
Chapter 5

Semiclassicalü -matrices

So far, this thesishasstudiedthe quantummechanicsof Rydberg atomsin a time-independent

externalelectromagneticfield. Theprecedingchaptershave deriveda fully quantummechanicalframe-

work for calculatingandinterpretingthephotoabsorptioncrosssectionof suchanatom.Themaintools

in this framework arethescatteringmatrices
� LR and

� core, which describetheelectron’smotionin the

long-rangeandcoreregionsrespectively. In thepreviouschapter, amethodwasdescribedfor calculating

the long-range
�

-matrix for thecaseof anexternalmagneticfield. Theselargescalequantumcalcula-

tionsyield anaccurate
�

-matrix
� LR '1% + thatcanbestudiedusingideasfrom scaledvariablerecurrence

spectroscopy. The Fourier transformsof the matrix elements
� LR¸�¸ Ã 'A% + show sharppeaksin the scaled

actiondomain,suggestingthatcertainquantummechanicalpathsdominatethemotionof theelectronas

it scattersoff thelong rangepotential.

As closed-orbittheoryhasshown [38, 37], the full interpretationof thesequantumpathsseen

in the Fourier transformof
� LR 'A% + emergeswhensemiclassicalapproximationsaremadein the long-

rangeregion. In this chapterI developsuchan approximationfor the long-range
�

-matrix. The main

result,Eq (5.39), is a semiclassicalformula for
� LR thatdescribesthe motion of an atomicelectronin

an externalmagneticfield. My formula shows that, in the semiclassicallimit,
� LR canbe constructed

usingthepropertiesof theclosedclassicalorbitsof theelectron.Theseclosedorbits,which alsoappear

in closed-orbittheory, areclassicaltrajectoriesthatarelaunchedradially outward from a spherein the

matchingregion,scatteroff thelong rangeCoulombanddiamagneticpotentialsandthenreturnradially

to thesphere.



74

Semiclassicalscatteringmatriceshave beenusedin other contexts previously. The idea of a

semiclassical
�

-matrix originatedwith the work of Miller andcoworkers in the 1970’s [122]. In his

approach,the
�

-matrix is written in termsof matrix elementsof anenergy-dependentGreen’s function.

This theoryhasbeenusedto treata numberof problemsin molecularscatteringtheory[122]. These

semiclassicalideashavebeenextendedto atomicscatteringproblems,suchaselectron-hydrogenimpact

ionization [123], by Rost [124]. In a different field of physics,the ballistic conductionof electrons

throughquantumbilliards hasbeenstudiedusinga semiclassicalscatteringmatrix [125, 126, 127, 128,

129] alongsidetheLandauerformula[130] for theconductance.Thesediverseworksshareonething in

common:thesemiclassical
�

-matrix is written in termsof asemiclassicalGreen’s function.

My derivationof thesemiclassicalapproximationto
� LR followsthissameroute.First, thelong-

range
�

-matrixis writtenin termsof matrixelementsof anenergydependentGreen’sfunction(Sec.5.1).

Then,afterthesemiclassicalGreen’sfunctionof Gutzwiller[22] hasbeenintroduced,therequiredmatrix

elementsarecalculatedusingthemethodof stationaryphase(Sec.5.2). This final stepis boththemost

difficult andinterestingonein the derivation. It is difficult becausetherearea numberof assumptions

neededto usethestationaryphasetechnique- or at leastthesimpleversionof it - successfully. When

theseassumptionsbreakdown, the stationaryphaseintegrals must be revisited with additionalcare.

This is the casefor the classicaltrajectoryparallel to the magneticfield, for high angularmomentum

elementsof
� LR, and for bifurcationsof closedorbits. In all of thesecases,the generalapproachof

usinga semiclassicalGreen’s function to extract thesemiclassical
�

-matrix still applies.However, the

naive stationaryphaseapproximationfor calculatingthe matrix elementsof the Green’s function must

be modified. Thesespecialcasesare treatedin Sec.5.3 andshow the generalityof the semiclassical

approximation- whenhandledwith care.

In spiteof beingsubtleanddifficult, thestationaryphaseintegralsprovideinterestinginformation

aboutthelong-range
�

-matrix. Initially, the
�

-matrix is written asa sumover infinitely many classical

trajectoriesthat scatteroff the long-rangeCoulombanddiamagneticpotentials.Theseinfinitely many

trajectoriesbothleaveandreturnto aspherein thematchingregionwith arbitraryvaluesof theclassical

angularmomentum��¤ . Thestationaryphaseintegrationessentiallyencodestheinformationaboutall of
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thesetrajectoriesinto asmallersubsetof trajectories:theclosedorbitsthatleaveandreturnto thesphere

with zeroclassicalangularmomentum(� ¤ �²
 ). Thus,the stationaryphaseintegralsplacethe closed

orbitsin aproperperspective. Theclosedorbitsarenot theonly importanttrajectoriesfor thelongrange

�
-matrix. Rather, the closedorbits are the orbits chosento representall others. This representsan

importantadvance,astheclosedorbitsemergerathermysteriouslyin standardclosed-orbittheory.

It shouldbe mentionedthat,while closed-orbittheorycontainsthe sameclosedorbits thatwill

appearin the semiclassical
�

-matrix, a direct comparisonwith closed-orbittheory is difficult at this

point. This is becauseclosed-orbittheoryonly givesthe photoabsorptioncrosssection,whereasthis

chapterfocuseson the the long-range
�

-matrix, which is not presentin closed-orbittheory. Of course,

thescatteringmatricesof this chaptercanbeused,alongwith theformulafor thephotoabsorptioncross

sectionto calculatethephotoabsorptionrate.This will bethetopic of Ch.6. Thus,I delaycomparisons

betweenmy methodandclosed-orbittheoryuntil then.

5.1 The ü -matrix and the Green’s function: an exactrelationship

The first stepin deriving the semiclassicalapproximationto ¥ LR is to relatethis ¥ -matrix to

the energy dependentGreen’s function for the system[122]. In this section,I derive sucha relation-

ship between¥ LR anda Green’s functionobeying certainboundaryconditionsat a sphere(¦¨§y¦q© + in

the matchingregion. To allow for the subsequentuseof semiclassicalapproximations,the boundary

conditionson thespherewill bechosento coincidewith thoseof thesemiclassicalGreen’s function.

