
Chapter 5

Spin waves

This Chapter is adapted from “Observation of anomalous spin-state segregation

in a trapped ultra-cold vapor” and “Spatial resolution of spin waves in an ultra-cold

gas” published in Physical Review Letters [51, 40].

Macroscopic collective behavior can arise in a quantum gas even above the onset

of degeneracy. When indistinguishable atoms collide, the scattering can be significantly

altered by the need to symmetrize the scattered waves. Examples of quantum scattering

effects are seen in the strong polarization dependence of heat conduction and viscos-

ity coefficients in spin polarized 3He [54] and of thermalization rates in nondegenerate

Fermi gases [55]. Quantum collisional effects can also produce spatio-temporal spin

oscillations known as spin waves. In this Chapter we present spatially resolved images

of coupled transverse and longitudinal spin perturbances propagating through a mag-

netically trapped atomic cloud. Frequencies and damping rates for the standing-wave

excitations are studied as a function of density and temperature.

Although the concept of spin waves in ferromagnets dates back to Bloch’s pre-

dictions in 1930 [56], the theory of spin waves in liquids and in dilute gases was not

formulated until much later [57]. The first evidence for spin waves (in the form of extra

resonances in nuclear magnetic resonance spectra) occurred in spin-polarized hydrogen

and soon after in polarized 3He and dilute mixtures of 3He in 4He [58]. On a microscopic

level, spin waves arise from interference effects in lowest partial-wave collisions. When
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identical particles collide, the 180◦ backscattering event causes a scattered atom to prop-

agate along a trajectory indistinguishable from that of either a forward scattered atom

or an unscattered atom. When the two atoms are spin aligned, the backward scattering

contribution is indistinguishable from the forward scattering contribution, which adds a

factor of two to the mean-field collisional energy shift. When the spins are antiparallel,

the backward scattering event is distinguishable, and the mean-field shift arises from

the forward scattering event only. In the case of intermediate spin alignment, the back-

ward scattering event is only partially distinguishable from the unscattered event, and

one needs to add coherently two unparallel spin amplitudes, leading to a rotation of the

spins of the scattered atoms. The cumulative effect of many such spin-rotating collisions

is such that inhomogeneities of spin propagate like waves rather than diffusively. The

characteristic frequency scale for the spin rotation effect is the exchange collision rate,

ωexch = 4πh̄an/m, where m, n, and a are the mass of the atoms, the number density,

and the s-wave scattering length respectively.

5.1 Theoretical description of spin waves

The proceeding theoretical description follows a similar formalism to that of

J. Williams and colleagues [45]. Ultimately we want to calculate the spin density as a

function of position in the cloud and time. We start with the Hartree-Fock mean-field

theory of a Bose gas, which leads to the collisionless Boltzmann equation. The solution

to the Boltzmann equation predicts spin waves, but because it does not include colli-

sions, it can not predict damping of the spin waves. The collision integrals will not be

dealt with in this text but can be found in reference [59]. The Hamiltonian for two-level

atoms in a trap is

H =

(

−h̄2

2 m
∇2 + U0(r)

)

Î +
h̄

2

−→
Ω(r) · −→σ , (5.1)
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where the first two terms are just the center of mass contribution including the kinetic

energy and the potential, which is

U0(r) = Uext(r) +
4πh̄2

m
[a11 n1 + a22 n2 +

a12

2
(n1 + n2)]. (5.2)

Uext is the magnetic trapping potential, and the other terms in Eqn. 5.2 are the mean

field potential terms. For our experiments 4πh̄2an/m � kBT so the mean field terms

can be ignored. The last term in the Hamiltonian is the contribution from the spin,

where −→σ are the Pauli matrices. The coupling field, a combination of the drive field,

energy difference from the mean field and Zeeman energy shifts as well as from the spin

density, is

−→
Ω =

−→
Ω′ +

2πh̄2a12

m

−→
S (r, t), (5.3)

where

−→
Ω′ = [Ωx, Ωy, ∆BR(r, t) + ∆MF(r, t)], (5.4)

where the components of Ω′ are in Bloch space. The hyperfine splitting has been

removed by taking the rotating wave approximation. ∆BR is the differential Zeeman

shift calculated from the Breit-Rabi formula, and the differential mean-field energy is

∆MF =
4πh̄2

m
[2a11 n1 − 2a22 n2 + 2a12(n1 − n2)], (5.5)

where ni is the density in state i. The factor of two in front of the a12 comes from

the addition of the forward and backward scattering events as described previously in

Chapter 4. Ωi is the resonant Rabi frequency about the axis i and zero when the coupling

field is off, such as after the π/2 pulse. The second term in Eqn. 5.3 is responsible for

spin waves and comes from the extra factor of two in the mean-field interaction for

identical particles. The spin density as a function of position in the cloud and time is

−→
S (r, t) =

∫

dp ×−→σ (r,p, t)

2πh̄3 , (5.6)

where −→σ (r,p, t), the spin distribution function, can be obtained from the spin Boltz-

mann equation. The longitudinal component of the spin density Sz is the difference in
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the population of the two states [n1(r, t)−n2(r, t)]. Sx and Sy are the real and imaginary

parts of the internal coherence.

