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Feshbach resonances in dilute atomic gases are a powerful tool used to control the
strength of atom-atom interactions. In practice, the tuning is accomplished by varying
a magnetic field, affording experiments on dilute atomic gases a knob with which they
can arbitrarily adjust the interactions. This precision control makes atomic gases an
ideal place to study many-body phenomena. The resonance works by introducing a
closed channel containing a bound, molecular state within the open channel of contin-
uum scattering states. The molecular state greatly modifies the scattering responsible
for the interactions, as it is tuned near resonance, introducing pair correlations through-
out the sample. The size of these correlations may range from either very small, where
they appear as molecules, to very large, where they resemble Cooper pairs. This leads
to a “crossover” problem of connecting the Bardeen-Cooper-Schrieffer theory of Cooper
pairing, which describes conventional superconductors, to the process of Bose-Einstein
condensation of molecules. To answer this question, it is necessary to develop an ap-
propriate field theory for both Bosons and Fermions that can account for the Feshbach

processes and, therefore, properly describe resonant, ultra-cold atomic gases.



Dedication

This work is dedicated to Jack Shear for getting me to think about the world and to

Terry Robinson for not letting me stop.



Acknowledgements

I should express my deepest gratitude to Murray Holland for all his support during
the formation of this dissertation work. The environment in which I spent my graduate
career could not have been more ideal. The independence which I was granted helped
to both nurture and stimulate a variety of interests within me as can be seen in the
broad range of topics present within this work.

In fact, an innumerable number of people were instrumental in the development
of this dissertation such as the various members of my research group, many of the
experimentalists and staff of JILA, as well as all the collaborators I have had the chance
to work with on the projects discussed within. I would particulary like to acknowledge
the collaboration and friendship I have had with Servaas Kokkelmans and would like
to thank Christophe Salomon for hosting me at ENS in Paris where I was fortunate
enough to be during the final stages of this work.

If T look back at those who helped me achieve this doctorate I should thank both
George Crabtree and Art Fedro for all their encouragement. If it had not been for the
kind reception I received as I entered the physical sciences with a degree in the social
sciences it is not certain that I would ever have written this work.

This dissertation is dedicated, in part, to my grandfather, Jack Shear, who was not
able to see it completed. I'm sure he hardly suspected that all those broken appliances
he used to have me fetch from the dumpsters when I was a kid were worth anything,

but they were.



Contents

Chapter

1 Introduction

1.1 Degenerate atomic gases . . . . . . . . . . ...
1.2 Tunable interactions . . . . . . . . ..o
1.3 Molecular superfluids and beyond . . . . . . . ... ... L.

1.4 Outlook and overview . . . . . . . . . . ...

Feshbach resonance formalism

2.1 Feshbach resonance theory . . . . . . . ... .. .. ... ...
2.2 Single resonance . . . ... ..o
2.3 Double resonance . . . . . .. ..o
2.4 Coupled square-well scattering . . . . ... .. ... ... .. ......
2.5 Comparison with coupled channels calculation . . . . . .. .. ... ...

2.6 Pseudo-potential scattering and renormalization . . . .. .. .. .. ..

Collapsing condensates and atomic bursts

3.1 Outlook . . . . . . . e
3.2 The “Bosenova” problem in collapsing condensates . . . . .. .. .. ..
3.3 Development of an effective field theory for bosons . . . . . .. ... ..
3.4 Application to a spherical trap geometry . . . . . . . ... ... ...

3.5 Numerical results and analysis . . . . ... ... ... ... . ......

vi

11

12

14

17

20

23



3.6

Conclusion . . . . . . . . . e

BCS Superfluidity

4.1

4.2

4.3

4.4

4.5

4.6

Bardeen-Cooper-Schrieffer theory . . . . . .. ... ... ... ..
Cooper pairing . . . . . . . . .
BCS linearization and canonical transformation . . . . . . . ... .. ..
The appearance of an energy gap . . . . . . . . . . . ...
Populating the quasi-particles . . . . . . .. .. ... ... L.