The desiredrelationshipbetweenthe Green’s function and ¥ LR canbe derivedby constructing

theGreen’s functionout of solutionsof thehomogeneousSchrödingerequation.This approachfollows

thatof Ch. 3, wherethe outgoing-wave Green’s function neededfor the photoabsorptioncrosssection

wasconstructed.Becausethetechniquesof Ch.3 areusedwith little modification,thecurrentderivation

is presentedin outlineform only; moredetailsof themethodcanbefoundin Ch.3. Theonly difference

in the currentderivation is the boundaryconditionsimposedon the Green’s function. For calculating

¥ LR it is appropriateto imposetraveling wave boundaryconditionson theGreen’s functionat a sphere
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in thematchingregion (¦ª§«¦ © ) thatareconsistentwith thelong-range¥ -matrix stateof Ch.2:

¬ LR ­ ¦ + § ®
¯�° ± ² ³ ­ ¦ + ¥ LR ´ ² µ ­ ¦ + ¶ (5.1)

Themultichannel¥ -matrixstate,Eq.(5.1),canbeincorporatedinto theGreen’sfunctiononceachannel

expansionof theGreen’s functionhasbeenintroduced:

· ­�¸¹fº^¸¹Y»	¼�½ + § ®
¦q¦ » ¾	¿ ÀÂÁ

¾ ­�Ã +)Ä· ¾�À ­�¸¹lº^¸¹Y»&¼�½ + Á�ÅÀ ­ÆÃ�» + º (5.2)

Ä· ¾�À ­ ¦ º ¦ »�¼�½ + §¨¦2¦ »0Ç Á ¾�È · ­�¸¹lº^¸¹É»&¼�½ + È Á À2Ê ¶ (5.3)

As in Ch. 3, themultichannelGreen’s function
Ä· ­ ¦ º ¦ » ¼�½ + obeys the inhomogeneousdifferentialequa-

tion, Eq. (3.13), is continuousat ¦u§Ë¦ » , andhasa discontinuityin its first derivative at ¦u§Ë¦ » given

by Eq. (3.17).Theansatzfor themultichannelGreen’s functionwith thedesiredboundaryconditionsis

givenin termsof thelong-range¥ -matrix state,Eq.(5.1):

Ä· ­ ¦ º ¦ » + § ² ³ ­ ¦ + ¥ LR ´ ² µ ­ ¦ + Ì ­ ¦ » + ¦ÎÍz¦ »	º (5.4)

§ ´ ² ³ ­ ¦ + ¥ LR Ï ­ ¦ » + ¦\Ðz¦ » ¶

Theconditionson theGreen’s functionat ¦Î§Ñ¦ » giveequationsfor thematrices
Ì ­ ¦ » + and Ï ­ ¦ » + ,

² ³ ¥ LR ´ ² µ Ì Ò ² ³ ¥ LR Ï § Ó º (5.5)

² ³ » ¥ LR ´ ² µ » Ì Ò ² ³ » ¥ LR Ï § ± º (5.6)

which canbereadilysolved:

Ì ­ ¦ » + § ¯	Ô ² ³ ­ ¦ » + º (5.7)

Ï ­ ¦ » + § ´ ¯	Ô ² ³ ­ ¦ » + ´ ¥ LRÕ ² µ ­ ¦ » + ¶ (5.8)

Becausethe ¥ -matrix ¥ LR describeselectronflux beinglaunchedoutwardfrom aspherein thematching

region,thesourceradius¦ » will befixedto thematchingradius¦ © andtheobservationradius¦ will bein

thelong rangeregionsothat ¦\ÍÖ¦ » . TherelevantGreen’s functionis obtainedfrom Eqs.(5.4)and(5.7)

andreads:

Ä· ­ ¦ º ¦ © + § ¯	Ô ² ³ ­ ¦ + ¥ LR ´ ² µ ­ ¦ + ² ³ ­ ¦ © +�¶ (5.9)
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Notethatthis form of theGreen’s function(5.9) is only valid in thematchingregionwherethe ¥ -matrix

state,Eq.(5.1),canbeused.

The desiredexpressionfor the long-range¥ -matrix canbe obtainedby inverting Eq. (5.9) to

find ¥ LR in termsof themultichannelGreen’s function,Eq. (5.3). Two issuesmustbeaddressedbefore

this stepcanbe performed. First, the observation radius ¦ mustalsobe taken to the matchingradius

¦ © , wherethe returningscatteredwave will be observed(throughthe ¥ -matrix elements).Second,the

boundaryconditionson the Green’s function must be handledcarefully. An inspectionof Eq. (5.9)

showsthattheGreen’s functionsatisfiesbothincomingwave ­�´ ² µ ­ ¦ +0+ andoutgoingwave ­ ² ³ ­ ¦ + ¥ LR +
boundaryconditionsin theobservationcoordinate¦ . Theincomingwave termin Eq. (5.9) corresponds

to electronflux travelinganinfinitesimaldistancefrom ¦q© to ¦ (recallthatthelimit ¦Î×Ø¦q© is alsobeing

taken) without scatteringoff the long-rangeregion. The outgoingwave term in Eq. (5.9) corresponds

to electronflux that travelsoutward into the long-rangeregion whereit thenevolvesin the long-range

Coulombanddiamagneticpotentialbeforebeingscatteredbackto theobservationradius¦ªÙÑ¦2© . Clearly,

becausethelong-range¥ -matrixdescribesthisscatteringprocess,¥ LR is relatedto theGreen’s function

having outgoingwaveboundaryconditionson thespherein thematchingregion. With this in mind, the

outgoingwave part of Eq. (5.9) canbe invertedto give an exact expressionfor the ¥ -matrix, which is

manifestlysymmetric:

¥ LR § ¦�Ú©¯	Ô ² ³ ­ ¦2© + ³)Û · ­ ¦q© º ¦2© + ² ³ ­ ¦q© + ³*Û ¶ (5.10)

It is critical to rememberthat the multichannelGreen’s-functionmatrix
· ­ ¦ © º ¦ © + § Ä· ­ ¦ © º ¦ © +�Ü ¦ÝÚ© in

this equationobeysoutgoingwave boundaryconditionson thesphereat ¦ © . Equation(5.10)is anexact,

generalrelationshipvalid for any atom and any configurationof external fields; all of the nontrivial

physicsis now encapsulatedin the multichannelGreen’s function. In the absenceof externalfields,

analyticalexpressionsfor this Green’s functionexist, andyield the expectedlong-range¥ -matrix - Ú ¾�Þ
for themotionof anelectronin a pureCoulombpotential.