Now that the problem is defined, we can numerically integrate the kinetic equation

to find the spin distribution function and subsequently the spin density, which was done

by J. Williams and collegues[45]. The kinetic equation, ignoring collisions, is

∂−→σ
∂t

+
p

m
· ∇−→σ −∇Uext · ∇p

−→σ −−→
Ω ×−→σ = 0, (5.7)

where the second and third terms are the free streaming evolution, and the last term

depicts the spin precessing about the local field, which is a combination of the driving

field and the local spin.

Another slightly more intuitive way to understand the origin of spin waves is to

think about the spins of each atom precessing about the total spin during a collision.

When two atoms with different spins collide, their total spin must be conserved after the

collision. However they can each precess about the total spin and thus have a different

spin after the collision. This is depicted graphically in Fig. 5.1. The initial direction of

Before collision

After collision

Spins precess
about total spin

Figure 5.1: Intuitive picture of spin rotation during collisions. Atoms initially with
different relative phases precess about the total spin during a collision.
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the spin is dependent on the “history” or previous trajectory of each atom. Imagine a

test atom coming from the center of the cloud with a certain spin; as it moves through

the cloud its spin rotates because of its interaction with the average local spin of the

cloud. A number of such interactions, because they are coherent, build up a coherent

oscillation.

5.2 Description of system

The experimental apparatus and spectroscopy method used to prepare and probe

the ultra-cold gas are described in Chapters 2-4. Typical atom cloud parameters for

these spin wave studies are n ∼ 1013 cm−3 and T ∼ 600 nK, several times the conden-

sation temperature. The radial frequency is high enough that for the effects considered

here it is sufficient to average the cloud over the radial dimensions, effectively reduc-

ing the cloud to a one dimensional density distribution. The atomic hyperfine states

are |1〉 and |2〉, which together make up a pseudo-spin doublet [60]. The spin state is

manipulated using the two-photon coupling transition described in Chapter 3.

The transition frequency ∆(z) is in general a function of the axial position z,

due to the spatial inhomogeneity of the Zeeman shift and of the density-dependent

mean-field shift. As stated earlier in Chapter 4, we can tune the bias magnetic field

so as to cause the Zeeman shifts to cancel in whole or in part the mean-field shifts.

As a consequence, the spatial curvature of the frequency, ∂2∆(z)/∂z2, is a controllable

parameter of the experiment which may be tuned in real time, even as a spin wave is

propagating.

5.3 Bloch-sphere representation

To describe the effective two-level system, we use the language of the Bloch sphere

(see [61]) and take the axis w as the “longitudinal” population inversion, and the axes u

and v as the “transverse” coherences [62]. In a typical experiment, the atom-preparation
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cycle concludes with the atoms initially all in the |1〉 state, along the w -axis (Fig. 5.2a).

Applying a π/2 pulse starts the evolution of the wave by rotating all the spins to lie along

the v -axis (Fig. 5.2b). When ∆(z) is set to have nonzero curvature, the spins along

the long axis of the cloud begin to fan out in the u-v plane as the relative phase of the

(|1〉+ |2〉) coherent superposition develops a spatial dependence (Fig. 5.2c). Optionally

at this point in the evolution, we can tune ∂2∆(z)/∂z2 back to zero or leave it unchanged

and watch the spins evolve in an inhomogeneous potential. In either case, the atoms’

thermal motion now carries spin information back and forth along the length of the

cloud, and spin-rotating collisions can tilt the spins up out of the u-v plane (Fig. 5.2d)

[63]. Eventually, spin-currents develop that drive oscillations about an equilibrium spin

distribution. Our driving potential, determined by the curvature of ∆(z), is even in

z, and we predominantly drive the lowest order symmetric mode: a two-node standing

wave.

