nuclear spin cluster state to be both long-
lived and robust due to the much longer coherence times of
N =0 nuclear spin qubits compared to their rotational
counterparts [65,67]. These advantages of our protocol
enable long-term storage of quantum information in the
cluster state encoded in molecular nuclear spins, enabling
efficient implementation of the measurement protocols of
one-way quantum computing [21,22].

We next consider the question of how to engineer a more
general XXZ-type interaction between the electron spins of
2% molecules or nuclear spins of 'E molecules. While this
interaction arises naturally between the different rotational
states with M = M’ [11,40], it requires finite off-diagonal
EDM matrix elements, which are absent in the basis of
nuclear spin-rotation states we have considered so far.
Thus, in order to obtain a nonzero spin exchange coupling,
it is necessary to break the spin symmetry. Here, we
consider two symmetry-breaking scenarios that rely on
the spin-rotation interaction in £ molecules and on mw-
dressed rotational states of 'Z molecules.

As a specific example, consider the YO(’Z) molecule
recently laser cooled [33] and trapped in an optical
lattice [34]; see Fig. 4(e). A remarkable feature of YO
is its extremely large hyperfine interaction, which domi-
nates over the spin-rotation interaction and results in the
total spin angular momentum G = I + S being a good
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FIG. 4. (a) Zeeman energy levels of YO at E = 5 kV/cm. The
ALC between the levels |00,1/2M,) and |11,—1/2M,) is
marked with a circle. Energy levels (b), EDM matrix elements
(c), and NN spin coupling constants J,, | and J7;,, (d) plotted as
a function of B field near the ALC at the NN spacing of 500 nm.

(e) Experimental protocol for creating long-lived spin-squeezed
states of YO molecules.

quantum number [32] at low B fields, where I and S are
the nuclear and electron spins, respectively. In the large
B-field limit, the spin-rotational states of YO(%X)
INMy, M¢M,), have well-defined values of nuclear (M)
and electron (M) spin projections on the field axis.
Figure 4(a) shows the lowest rotational energy levels
of YO(’X). The opposite-parity levels |00, 1/2M,) and
|T1,=1/2M,) cross at B, ~0.85 T [68-70]. At B = B,
and E > 0, the electron spin-rotation interaction mixes the
levels, leading to an avoided level crossing (ALC) shown in
Fig. 4(b), and we choose our effective spin-1/2 states

@) = [1).14) as
@) = cal00. M) +calTL—3M), (2)

where c,; are B-dependent mixing amplitudes [41]. Thus,
in the vicinity of the ALC, the electron spin and rotation
mixing provides dy # 0, which gives rise to the XXZ
interaction [41]

1~y

. 1 onn .
dip = Z [Elﬁ(S?Sj +H.c.) + J§;855% (3)

i>j

where J3; =243 (1—3cos’0;;)/|R;;[ is the spin-exchange
coupling constant. As shown in Figs. 4(c) and 4(d), because
the spin mixing in Eq. (2) is localized in the vicinity of
the ALC, both d;; and J;; peak at B = B., where
|cail = 1/+/2. The diagonal matrix elements of the EDM
become equal at B = B,., where J;; vanishes [see Fig. 4(d)].
The remarkable magnetic tunability of the spin coupling
constants near ALCs can be used to vary the ratio Jj; /J i

over a wide range. Achieving such tuning of Jf-j/ Jilj is
desirable for accessing new regimes of spin-squeezing
dynamics depending on the sign of J—J+ [71] and
quantum simulation, since its tunability is far from straight-
forward in traditional protocols that rely on pure rotational
states, requiring the use of multiple mw fields [11].

To realize the spin-squeezed states experimentally, we
propose to use a standard Ramsey protocol shown in
Fig. 4(e), in which mw fields are used to excite the initial
coherent superposition (1/v/2)[|1) + |{)] (as recently
realized in a beam experiment [72]) and during the dark
time the system is allowed to evolve under the XXZ
Hamiltonian.