Oneof the main advantagesof the ¥ -matrix formulationof the physicsof the photoabsorption

processnow begins to emerge. The incoming wave boundaryconditionsof the Green’s function in
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Eq.(5.10)arepreciselythoseobeyedby thesemiclassicalGreen’sfunctionof vanVleck andGutzwiller.

Thus,thesemiclassicalGreen’s functioncanbeuseddirectly in Eq.(5.10)withoutmodification,leading

to anelegantmethodof deriving thesemiclassical¥ LR. Accordingto Eq.5.10thepositionspaceGreen’s

functiononly needsto beprojectedontothechannelfunctionstofind the ¥ -matrix. Thefollowingsection

(Sec.5.2) givesthe semiclassicalexpressionfor the Green’s function
· ­�¸¹fº^¸¹ » ¼�½ + andshows that this

projectionstepcanbecarriedout usingstationaryphaseintegrationto obtainthemultichannelGreen’s

function
· ­ ¦ © º ¦ © + neededin Eq.(5.10).

5.2 Surface projections of the Green’s function by the method of stationary

phase

To derivethesemiclassical¥ LR, theonly remainingtaskis to introducethesemiclassicalGreen’s

functionandprojectit ontothechannelfunctionsataspherein thematchingregion. If therequiredpro-

jectionintegralsaredonenumerically, thisfinal stepis fairly mundane,althoughverydifficult. However,

whentheprojectionintegralsaredone,asin thissection,by themethodof stationaryphase,thisfinal step

yields significantphysicalinsight. The stationaryphasetreatmentdescribedbelow shows how certain

classicalorbitsareselectedover all othersto encapsulatethecontributionsto the long-range¥ -matrix.

In most cases,the significantorbits are the closed-orbits,which are launchedfrom and return to the

nucleusradially. I will call theseclassicalorbitsradial trajectories (alsoclosedorbits).However, other

nonradiallylaunchedorbitsalsocontributeto the ¥ -matrix. In somecases,suchasnearbifurcationsor

for high angularmomentaelementof the ¥ -matrix, thesenonradiallylaunchedorbitsdominateover the

radialones.

A majoradvantageof thesemiclassical¥ -matrix approachdescribedin this chapteris thatit en-

ablesasystematicexplorationof thenonradialtrajectories.In standardclosed-orbittheorytheemergence

of theradial trajectoriesis somewhatobscuredby thecomplicatedformulasof thetheory. Furthermore,

this hasmadeit difficult for researchersto extendclosed-orbittheoryto moreaccuratelytake the non-

radial trajectoriesinto account. The currentsectiondevelopsthe basictools usedin performingthe

stationaryphaseintegrals. The mostelementarycaseis treatedhere: whenthe nonradialorbit do not
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needto beexplicitly includedin thesemiclassical¥ -matrix. However, theeffectsof thenonradialtrajec-

torieswill betakeninto accountapproximatelywhentheGreen’s functionis projectedontothechannel

functions.Themoredifficult cases,wheretheprimitive stationaryphaseintegrationsfail, arepresented

in thefollowing section.

While Eq. (5.10)is a generalresult,it is againusefulto specializeto thecaseof a singlechannel

atomin anexternalmagneticfield alongthe ß -axis.Then,thechannelfunctionsaresimply thespherical

harmonics,sothattheprojectionintegralneededto obtain
· ­ ¦ © º ¦ © + is:

·�àaá ¿ àãâãá�â ­�½ + § ä�3Lä�3 » ä�åYä^å »qæèç�é 3 æêç'é 3 »hë Åàaá ­ 3 º å +�· ­�¸¹ìº^¸¹Y»�¼�½ + ë àãâ'á�â ­ 3 »hº å » +�¶ (5.11)

Becauseboth thesourceandobservationradii ¦ and ¦ » arefixedto thematchingradius¦ © , theexplicit

radialdependenceof theGreen’s functionis omittedin thefollowing pages.A moreconvenientform of

theprojectionintegral,Eq.(5.11),is obtainedby separatingtheintegralsover 3 and 3 » ,
·�àaá ¿ àãâ'á�â ­&½ + § äÎ3ÝäÎ3 »Gæêç�é 3 æèç�é 3 »hë Åàaá ­ 3 º å +&·�á ¿ á�â ­ 3 º 3 »&¼�½ + ë àãâ�á�â ­ 3 »hº å » + º (5.12)

from theintegralsover å and å » ,
· á ¿ á�â ­ 3 º 3 » ¼�½ + § ä�åÉä�å » - ³ ¾ áîí · ­ 3 º å º 3 » º å » ¼�½ + - ¾ á â í â ¶ (5.13)

Now the issueof symmetrymustbe addressed.Thegeneralapproachin this sectionwill be to

performthe integralsof Eqs.(5.12) and(5.13) using the methodof stationaryphase.The successof

this methoddependscritically on the existenceof well-isolatedstationaryphasepoints in the angles

( 3 º å º 3 » º å » ). If continuousfamiliesof stationaryphasepointsexist, thestationaryphaseapproximation

will fail. This occurswhen there is a continuoussymmetrythat leaves the long-rangeHamiltonian

invariant.For thecaseof anatomicelectronin anexternalmagneticfield, thereis onesuchcontinuous

symmetry:rotationaboutthe ß -axis,which is oftencalledazimuthalsymmetry. This symmetryresults

in theGreen’s functionbeingdiagonalin thecorrespondingquantumnumberï . Becausethestationary

phasetechniquefor the ­ å º å » + integrals(5.13) fails for this case,theseintegralsmustbedoneexactly.