5.4 Experimental method for studying spin waves

5.4.1 Extracting longitudinal phase

The longitudinal and transverse components of the Bloch vectors are measured as

a function of time and space. The method for projecting the longitudinal component is

similar to that described in [51] and is depicted graphically in Fig. 5.2. After an initial

resonant π/2 pulse, the Bloch vectors are allowed to evolve for times up to t = 800 ms,

and then the atoms are imaged, thereby projecting the Bloch vectors along the cloud

onto the two spin states |1〉 and |2〉. The cloud is radially averaged and broken up into 25

equal bins along the axial direction for spatial resolution of the spin dynamics. The |1〉

and |2〉 populations are measured on separate experimental shots, and the longitudinal

angle θ of the Bloch vector is extracted. (θ = π/2 corresponds to equal populations,

and θ = 0 or π correspond to all the atoms in |1〉 or |2〉 respectively.) The evolution
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a)  Prepare ~ 600 nK normal cloud of atoms in state |1ñ.

Axis of Cloud

b) Apply a two-photon pulse to rotate the Bloch vectors into the u-v plane.

c) The inhomogeneity causes the Bloch vectors to precess at

different rates in the u-v plane.

n12

d)  Exchange collisions rotate the Bloch vectors out of the u-v plane.

Absorption Images:

Time = 40 ms

Time = 110 ms

Time = 1 ms

|1ñ|2ñ

Figure 5.2: Creation of spin waves (see text).

is traced out by repeating the experiment for many values of evolution time. Fig. 5.3a

shows the time evolution of the longitudinal component of the spin across the cloud.

5.4.2 Extracting transverse phase

The transverse spin measurement consists of a two-pulse π/2−π/2 Ramsey pulse

sequence separated by an evolution time t [39]. For each time evolution time t and

for each spatial bin along the trap axis, we measure the final density of the atoms

in |1〉, resulting in a set of roughly sinusoidal (but with slightly time-varying phase

and amplitude) Ramsey fringes for each location in space. The transverse phase and

amplitude of the Bloch vector are extracted from the fringes at each time t for each

radially-averaged section of the cloud by performing a sinusoidal fit over a small window
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Figure 5.3: False color plots of the a) longitudinal and b) transverse components of the
Bloch vectors across the cloud as a function of time for a density of 2 × 1013 cm−3 and
a temperature of 800 nK (corresponding to a 380 µm full width, half maximum cloud
size). The angles have been interpolated between bins and time steps of a) 10 ms and
b) 3 ms.

centered about t in each spatial bin [64]. Fig. 5.3b shows typical phases extracted with

this method. The spatial and temporal oscillations around the mean phase are the

transverse projections of the spin waves.

The complete trajectories of the Bloch vector can be determined for each spatial

bin by combining the transverse and longitudinal components. Normalizing the length

of each vector to the length at time t = 0 removes any effects of decoherence (e.g. from

inelastic loss and magnetic field fluctuations) and allows for a study of the equilibrium

phases of the Bloch vectors as a function of the position across the cloud for various
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∆(z). Fig. 5.4 shows the trajectories of the reconstructed Bloch vectors in each spatial

bin. Each bin has been offset by 1 rad in the transverse direction from the adjacent bins

for clarity and to depict schematically the position across the cloud. The oscillations

can be fit to extract spin wave frequency, amplitude, and damping rate.
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Figure 5.4: Bloch vector trajectories across the cloud for T = 600 nK and
n = 2 ×1013 cm−3. Each spatial bin (∼ 40 µm/bin) is shifted by 1 rad from the
adjacent bins (see text). In each bin, the path traced by the Bloch vectors is shown
starting with the red points near time t = 0 and spiralling towards the blue points at
t = 0.3 s as the Bloch vectors precess about the equilibrium position. a) Spin waves at
∂2ν/∂z2 ≈ 90 Hz/mm2. The equilibrium position (center of precession) has a curvature
to match the curved potential. b) Spin waves are excited for 70 ms at the same curva-
ture, and then at t = 0 the bias magnetic field is ramped quickly so that ∂2ν/∂z2 ≈ 0,
giving an approximately flat equilibrium configuration near the v -axis for all spatial
bins.

The steady-state Bloch vector arrangement is determined by the curvature of

the potential. In order to equilibrate, the Bloch vectors across the cloud must arrange

themselves so that the torque from the driving potential ∆(z) (which tends to spread

the vectors in the u-v plane) is balanced by a torque from the local curvature in the spin

field, which is spread out in the v-w plane. In the presence of a nonuniform potential,

the equilibrium configuration of the Bloch vectors is curved longitudinally across the

cloud to match the curvature of ∆(z), i.e. the Bloch vectors lie in the v-w plane but are

not all collinear with the v -axis. However, if the bias magnetic field is chosen to cancel

the density shift, then ∆(z) is predominantly flat across the cloud, and the equilibrium
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corresponds to the Bloch vectors everywhere in the cloud collinear with the v -axis.

