Chapter 4

Derivation of Equations of Motion

This chapter will be divided into two main sections. The first section will start with Maxwell's
equations and end with the equation for the laser field in a medium with a polariZzatidhe second
section will derive equations of motion for the density matrix of a closed two-level atomic system. The
off-diagonal elements of the density matrix can be related to the polariZatafrthe atomic medium.

The end result is a set of coupled equations for the propagation of the laser and the evolution of the
atomic medium.

4.1 Field Equations

In the beginning (or shortly thereafter) there was light as described by Maxwell's equations,

V-D =py, (4.1a8)
V-B=0, (4.1b)
0B
VXE__E’ (4.1¢)
oD
VxH_Jf+E, (4.1d)

where,D = ¢yE + P andH = ﬁB — M [29]. For the purpose of the discussion in this thesis we
may take a special case of Maxwell's equations. To model the propagation of an intense laser field in a
medium of two-level atoms we may assume that there is no free ch@fg:e () or current (lf = 0),

and the net magnetization is zefdl(= 0). By placing the expression f@ into Eq. (4.1a) we arrive at

the following result:

V- (eoE + P) = 0. (4.2)

We are only interested in a polarization that is parall@t@onsequently, we may wrié = ¢ (¢,r)E.
This allows the simplification of Eq. (4.2) to

eoV-E +&o(E-Vx(t,r) + x(t, 1)V -E) m o[l + x(¢,1)][V-E=0 (4.3)

if x(t,r) varies slowly over a wavelength, which impli&s- E = 0 because[l + x(¢)] # 0. This
seemingly trivial point justifies the elimination of thé- E term that will be encountered momentarily.

The physics that we are concerned with involves linearly polarized laser light propagating in a
medium of two-level atoms. For the two-level atom system the only degree of freedom for the polariza-
tion vector is along the axis defined by the polarization of the incoming laser field. Imagine the classical
analog of a random distribution of fixed dielectric spheres. It is obvious that the induced dipole is in the
direction of the driving field. In the case of real atoms, collisions may populate different magnetic states
resulting in incoherent redistribution of light. This is inconsequential since we are only interested in the
coherent propagation of the laser field in the forward direction and the loss of energy that is incoherently
scattered intdr is accounted for via an incoherent loss term in the equations of motion.
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By taking the time derivative of Eq. (4.1d), and using Eq. (4.1c) along with the vector identity
V x (VxA)=V(V-A) - V2A the following wave equation is produced:

oE  OP
oz g

This wave equation can be simplified by considering propagation of the light in one diregti@nd

using the assumption that the laser pulse envelope varies slowly in time and space compared to a period
and wavelength of light. This approximation is called the Slowly Varying Envelope Approximation
(SVEA). To apply the SVEA to Eq. (4.4) let the fiekiand the polarizatiol? be written as an envelope
function with an explicit time and space variation as follows:

VE = poco (4.4)

—_

E = —(e(z,y, 2, t)ei(“”th"z) +e*(x,y, 2, t)efi(“’th"z));% (4.5a)

= DN

P = o (P(w,y,2,1)e K0 4 P (a,y, 2, e K, (4.5b)
wheree andP are the envelope functions for the field and the polarization respectively, the fre-
guency of the laser anK; is the free space wave number. One might imagine that the wave number
for the laser will change once inside the medium and because of diffraction. All variations of the wave
number from the free space wave number are contained inside the envelope fencliois does not
violate the SVEA because the magnitude of the index of refraction involved in this problem is small
(Jn — 1] ~ 107%). Because we have picked the propagation direction to be tieection we may
replaceK; - z with K;z.