Note that when thereare no symmetriesin the Hamiltonian,as in the caseof a Rydberg electronin

crossedelectricandmagneticfields,thiscomplicationis notpresentandall of theprojectionintegralsin
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Eqs.(5.12)and(5.13)canbedoneusingthestationaryphaseapproach.Giventherecentexperimentson

hydrogenin perpendicularmagneticandelectricfields, this would bean interestingcaseto investigate

but it is not pursuedhere.

Whentheazimuthalsymmetryis present,the integralsover ( å º å » ) canbe doneanalyticallyby

usingseparationof variableson the full threedimensionalGreen’s function
· ­�¸¹fº^¸¹ » ¼�½ + . Alternative,

semiclassicalapproachesfor handlingcontinuoussymmetriesin the Green’s functionandin tracefor-

mulashave beengiven by Magneret al. [131] andby CreaghandLittlejohn [132, 133] respectively.

Becausethesesemiclassicalmethodsareneedlesslycomplicatedandoften subtle,I follow Delosand

coworkers[38] andBogomolny [36] in usingseparationof variables.Theaxial symmetryof a Rydberg

electronin anexternalmagneticfield is handledeasilywith thefollowing ansatzfor theGreen’sfunction

in cylindrical coordinates­�ðñº ß º åóò :
· ­�¸¹fº^¸¹ » òf§

®
±�Ô ° ð�ð » áõô

¾ ámöaí
³
í âc÷ ·�á ­øðYº ß º�ð » º ß » ò º (5.14)

Then,theintegralsover ­ å º å » ò in Eq. (5.13)canbedoneanalytically:

· á ¿ á â ­ 3 º 3 » òf§}ù á�á â ±ÝÔ° ð^ð » · á ­�ðñº ß º&ð0»hº ß » ò ¶ (5.15)

As expected,thesymmetryreducedGreen’sfunction,Eqs.(5.13)and(5.15),is diagonalin theazimuthal

quantumnumberï . Thefactor
® Ü ° ð^ð » is usedin Eq. (5.14)to eliminatethefirst derivatives( ú Ü ú ð ) in

theinhomogeneousequationfor
·�á ­øðYº ß º�ð » º ß » ò , which reads:

®
± ú�Ú
ú ð Ú

Ò ®
± ú�Ú
úYß Ú ´

ïûÚ ´ ® Ü�ü
± ð Ú

Ò ½}´Öýþ­øðYº ß�ò · á ­øðYº ß º�ð » º ß » òÿ§vù ­�ðÎ´ûð » ò0ù ­ ß ´ ß » ò ¶ (5.16)

Finally, semiclassicalapproximationsfor theremainingnonintegrablemotionin theCartesian-likecoor-

dinates­�ð ß�ò canbemade.The two-dimensionalsemiclassicalGreen’s functionof Guztwiller [18, 19,

20, 21] appliesdirectly to Eq.(5.16):

· á ­�ðñº ß º&ð » º ß » ¼�½ òlÙ
class� traj �

±ÝÔ
­ ±�Ôñ¯ ò ��� Ú

����� ú ­
	 » � º�	 » 
 º�� ò
ú ­øðYº ß ºG½ ò

����� ¯ ¥ ­�ðñº ß º&ð » º ß » ò ´ ¯�� Ô± ¶
(5.17)

Here, the sumincludesall two-dimensionalclassicaltrajectoriesthat propagatefrom ­�ð » º ß » ò to ­�ðñº ß0ò
underthedynamicsof theLanger-corrected[83] classicalHamiltonian � § 	 Ú � Ü ± Ò 	 Ú 
 Ü ± Ò ï Ú Ü ± ð Ú Ò
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ý ­øðYº ß�ò . Theclassicalactionassociatedwith a particulartrajectoryis givenastheintegral,

¥ ­øðYº ß º�ð » º ß » òf§
ö � ¿ 
 ÷
ö � â ¿ 
 â ÷ 	 » »� ä ð »c» Ò 	 » »
 ä^ß » » ¶ (5.18)

The Maslov index � [24] is relatedto the topologyof eachorbit and is given by the numberof sign

changesin the determinantin Eq. (5.17)alongeachorbit. Furthermore,this determinantin Eq. (5.17)

providesa measureof the stability of eachorbit. More detailsaboutthis determinantcanbe found in

AppendixC.

Whenthe semiclassicalGreen’s function,Eq. (5.17) is insertedinto Eq. (5.15),a semiclassical

approximationto thesymmetry-reducedGreen’s functionis obtained:

·�á�á�â ­ 3 º 3 » òÿ§vù á�á�â ° ±ÝÔ
traj

®
¦ Ú© È��¦ È

®
° æêç'é 3 æêç�é 3 » È Ì

Û
È ����� ¯ ¥ ­ 3 º 3 » ò ´ ¯�� Ô± ´ ¯�� Ôü º (5.19)

wheretheclassicalstability
Ì
Û is thepartialderivative:

Ì
Û §

ú 	 » �
ú{3 � â ¶ (5.20)

Accordingto Eq.(5.12),projectingthepolarangledependence­ 3 º 3 » ò of thisGreen’sfunction,Eq.(5.19),

onto the sphericalharmonics­�ë Åàãá ­ 3 º ÓYò ºGë à â á â ­ 3 » º ÓÉòèò givesthe multichannelGreen’s function matrix

· àaá ¿ à â á â ­&½ ò (5.12)neededfor thelong-range¥ -matrix (5.10). In thefollowing subsections,thesepro-

jection integrals are doneusing the methodof stationaryphase. For this part of the derivation it is

convenientto combineEqs.(5.19)and(5.12)andwrite theresultin theform:

· àaá ¿ à â á â ­�½ òf§
traj

äÎ3ÝäÎ3 »
� àãà â ­ 3 º 3 » ò È Ì
Û ­ 3 º 3 » ò È ô

¾ ­�� ö � ¿ � â ÷ ³  
ö"! � Ú ÷ ò º (5.21)