Critical temperature . . . . . . . . . . . . ...

Resonant superfluid Fermi gases

5.1

5.2

5.3

5.4

5.5

5.6

Signatures . . . . . . ... e
Resonant Hamiltonian for a Fermigas . . . . . .. .. ... ... ....
Construction of dynamical equations for fermions . . . . . . .. ... ..
Application to a trapped system . . . . . ... ... L.
Thermodynamic results and signatures of superfluidity . . . . . . .. ..

Conclusions . . . . . . o .

Feshbach Resonant Crossover Physics

6.1

Historical background . . . . . . .. ... .. ... ... ... .. ...,

Path integral approach to the crossover problem

7.1

7.2

7.3

7.4

7.5

Resonant action . . . . . . .. ... oo
Saddle-point approximation . . . . . . . ... ... ...
Beyond the saddle-point approximation . . . . ... ... ... ... ..
Bound states and asymptotes . . . . .. ..o

Numerical results . . . . . . . . . . .

Pseudogapped Crossover Theory

vii

37

39

39

39

40

43

43

45

46

46

47

49

50

51

54

55

55

59

59

61

62

64

66

69



8.1 Introduction . . . . . . . . .. . L
8.2 Dynamical Green’s function method . . . . .. .. ... ... ... ...
8.3 Truncation of the equations of motion . . . .. .. .. ... ... ....
8.4 Extension to resonant Hamiltonian . . . . . .. .. .. ... .. ... ..
8.5 Self-energy and definition of the t-matrix . . . .. ... ... ... ...
8.6 Foundations of a pseudogapped resonant crossover theory . . .. .. ..
8.7 Extension below T, and the appearance of an order parameter . . . . . .
8.8 Self-consistent equations for T' < T, . . . . . . . . . .. ... ... ...
8.9 Numerical solution of the pseudogapped theory . . . ... .. ... ...

8.10 Conclusions and experimental implications . . . . . . ... ... ... ..

9 Fractional Quantum Hall Effect
9.1 The Hall effect . . . . . . . . . . .
9.2 The integer quantum Hall effect . . . . . . . . .. ... ... ... ....
9.3 Fractional quantum Hall effect . . . . . ... .. ... ... .......
9.4 The Laughlin variational wavefunction . . . . . .. ... ... ... ...

9.5 Composite fermions and Chern-Simons theory . . . . . . . .. .. .. ..

10 Resonant Manipulation of the Fractional Quantum Hall Effect
10.1 Resonant theory of a rapidly rotating Bose gas . . . . . ... ... ...
10.2 Application of Chern-Simons theory . . . . .. ... ... ... .....
10.3 Calculation of the ground state wavefunction . . . . .. ... ... ...

10.4 Discussion of resonant effects . . . . . . . . . . ...

viii

69

70

72

75

77

78

80

82

84

89

91

91

91

94

95

98



ix

Bibliography 110
Appendix

A Renormalization of model potentials 116
Al Contact . . . . . . . . e 116
A2 Lorentzian . . . . . . . . . ... e 117
A3 Gaussian . . . . . ... 117

B Bogoliubov Transformation 118
B.1 Hermitian quadratic Hamiltonian . . . . . . .. .. ... ... ... ... 118
B.2 Unitary canonical transformation . . . . .. .. .. ... ... .. ... 119
B.3 Basis transformations for bosons and fermions . . . . . . ... ... ... 119

C Functional Integrals and Grassmann Variables 121
C.l Bosoms . . . . . . . e 121
C.2 Fermions and Grassmann variables . . . . . . ... ... ... .. ... 122

D Matsubara frequency summations 124
D.1 Common summations . . . . . . . . . . v v 124
D.2 Evaluation of Matsubara summations . . . ... ... ... ....... 125

E T, equations from the pseudogap theory 128
E.1 Gapequation . . . . ... .. . 128
E.2 Number equation . . . . . . . .. ... L o 129
E.3 Pseudogap equation . . . . ... .. L L Lo 129
E.4 Coefficients ag,B . . . . . . . . 129