By substituting Eq. (4.5a) and Eq. (4.5b) into Eqg. (4.4) and dropping small terms of the form
g—i;, g—ié, %?2’ and 22, then collecting terms that oscillate e+~ we find the slowly-varying
Maxwell’s equation

Oe 10 id_,  ipowpA
9z Tcot T an T an
where )\ is the wavelength of the laser light [38]. The justification for dropping the second derivative
terms comes from the observation thi | < |2iw, 2| and| 25| < |2iK,Z|. The 22 term is small
and can be droppedf(t) < 1. Only first derivatives are kept in theandt coordinates thus the SVEA
ignores backwards propagation.
The last manipulation of the field equation is motivated out of convenience. It is possible to

combine the two partial derivatives into one by transforming to a co-moving frame defined as

P, (4.6)

to=t— 2 (4.7a)
C
Ze = 2. (4.7b)
These transformations result in the following replacements:

0 0

ot ot (4.8a)
0 10 0
2: Yool o (4.8b)
which finally produce the co-moving slowly-varying Maxwell’s equation
86($,yazc,tc) _ A 2 iugwf/\
b dn AE@ W Eete) = TPy, 2 te). (4.9)

A transformation to a co-moving frame can be visualized as riding along on a section of the
pulse and watching how the pulse envelope changes. A slightly different visualization of the same
transformation is used when imagining the propagation of the laser in the computer code. Imagine a
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laser pulse envelope broken up into many individual pieces of infinitesimal width, like a histogram with
very thin bars. We can imagine a single piece of this pulse propagating through a medium of two-level
atoms. The polarization that this piece of the pulse “sees” is a direct result of all of the pieces of the
pulse that have already passed. If, we were to stop time we would see the first piece of the pulse in an
undisturbed medium with the piece behind the first in a medium effected by the first piece and so forth
back to our piece of interest. This obvious picture is for the normal coordinatgs If instead we send
the first piece all the way through the medium without the second right behind we would be left with a
modified medium. The second piece of the pulse may now be propagated through this modified medium
leaving a medium that has now been modified by the first two pieces of the pulse. This process may be
continued for each infinitesimal piece of the pulse. This second picture is of a co-moving frame.

From this point on it will be assumed that every equation is written in the co-moving frame
making the subscriptredundant. Therefore, the subscriptill be dropped.
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Figure 4.1:Two-level atom: The energy spacing betweé) and|g) is fiw,. The natural decay rate is
I' = 32.5 MHz. A laser detuned to the blue is shown schematically on the right with a frequency

4.2 Density matrix

In this section we will derive the equation of motion for the density matrix that describes a two-
level atom in a field. Throughout this discussion it will be assumed that the waveleygthlight is
large when compared to the size of the atom. This is called the dipole approximation and will allow the
addition of—p - E, wherep is the dipole moment of the atom, to the Hamiltonian for the atom. Many
approximations will be glossed over in this chapter.

42.1 Bare closed two-level atom

The model under consideration here is an atom with only two levels. These levels will be referred
to as|g) and|e) for ground and excited states with an energy separatidwgfs shown in Fig. 4.1. The
atom is driven by a classical field with frequenagy

The Hamiltonian for a two-level atom in a classical field is as follows:

_ 1 1 0 0 p
H_HO+V_§hwo<0 _1>—<p* O>E, (4.10)
whereE = E - . The equation of motion for the density matrix is
. i
where the density matrix is defined as
_ Pee peg >
p= (4.12)
( Pge  Pgg
because we have restricted the model to a closed system p,, = 1 which impliespe. = —pg,-

We may choosg = p* because our atom only has two-levels which impfigs = p;.. With these
constraints, even though Eqg. (4.11) generates six real equations we only need three of them to describe
the physics. These three equations can be written as one real equation which contains the population
information and one complex equation which contains the polarization information

. pE
Pee = _l%(peg - pge) —Dpee (4.13a)

Peg = —tWoPeg — Z?(Pee - pgg) ~ VPeg (4.13b)

The two decay termsI'p.. and—yp., were added phenomenologically and did not come from Eq. (4.11).
The decay term in Eq. (4.13a) is proportionaltavhich is the natural decay rate of the upper state pop-
ulation. The decay term in Eq. (4.13b) is proportionahte= I'/2 + +. which is the dephasing rate,
where~. is the dephasing due to collisions.
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We may define a quantity called the population inversiod asp.. — p,, giving the following
equations of motion fo# andp,,,:

9E

“n
E

fog = —(7 + iwo)peg — i%d. (4.14b)

d=—2i(peg — piy) = T(d+1) (4.14a)

It should be pointed out that the vallién Eq. (4.14a) is actually-d, which is the initial condition for
the population inversion. We have assumed that the initial population inversiohughich means that
all of the atoms are in their ground state before the field is turned on.
The polarization in Eq. (4.9) is for a given pointin space and {ime, z, t), but the atoms, which
are governed by Egs. (4.14a) and (4.14b), are moving through this point with some velocity distribution.
To calculate the polarization at a given point we must use the concept of a convective derivative

_dpeg _ Opeg

. Ope
Peg = + v

dat ~— 0ot 0z’

whereuv is the velocity in ther direction. This expression can be used in the co-moving frameexife.
The perpendicular velocity, may be ignored since, ., < 71,2 Wherer,,,,, is the time duration of
the pulse, and, /, is a measure of the radius of the beam. The quaptiys the change ip., as seen
by an observer riding on an atom, whe@%i is the change ip., as seen by an observer at a fixed point
(z,9,2,1).

At this point it is convenient to remove the oscillations at the laser frequency from Eq. (4.14b)
by placing the Eg. (4.5a) for the field into Egs. (4.14a) and (4.14b) and by making the following two
substitutions:

(4.15)

Peg = pe~Hwit=Kiz) and% =Q, (4.16)

where is the Rabi frequency. After simplification and discarding terms that oscillat&g 1t~ K12)|
which is the Rotating Wave Approximation (RWA) [3], the following equations of motion are found:

a‘é(t“) = —i(Qp(v) — Q*p* (v)) — T(d(v) + 1) (4.17a)
O00) oy in, + iKw)olo) — 10" dw). (4.170)

Note that they dependence is shown explicitly aid, = w; — w, is the detuning of the laser from the
atomic transition such that blue detuning is positive. Later the symhaill be used which will include
other terms than just the laser detuning.

It is now possible to write the full polarizatioR = P - & in terms of the density matrix as

P= %(Pei(‘”lt*Kﬂ) + Preilwit=Kiz)y — N/ Tr[pp(v)]W (v)dv, (4.18)

whereN is the number density aridl (v) is the normalized velocity distribution in the z direction. Using
Eq. (4.5b), the polarizatioR which appears in Eq. (4.9) can be written as

P =2pN /00 P (V)W (v)dv. (4.19)

By placing Eg. (4.19) into Eq. (4.9), the co-moving slowly-varying Maxwell’'s equation, and rewriting
in terms of the Rabi frequency one arrives at the following equation of motion for the propagation of a
laser through a medium of two-level atoms:

00 _ i
0z Arx

3i <,
viQ - EN)\QI‘/ p* (V)W (v)dv. (4.20)

— 00
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The relationship

3

gl = 3l (4.21)
wo
corresponding to &, = 0 to J, = 1, transition was used along with the approximatigfw, = 1 to
simplify Eq. (4.20). By placing the velocity distributidi (v) in Eq. (4.18) we have assumed that the
velocity distribution of the ground state atoms is the same as the excited state atoms. This is true if the
laser is detuned many Doppler widths from the atomic line, since there is no velocity selection in the
excitation.
An alternative set of transformations to those used in Eq. (4.16) are

peg = pye "1 KIDe® and 2 = Qe (4.22)

where thep is given the subscripp only to identify the use of a different transformation. These trans-
formations produce the following equations of motiondév) andpg (v):

) i1 (o) — £ () ~ D) + 1) (4.232)
Pal) — —(— id)oa(v) - SI0Nd(), (4.230)

whereA = A, + & — K;v. If the same expansion for the polarization that is used in Eq. (4.18) is kept,
then the expression fg? must be modified to included in the following way:

P =2pN /00 P (V)W (v)e™®dv. (4.24)

Both sets of transformations are valid and result in the same equations of motion for the laser field. In
sub-section 4.2.2 density matrix equations in the dressed atom frame will be derived. It is more desirable
to keep track of the phase of the polarization via Eq. (4.24) and define transformation coefficients that
are real, rather than define complex transformation coefficients which carry the information of the phase
of the polarization.