� àaà â ­ 3 º 3 » òf§ ° ±ÝÔ æèç�é 3 æèç�é 3 »
¦ Ú© È��¦ È ô ³

¾ ö � ! � / ÷ ë Åàaá ­ 3 º ÓÉò ºGë à â á â ­ 3 »	º ÓÉò ¶ (5.22)

This shows that the multichannelGreen’s function neededfor the long-range¥ -matrix (5.10), canbe

constructedby consideringall of theclassicaltrajectoriesthatarefired outwardfrom thepoint ­ ¦2© º 3 » ò ,
scatteroff thelong-rangeCoulombandmagneticfields,andthenreturnto thepoint ­ ¦q© º 3�ò with a clas-

sicalaction ¥ ­ 3 º 3 » ò ¶ Thecontributionsof thesetrajectoriesareintegratedover thesurfaceof thesphere

¦w§ ¦ © with thephaseô
¾ � ö � ¿ � â ÷

andtheangularfactor � àãàãâ ­ 3 º 3 » ò to determinetheGreen’s function. At
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this point, theseclassicaltrajectoriesarenot only the radially launchedandreturningclosed-orbits.In

Eq. (5.21),all classicalorbitsat energy ½ , eventhoselaunchednonradiallyfrom the matchingsphere,

mustbeincludedto calculatethesemiclassicalGreen’s functionandthusthe ¥ -matrix ¥ LR.

Equations(5.21)and(5.22)for thesemiclassicalGreen’sfunction
· ­ ¦ © º ¦ © ¼�½ ò andEq.(5.10)for

thelong-range¥ -matrix ¥ LR representahalfwaypoint in thederivationfor thesemiclassicalformulafor

¥ LR. It is interestingto note,thatin theircurrentform, theseformulasshow noartificial divergencesatthe

pointswherenew classicalorbitsbifurcate.Thus,they providea usefulstartingpoint in treatingvarious

scenariosfound in the physicsof a Rydberg electronin an externalmagneticfield. In the remainder

of this section,the elementarycaseof well-isolatedclassicalorbits andlow angularmomenta( # º # » ò is

studied.

5.2.1 Initial angleprojection

The methodof stationaryphaseintegration is one of the most useful tools in semiclassical

physics. This was first seenin Gutzwiller’s derivation of the traceformula for the densityof states

[20]. In hiswork, theperiodicorbitsemergeasthestationaryphasepointsof anintegrandwhenthetrace

of thesemiclassicalGreen’sfunction,Eq.(5.17),is takenusingthestationaryphasetechnique.A similar

ideawill be seenin the projectionof the semiclassicalGreen’s function onto the sphericalharmonics

(5.21). Here,as in the traceformula, the dominantclassicalorbits - the closedorbits - appearwhen

integralsof thesemiclassicalGreen’s function(theprojectionintegrals)areevaluatedusingthemethod

of stationaryphase.

I now assumethat the classicalorbits contributing to the Green’s function,Eq. (5.21),arewell

isolated.Thentheclassicalaction ¥ ­ 3 º 3 » ò canbeexpandedin aTaylorseriesaboutthestationaryphase

pointsin theinitial angle 3 » §�3 ¾%$
¥ ­ 3 º 3 » òf§�¥ ­ 3 º 3 ¾ ò Ò ­ 3 » ´ 3 ¾ ò úY¥ú�3 » Ò

®
± ­ 3 » ´ 3 ¾ ò Ú ú�ÚÝ¥ú{3 »"& º (5.23)

wherethestationaryphasepoints 3 ¾ aredefinedby thevanishingof thelineartermin this expansion:

úY¥
ú{3 » § ´'	�» � ­ 3 ¾ òf§ÖÓ ¶ (5.24)
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Immediately, it is seenthat the stationaryphasepoints correspondto classicaltrajectoriesthat are

launchedradially (	 � â §EÓYò outward from ¦ © . Whena strongexternalmagneticfield is appliedto an

atom,evena one-electronatom,the classicaldynamicsbecomeschaotic,andthereareinfinitely many

of thesestationaryphasepoints. In the end,eachstationaryphasepoint will contribute a term to the

Green’s function(5.21)andto thelong-range¥ -matrix (5.10).

This analysisof the stationaryphasepoints is valid whenthe otherangularfactors(� àaàãâ ­ 3 º 3 » ò
and

Ì
Û ­ 3 º 3 » ò ) in theintegrandof Eq. (5.21)vary slowly comparedto theclassicalaction ¥ ­ 3 º 3 » ò . This

is true for low angularmomentumelementsof the Green’s function
·�àaá ¿ à â á â ­&½ ò , wherethe spherical

harmonicsin � àaàãâ ­ 3 º 3 » ò , Eq.(5.22),oscillateslowly. For highangularmomenta,thesesphericalharmon-

ics oscillaterapidly andtheir variationmusttaken into account.The requiredmodificationsfor higher

angularmomentumwill be developedin the next section(Sec.5.3). However, for now it is assumed

that thesphericalharmonics,andconsequentlythe matrix � àãà â ­ 3 º 3 » ò vary slowly with thepolarangles

­ 3 º 3 » ò .
Within theaforementionedapproximations,theangularfactor� àaàãâ ­ 3 º 3 » ò andtheamplitude

Ì
Û ­ 3 º 3 » ò

areevaluatedat thestationaryphasepoint 3 » §¼3 ¾ andpulledoutsidetheintegral over 3 » in theGreen’s

function,Eq. (5.21):

· àaá ¿ à â á â ­�½ òì§
traj

ä�3 � àaà â ­ 3 º 3 ¾ ò È Ì
Û ­ 3 º 3 ¾ ò È ô

¾ ö � ö �(�*) ÷ ³  
! � Ú ÷,+.- Û

¶
(5.25)

Theremainingintegral
-
Û over theinitial angle 3 » takestheform:

-
Û § äÎ3 » ����� ¯

± ­ 3 » ´ 3 ¾ ò Ú ú�Ú^¥ú�3 » Ú ¶
(5.26)

In thestationaryphaseapproach,thelimits of this integrandareextendedto /10 , sothattheintegralcan

bedoneusingtheformula[24]:

2
³ 2

ä ¹ ����� ¯
± ¹ Ú43 §

±ÝÔñ¯
3 ¶

(5.27)

As Gutzwillerfirst showed,signchangesof amplitudessuchas
5 & �5 � â & alongeachclassicaltrajectorymust

be taken into accountwhenintegralssuchasEq. (5.26) areperformed. Labeling the numberof sign

changesof
5 & �5 � â & alongtheclassicalorbit by theinteger 6 , andperformingtheintegral

-
Û usingthegeneral
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formula,Eq. (5.27),oneobtains:

-
Û §

° ±ÝÔñ¯ ����� ú Ú ¥
ú�3 » Ú ³*Û

� Ú ô ³
¾87 ! � Ú ¶ (5.28)

Usingthis resultfor
-
Û in Eq. (5.25),thechannelspaceGreen’s functionbecomes,

·�àaá ¿ àãâãá�â ­�½ òì§ ° ±�Ôñ¯
traj

äÎ3 � àaàãâ ­ 3 º 3 ¾ ò È Ì Ú ­ 3 º 3 ¾ ò È ô
¾ ö � ö � ¿ � ) ÷ ³  

! � Ú ÷ º (5.29)

wheretheoverallamplitude
Ì Ú is thesimpleproduct:

Ì Ú § Ì
Û

ú�ÚÝ¥
ú�3 » Ú ³)Û § ´ ú 	 » �

ú�3 � â ú
	 » �
ú�3 » ³)Û� § ú{3 »

ú�3 9 â : ¶ (5.30)

Thecarefulreaderwill noticethattheindex 6 , whichcountsthenumberof signchangesin theamplitude

5 & �5 � â & alongthe classicalorbit, hasdisappearedfrom the Green’s function, Eq. (5.29); only the Maslov

index � appears.As a convention,I will alwaysabsorbphasessuchas 6 thataregeneratedin stationary

phaseintegralsinto theMaslov index � for theGreen’sfunction.With thisconvention,theindex � of the

Green’s functionis contextual: it alwayscountsthecompositenumberof signchangesof theamplitude

whosesquareroot currentlyappearsin theGreen’s function.For example,whentheclassicalamplitude

of theGreen’s functionis
È Ì
Û
È
theindex � countsthesignchangesof

Ì
Û .

In this subsection,I have given the detailsof how the initial angledependenceof the Green’s

functioncanbeprojectedout usingthe methodof stationaryphaseintegration. Becausethis approach

will beusedrepeatedlyin this thesis,the discussionhasbeenlengthy. The resultingGreen’s function,

Eq. (5.29), is written as a sumover classicaltrajectoriesthat are launchedradially (	 » � § Ó ) from a

sphere¦u§Ë¦2© in the matchingregion, but returnto the sphereat a final polar angle 3 with any value

of the classicalangularmomentum	 � . However, Eq. (5.29)specifiesthat this final angledependence

shouldalsobeprojectedontothesphericalharmonicë àaá ­ 3 º ÓÉò (containedin thefactor � àaà â ).

5.2.2 Final angleprojection

Thefinal angleprojectionintegralrequiredby Eq.(5.29)for theGreen’sfunction
·�àaá ¿ àãâ'á�â ­&½ ò is

performedusingthesamestationaryphaseapproachdescribedabove. First, theclassicalaction ¥ ­ 3 º�	 » � ò
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is expandedaboutthestationaryphasepoint in thefinal polarangle 3~§b3"4 :
¥ ­ 3 º�	 » � òf§�¥ ­ 3f4 º�	 » � ò Ò ­ 3 ´ 3"4 ò úÉ¥ú�3 9 â : Ò

®
± ­ 3 ´ 3"4 ò Ú ú�ÚL¥ú�3 Ú 9 â : ¶ (5.31)

It is critical to notethat theclassicalactionis now a functionof theinitial angularmomentum	 » � rather

thanthe initial polar angle 3 » at the stationaryphasepoints. This switch from 3 » to 	 » � in the classical

action is necessaryas the initial angledependence3 » hasbeenprojectedout of the Green’s function,

Eq. (5.29),andthustheclassicalaction,already. However, asbefore,thestationaryphasepointsof the

action,Eq. (5.31),aretheclassicaltrajectoriesthattravel radially asthey returnto ¦Î§Ñ¦ © :
úY¥
ú{3 9 : â § 	 � ­ 3 4 òf§ÖÓ ¶ (5.32)

Again,assumingthattheangularfactors(� àaà'â ­ 3 º 3 ¾ ò È Ì Ú ­ 3 º 3 ¾ ò È ò in Eq.(5.29)varyslowly with thefinal

angle 3 º they canbeevaluatedat thestationaryphasepoints 3"4 of theintegrand.Usingtheexpansionof

theclassicalaction,Eq.(5.31),in theGreen’s function,Eq. (5.29),givestheresult:

· àaá ¿ à â á â ­&½ òì§ ° ±ÝÔñ¯
traj

� àãà â ­ 3 4 º 3 ¾ ò È Ì Ú ­ 3 4 º 3 ¾ ò È ô
¾ ö � ö ��; ¿ �<) ÷ ³  

! � Ú ÷=+>- Ú ¶ (5.33)

Theintegral
-
Ú ,
-
Ú § äÎ3 » ����� ¯

± ­ 3 ´ 3 4 ò Ú ú�ÚL¥ú{3 Ú 9 : ) § ° ±�Ôñ¯ ú�ÚÝ¥
ú�3 Ú ³)Û � Ú

9 â : ô ³
¾87 ! � Ú º (5.34)

canbedoneusingtheformula,Eq. (5.27),aslong asthesignchangesin theamplitude
5 & �5 � & 9 â : arekept

trackof in theindex 6 .
Thefinal form of thesemiclassicalapproximationto

·�àaá ¿ à â á â ­&½ ò is foundby insertingEq.(5.33)

into Eq. (5.34):

·�àãá ¿ à'âãá�â ­�½ òì§ ±�Ôñ¯
traj

� àaàãâ ­ 3"4 º 3 ¾ ò È Ì ­ 3f4 º 3 ¾ ò È ô ¾ ö � ö ��; ¿ �<)
÷
³  
! � Ú ÷ ¶ (5.35)