F Landau levels 131



Figure

1.1

2.1

2.2
2.3

2.4

3.1

3.2

3.3

3.4

3.5

4.1

4.2

Figures

Born-Oppenheimer curves illustrating the mechanism of a Feshbach res-

ONANCE.  + + v v v v v e e e e e e e e e e e e e e e e e e e 5

Scattering length as a function of magnetic field for the (f,m¢) = (1/2,—-1/2)

and (1/2,1/2) mixed spin channel of SLi. . .. ... ... ... ... .. 13
Illustration of the coupled square well system. . . . . . . ... ... ... 15
Comparison of coupled square-well scattering to Feshbach scattering. . . 18

Real and Imaginary part of the T-matrix for the Feshbach model, the

contact square-well model, and a coupled channels calculation. . . . . . 19

Iustration of the spherically symmetric geometry used. . . . . . .. .. 31
A direct comparison of the collapse between the Gross-Pitaevskii and the
resonance approach. . . . . . . . ... e 34

Simulation of the collapse showing the time evolution of the condensed

and noncondensed fraction. . . . .. .. .. ... ... .. ... 35
The velocity fields for the condensate and non-condensed components. . 36
Density distribution illustrating the formation of an atomic burst. . .. 38
Cooper pairing at the fermi surface. . . . . ... .. ... ... .. ... 40

Cooper pairing for g Z0 states. . . . . . . . . ... ... ... 41



5.1

5.2

5.3

5.4

6.1

6.2

7.1

7.2

7.3

7.4

7.5

8.1

8.2

8.3

8.4

8.5

8.6

8.7

9.1

Real and imaginary components of the T-matrix for collisions of the low-
est two spin states of K at a detuning of 20 Er . . . . . .. ... ...
Density profile revealing an accumulation of atoms at the trap center.

Emergence of the coherent superfluid for v =20 Ep. . . . . . . .. ...

Inverse isothermal compressibility C—1. . . . . .. ... ... ... ...

Comparison between Bardeen-Cooper-Schrieffer (BCS) superfluidity and
Bose-Einstein condensation (BEC) in a Fermi gas. . . . ... ... ...
Diagrammatic contribution of pair fluctuations to the thermodynamic

potential included by NSR. . . . .. ... ... ... ... ........

Binding energies for 4°K resonance at positive background scattering
length ap,g = 176ap. . . . . . . . . ...
Binding energies for “°K resonance at negative background scattering
length ap,g < 0. . .. . ... oL
Critical temperature 7'/TF as a function of detuning v.. . . . . . . . ..
Chemical potential as a function of detuning v. . . . . . ... ... ...

Population fraction as a function of detuning v. . . . . . . .. ... ...

An illustration of preformed pairing. . . . . . . ... ... ... ... ..
Illustration of the three-particle Green’s function, GGg, truncation. . . . .
Diagrammatic representation of L*? equation. . . . . . . . .. ... ...
Comparison between NSR, approach and pseudogap theory for the critical
temperature of °K as a function of detuning. . . . . . . .. .. ... ..
T. vs. detuning v for the pseudogap model. . . . . . ... ... ... ..
Fermionic momentum distribution function at ' =0and T'=T,.. . . . .

Fermionic density of states vs. energy. . . . . . .. ... ... .. ...,

Hall effect setup diagram. . . . . . ... ... ... ... ... ...

xi

68



xii

9.2 Experimental signatures of the integer quantum Hall effect. . . . . . .. 93
9.3 Experimental signatures of the fractional quantum Hall effect. . . . . . . 96
9.4 Illustration of composite particles. . . . . . .. .. .. .. ... ... 98
9.5 IMlustration of particlesat v =1/3. . . . . .. ... ... ... ...... 99
9.6 Illustration of composite particlesat v=1. . . . .. .. ... ... ... 99
10.1 The resonance pairing mechanism illustrated for composite fermions. . . 103

D.1 Typical contour for Matsubara summation integrals. . . . . . .. .. .. 127