These equilibrium configurations are illustrated in Fig. 5.4a and Fig. 5.4b, which show

spin-wave evolution in curved and flat potentials respectively.

5.5 Frequency of oscillation of spin waves

Next, the density dependence of the spin wave frequency was studied. The spin

wave frequency exhibits a strong density dependence, scaling roughly as 1/n, shown

in Fig. 5.5a. The linear regime for these excitations occurs only at extremely small

amplitude, where spin waves are difficult to observe due to signal-to-noise limitations.

In the nonlinear regime there is a dependence of frequency on amplitude. In order to

remove this dependence, we excite spin waves over a range of amplitudes by controlling

the curvature of the potential, ∂2∆(z)/∂z2, and we extrapolate the frequency to the low

amplitude limit for each density. The solid line is a numerical calculation predicting the

frequency obtained from solving the one-dimensional Boltzmann transport equations

[59]. The two dotted lines represent the weak and strong coupling limits, ωexch � ω◦

and ωexch � ω◦ respectively:

ωw = 2ω◦ −
ωexch

2
(5.8)

ωs =
k2

eff(kbT )

mωexch
. (5.9)

where ω◦ is the axial trap frequency and keff is an effective wave vector. The spatial wave

vector k = 2π/λ of the spin waves is studied by finding the distance λ/2 between the

spatial nodes, i.e. the bins where the orientation of the Bloch vector remains constant.

The wave vectors k and keff differ by a numerical factor of order unity due to the finite

size of the sample. For all the work discussed here, the lowest order symmetric mode,

η = 2, is excited by the symmetric inhomogeneous potential [65]. The wavelength of

the η = 2 mode is observed to be directly proportional to the size of the trap. As

predicted by Eqs. 5.8 and 5.9, there is no temperature dependence for the excitation
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frequency, since we observe k to scale inversely as the size of the cloud, i.e. as T−1/2.

The numerical calculation agrees well with experiment (see Fig. 5.5a).
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Figure 5.5: a) Frequency of the transverse spin wave component as a function of the
peak density. Each frequency is an extrapolation to the limit of small amplitude spin
waves to remove the dependence on driving amplitude. The solid line is the predicted
dispersion relation, and the dotted lines show the weak and strong coupling limits. All
data is for T = 600 nK except for the three tightly clustered points at n = 2×1019 m−3

which correspond to T = 350, 600, and 1000 nK. b) Damping rate as a function of
density, including a numerical calculation (solid line) which includes elastic collisions
and Landau damping.

The Bloch vectors initially precess about the equilibrium value with some initial

amplitude. As the Bloch vectors precess, their trajectories spiral towards the equilibrium

configuration due to damping of the spin wave excitation. The damping is predicted to

be a combination of two effects: spin diffusion and Landau damping [66]. Spin diffusion

dominates in the high density, or hydrodynamic, regime. For intermediate densities,
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there is a maximum in the damping rate due to the combination of the two effects.

It near this intermediate regime that these experiments are performed. We observe

a relationship between spin wave lifetime and density which is good agreement with

theory (see Fig. 5.5b).

We have observed collective spin excitations in a nondegenerate ultra-cold gas.

Particle indistinguishability and the need to symmetrize collisions between like particles

in coherent superpositions give rise to spatial and temporal oscillations of the Bloch

vectors across a cloud of trapped atoms. We have separately imaged both transverse

and longitudinal components of these spin waves and studied the effects of temperature

and density on the spin wave frequency, paving the way for studying spin dynamics in

a finite-temperature condensate system.

Our original motivation to explore spin dynamics in uncondensed clouds arose

from our plan to extend to finite temperatures our earlier studies of spin coherence in

a condensate as described in Chapter 4 and in particular to understand the extent to

which an unpolarized normal cloud acts as a decohering thermal reservoir. The existence

of spin waves complicates these studies. A pure condensate cannot support spin waves,

but it will trivially separate due to small differences in the scattering lengths [48]. Spin

oscillations in the thermal cloud can have a considerable effect on the spin dynamics

of a finite temperature condensate, and conversely, having a small stationary cluster

of condensed atoms will significantly perturb spin waves in a thermal cloud. Such a

two component system is a rich system for studying spin dynamics in ultra-cold gases

[66]. The next chapter will present our efforts to study a finite temperature condensate

system.