Again, the index 6 hasbeenabsorbedinto theMaslov index � of theGreen’s function thatnow tracks

thesignchangesof theoverallamplitude
Ì

(ratherthan
Ì
Û or

Ì Ú ):
Ì § Ì Ú ú�Ú^¥

ú�3 Ú 9 : )
³)Û § ú�3 »

ú�3 9 : ) ú
	 �
ú�3 ³*Û9 : ) §

ú�3 »
ú 	 � 9 : )

¶
(5.36)
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This final amplitude
Ì

is a simpleonedimensionalderivative that canbe calculatednumericallyfor

eachclassicaltrajectorywithout difficulty. Finally, thesemiclassicalapproximationto ¥ LR canbewrit-

ten down, using the semiclassicalGreen’s function matrix derived in this section,Eq. (5.35),and the

definitionof theangularfactor� àãàãâ ­ 3 º 3 » ò , Eq. (5.22).Theresult,

¥ LRàãà â ¿ á § ± �*� Ú Ô Û � Ú
c � o �

®
È��¦ È

È Ì È æèç�é 3 ¾ æêç'é 3"4 ë Åàaá ­ 3 4 º ÓYò ë àãâ'á ­ 3 ¾ º ÓYò² ³à ­ ¦ © ò ² ³àãâ ­ ¦ © ò
����� ¯ ¥ ­ 3f4 º 3 ¾ ò ´ ¯ � Ô ± ´ ¯ � Ôü º

(5.37)

is asumover theclosedorbitsthatarelaunchedradially outwardfrom thepoint ­ ¦ © º 3 ¾ ò in thematching

region, scatterclassicallyoff the long rangeCoulombandmagneticfield andthenreturnto the point

­ ¦ © º 3"4 ò againtraveling radially.

Onefurtherapproximationgivesthesemiclassical¥ LR thatwill beusedin subsequentnumerical

calculations.For highly excitedelectronswith smallmatchingradii ¦ © andlow orbitalangularmomenta

it is appropriateto usetheasymptotic,zero-energy formsof theCoulombfunctionsin Eq. (5.37). The

requiredformulascanbefoundin Ch.2, Eqs.(2.4)and(2.5),andyield:

®
È��¦ È ² ³à ­ ¦ © ò ² ³à â ­ ¦ © ò ×

´ ¯	Ô ­�´ ® ò à µ
à â
ô Ú
¾@? A�B�C º (5.38)

in which casethelong-range¥ -matrix reads:

¥ LRàaà â ¿ á ­�½~º�Ï ò § ­ ±�Ô ò ��� Ú ­?´ ® ò à µ
à â

c � o �
È Ì È æêç'é 3 ¾ æêç�é 3f4 ë Åàaá ­ 3"4 º ÓÉò ë àãâ'á ­ 3 ¾ º ÓÉò (5.39)

+ ����� ¯ ¥ Ò ± ° D ¦ © ´ ¯ �
Ô
± Ò ¯ �

Ôü ¶

In this expression,the classicalamplitude
Ì § 5 � â5 9 : 9 â : is alsoevaluatedat the stationaryphasepoints

( 3 4 º 3 ¾ ). Thedetailsof calculatingtheclosedorbitsandtheirpropertiesthatarerequiredin thisprimiti ve

semiclassical¥ -matrix aregivenin AppendixB.

Of course,all of theclosedorbitsthatareusedto construct¥ LR (5.39)dependbothontheenergy

½ of theelectron,andexternalmagneticfield Ï appliedto theatom. In mostcases,it is moreusefulto

transformthis ¥ -matrix to thescaledvariables­�E9º�F ò of AppendixA. Beforegiving theresultingscaled

variable ¥ -matrix, the issueof preconvolution mustbe addressed.Whenthe semiclassicallong-range

¥ -matrix is usedin theformulafor thepreconvolvedcrosssection,Eq.(3.28),it is necessaryto calculate
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the ¥ -matrix at complex energies ½ Ò ¯�G Ü ±
. As discussedin Ch. 4 (seeEqs.(4.24-4.26))whenscaled

variablesareused,thistranslatesinto evaluatingthelong-range¥ -matrixatacomplex valueof thescaled

field. That is, to preconvolve thecrosssectionH ­8F ò or long-range¥ -matrix ¥ LR ­8F ò with a Lorentzian

of width I F in the F domain,thesubstitution

F × F Ò ¯ I F± (5.40)

mustbeusedin thescatteringmatrix ¥ LR ­8F ò . With this in mind,andusingtherelations¥Ö§ F Ä¥ , ¦ © §
Ä¦ © ­8F Ü ±�Ô ò�Ú º and	 � § Ä	 � ­ ±ÝÔ Ü F ò in Eq. (5.39),thepreconvolved,scaled-variable¥ -matrixbecomes:

¥ LRàãàãâ ¿ á ­8F ò § ­ ±�Ô ò ��� Ú ­�´ ® ò à µ
à â ±�Ô

F Û � Ú
c � o �

ÄÌ æèç�é 3 ¾ æèç�é 3 4 ë Åàaá ­ 3 4 º ÓYò ë à â á ­ 3 ¾ º ÓÉò (5.41)

+ ����� ¯ F Ä¥ ´ ¯ �
Ô
± Ò ¯ �

Ôü ����� ´ Ä¥ I F± ¶

Notethattheextraphase
± ° D ¦q© is simplytheclassicalactionfrom ¦q© to theorigin andbackagain.Thus,

in thescaled¥ -matrix(5.41)I haveabsorbedthisphaseinto thescaledactionof eachorbit
Ä¥ . Becausethe

closedclassicalorbitsarecompletelyindependentof thescaledfield F , theonly effect of thecomplex

value of the scaledfield is to introducea damping factor
����� ­�´ Ä¥JI F Ü ± ò into the semiclassical¥ -

matrix. This will have importantconsequencesin theconvergenceof thesemiclassicalphotoabsorption

crosssectiondevelopedin Ch.6.