Often it is convenient to work with dimensionless quantities, as was shown in chapter 3 to map
out the experimental parameter space. The longitudinal and radial directiofsén be transformed
into dimensionless parametets () via the following transformations:

[ 87A,
z=n( = [3N)\2F] ¢ (4.25a)
L ]21A
F=o,r = SNAT r. (4.25b)

These transformations allow Eq. (4.20) to be rewritten in the following form:

5 =i -2ia [ p W, (4.26)
or
o0 2 . > * i®
3 = "iVIQ-2ilAl] [ b ()W (0)e d. (4.27)

Three equations (4.26), (4.17a) and (4.17b) or (4.27), (4.23a) and (4.23b) along with an appropri-
ate velocity distributioi? (v) contain all of the physics that will be discussed in this thesis. In principle
all one needs is to solve these equations self consistently. In practice, this is quite difficult for numerous
reasons. Analytical solutions can only be found for a few very special cases which will be shown in



34

sections (5.1) and (5.4). Numerical solutions in principal are straightforward, but one quickly runs into
limitations because computational time can become unreasonable. For example, if a calculation for a
laser detuning of 20G:Hz was done for a laser pulse of time lengthsGt would take about Zears to
run on a DEC ALPHA 500 33BIHz computer. This excessive time arises from the fact that for a large
detuning, the generalized Rabi frequen®y) (s large, and to produce accurate results one would have to
take at least 10 time steps pefR.
4.2.2 Dressed atom
The dressed basis states may be written in terms of the bare atom states as
|1} = by le) + by |g) (4.28a)
12) = by le) — by |g), (4.28b)

where the coefficients andb, are defined in terms of the generalized Rabi frequeRcy=(1/|Q2]? + AZ2)

as
R+A
by =1/ o (4.29a)

by = — , (4.29b)

whereA = A, + & — K;v [38]. Using these transformations it is possible to write equations that
transform the bare population inversiaf) @nd the off-diagonal matrix elemeniy) into the dressed
population inversiorD and the dressed off diagonal matrix elemen) (

D =d(bf —b3) — 2(pg + p3)b1y (4.30a)

o = pib? — pgbs + dbb,. (4.30b)

The inverse transformations are

d="D(b] —b3) +2(c + 0*)b by (4.31a)
pp = 0" b3 — ab3 — Dby b,. (4.31b)

The equations of motion faP ando can be found by taking the derivatives of Egs. (4.30a) and (4.30b)
and using Egs. (4.23a) and (4.23b). Note ffijtand A are functions of time which makes andb.,
functions of time. After some rather tedious algebra the following equations of motion are found:

oD
B = —dD — f+2q. (0 +0%) (4.32a)

% =—(a+iR)o+x+qD+vo" (4.32b)
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where
1
7= 73 (vQ]* + TA?) (4.33a)
p=La (4.33b)
1 (. d )
6, = g (A10] +1016 ~ [9A( ~T) (4330
S NN S ING (4.33d)
= oRe dt 7 '
1
0= 5m3 (vR? +~vA? + T|Q) (4.33e)
r|0
Y= 2|_R| (4.33f)
2/?
L AR 4.
v=om(r=1) (4.339)

and® is the phase of2 = |Q[e’®. Notice that all of the coefficientg throughv have a magnitude that

is approximatelyy. Solving equations (4.32a) and (4.32b) with coefficients (4.33a) through (4.33g) then
transforming back to the bare atom frame via Eq. (4.31b) to calculate the polarization needed for the
field equation (4.27) may seem tedious and wasteful. However, it will be shown in section 5.3 that this

is the preferred method. The reason one can see immediately, since the coupling between Egs. (4.32a)
and (4.32b), (the density matrix equations in the dressed frame) is of the~ovdegreas the coupling
between Egs. (4.23a) and (4.23b), (the density matrix equations in the bare atom frame) is {itjorder
which may be arbitrarily large.