The evolution leads to the formation of a spin-squeezed
state in the {|1), || )} basis [19]. At the last step, the B field
is adiabatically ramped down to transfer the |1) and ||)
states back to the |00 1/2M;) and |11 —1/2M,) zeroth-
order states, and the latter state is coherently transferred to
the |00 — 1/2 M,) state using a circularly polarized mw 7
pulse. As a result, we obtain a long-lived squeezed state of
electron spins of N = 022 molecules, which can be used to
measure, e.g., external B fields. The effects of decoherence
on spin-squeezed states can be efficiently mitigated [41] as
long as the evolution time remains much smaller than the
single-molecule coherence time, as is currently the case for,
e.g., YO and CaF.

The above scenario of generating magnetically tunable
XXZ interactions is clearly unfeasible for '~ molecules due
to their extremely small nuclear magnetic moments. To
overcome this limitation, we use mw dressing to make the
opposite-parity states degenerate as illustrated in Fig. 5(a).
Specifically, driving the transition between the states
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FIG. 5. (a) Mw-dressed states |4, M) (red bars) of “°K¥’Rb for

M = 7/2 obtained by driving the mw transition (vertical arrow,
Q/27z = 2.1 MHz) between the bare levels |60, —-2,-3/2) and
|10, =2, —3/2). The effective spin-1/2 is encoded into the mw-
dressed state |—, M) and the bare state |1 — 1, —4,3/2) (blue bar),
which are coupled by the electric quadrupole interaction (wavy
line). B-field dependence of the effective spin-1/2 energy levels
(b), EDM matrix elements (c), and NN XXZ spin coupling
constants J}l 41 and J7, ., (d) near the ALC.
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|00, M) and |10, M) (such as the [00,—2,—3/2) and
|10, -2, -3/2) states of KRb) by a linearly polarized
mw field creates a pair of mw-dressed states in the rotating
frame [10]

[+, M) = c(Q,4)[00, M) + ¢ (Q, A)[10, M), (4)

where the mixing coefficients c%t, depend on the Rabi
frequency Q and the detuning from resonance A. For
simplicity, we will consider the case of resonant driv-
ing (A = 0), where the energies of the mw-dressed states
E, =E |, £Q/2 (assuming 7 =1), and E,, is the
energy of the bare state |10, M). We note that the coherence
time of these states could be limited by the different
trapping potentials experienced by the |00, M) and
|IO, M) bare states, as well as by the coherence properties
of the dressing field. Fortunately, it may be possible to
choose the mixing coefficients cl%/ in such a way as to
achieve state-insensitive trapping conditions [11,73].

To encode the effective spin-1/2, we choose the lowest-
energy mw-dressed state |—, M) defined above and the bare
state [T —1,M") =|1 —1,-4,3/2) of KRb shown in
Fig. 5(a). These states are coupled by the electric quadru-
pole interaction [41] via the matrix element V,, =

(—.M|H |1 —1,M") = 1.8 kHz. Figure 5(b) shows the ener-
gies of our effective spin-1/2 states |1,]) :cﬁm—,M)—l—

$/¢)|I—1,M’> as a function of B field. The NN spin
coupling constants J}l 41 and Ji, , shown in Fig. 5(d)
reach their maximal and minimal values at B = B.. We

note that J§;(B.) = Osince d; = d| atthe ALC, and thus the
ratio J3/J5
dynamic range.

In summary, we have shown how to engineer long-lived
cluster and spin-squeezed states using the nuclear spins of
'S molecules and the electron spins of >X molecules in their
ground rotational states. The proposed schemes can be
applied to a wide range of polar molecules recently cooled
and trapped in many laboratories [26,29-38], opening up a
general path to long-lived spin entanglement generation in
ultracold molecular ensembles.

c

| can be magnetically tuned over a wide
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