It is importantto mentionthe conditionsunderwhich the semiclassical¥ -matrix, Eq. (5.39)or

(5.41), is a goodapproximation. First, the derivation hasassumedthat the sphericalharmonicsvary

slowly with thepolarangles3 and 3 » sothatthestationaryphasepointsaresimply theradially launched

andreturningorbits. However, I emphasizethat the effectsof the nonradialtrajectoriesare included

approximatelythroughtheclassicalamplitude
Ì

of eachorbit. Second,it is requiredthat thestationary

phasepoints (the radial orbits) exist, and are well isolatedfrom eachother. Lastly, althoughI have

derivedthelong range¥ -matrix for anatomin anexternalmagneticfield, thefinal result,Eq. (5.39),is

alsovalid for anexternalelectricfield aswell.
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5.3 Specialcasesand impr ovements

In mostcases,thesemiclassical¥ -matrixderivedin theprevioussection(5.39)providesanaccu-

ratedescriptionof thephysicsof anatomicelectronin anexternalmagneticfield. However, therearea

numberof situationsin whichthisprimitivesemiclassicalapproximationfails. Thissectiondemonstrates

how theideasandtoolsof theprevioussectioncanbemodifiedto treatthesecases.

In general,oneof thedifficultieswith semiclassicalapproximationsis thatwhentheir primitive

forms breakdown, a considerableamountof effort is requiredto repair them. This wasfirst seenas

researchersincorporatedbifurcations[57] andcontinuoussymmetries[133] into thesemiclassicaltrace

formulaof Gutzwiller. Thesamehasbeentruein semiclassicalstudiesof atomsin externalfields.As an

example,sincetheoriginal developmentof closed-orbittheoryin 1988,only a few researchers[62, 54,

63] have attemptedto give uniform semiclassicalapproximationsfor bifurcationsof the closedorbits.

Furthermore,becausethestandardformulationof closed-orbittheoryusessemiclassicalwavefunctions

ratherthanGreen’s functions,many of theadvancesin theGreen’s functionbasedtraceformulashave

not beenapplicableto closed-orbittheory. Thus,while uniformsemiclassicalapproximationshavebeen

givenfor traceformulas,analogousprogressin closed-orbittheoryhaslaggedbehind.

The approachof this chapterprovidesa simplesolution to the difficulties found in improving

thesemiclassicalapproximationsof closedorbit theory. In general,thesemiclassicalGreen’s function,

Eq. (5.17),usedto find the ¥ -matrix is a very robustobject. It is mainly whenthis configurationspace

Green’s function is projectedonto the channelfunctions(sphericalharmonics)that difficulties arise.

This sectionexploresthe long-range¥ -matrix for threecaseswheretheabove primitive versionof the

stationaryphasetechniquegivenabovefails. Theseinstancesare:theorbit parallelto themagneticfield,

moderatelyhigh angularmomentumelementsof ¥ LR, andbifurcationsof the closedorbits. In each

case,appropriatelymodifiedversionsof thestationaryphasetechniquegive improvedsemiclassical¥ -

matrices.
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5.3.1 Parallel orbit

Themostbenigntypeof failureof Eq. (5.39)is whenoneof theangularfactorsin the ¥ -matrix

(æèç�é 3 or ë àaá ­ 3 º åóò ) vanishesat the initial ­ 3 ¾ ò or final ­ 3"4Éò angleof theclosedorbit. Then,thecontri-

bution of that orbit to the ¥ -matrix will vanishunphysically. The moststriking exampleof this is the

closedorbit that is parallelto themagneticfield ( 3 ¾ §W3"43§�Ó or
Ô

), for which the factor
° æèç�é 3 æêç'é 3 »

vanishes.A secondexampleis thequasi-Landauorbit ( 3 ¾ §b3"4 § Ô Ü ± ), which givesa vanishingcontri-

bution to the ¥ -matrix for oddparity statesof theelectron.Thevanishingof thesetwo orbits is known

to be unphysicalsinceboth experimentsand theory have seentheir signaturesin recurrencespectra.

In bothof thesecases,the sourceof the error is in neglectingthe angulardependencesof factorssuch

as æêç'é 3 or ë àãá ­ 3 º åóò whenthe stationaryphaseintegralsaredone. Thus,the solutionis to include,at

leastapproximately, the strongestangulardependencesof the Green’s function in the stationaryphase

integrals.

This canbeaccomplishedfor theparallelorbit in a straightforwardmanner, beginningwith the

multidimensionalGreen’s function,Eqs.(5.21)and(5.22),beforetheprojectionintegralsover 3 and 3 »
havebeenperformed:

· àaá ¿ àãâãá�â ­&½ òì§
traj

ä�3Lä�3 » � © àaàãâ ­ 3 º 3 » ò È Ì
Û
È æèç�é 3 æèç�é 3 » ô ¾ ­�� ö � ¿ �

â ÷
³  
! � Ú ò º (5.42)

� © àaà'â ­ 3 º 3 » òf§ ° ±�Ô
¦ Ú© È��¦ È ô ³

¾ ö � ! � / ÷ ë Åàaá ­ 3 º ÓÉò ºGë à'âãá�â ­ 3 » º ÓYò ¶ (5.43)

Here,the factor
° æèç�é 3 æêç'é 3 » hasbeenplacedexplicitly in theGreen’s function,Eq. (5.42),ratherthan

in theangularfactor � © àãà â ­ 3 º 3 » ò , Eq. (5.43),becauseits angulardependencemustbe includedwhenthe

stationaryphaseintegralsareperformed.A superscript“0” is usedon � àaàãâ in Eq. (5.43) to distinguish

thefactorfor theparallelorbit � © àaà â ­ 3 º 3 » ò (5.43)from thatfor theotherorbits � àaà â ­ 3 º 3 » ò , Eq. (5.22).The

only differenceis that � © àaà â ­ 3 º 3 » ò doesnotcontainthefactor
° æêç'é 3 æêç�é 3 » . Thefollowing discussionwill

bepresentedfor theparallelorbit having 3 ¾ §�3 4 § Ó . However, theformulasalsoapplyto theparallel

orbit having 3 ¾ §ï3"4ª§ Ô .

Becausethe main contribution of the projectionintegralswill comefrom the integrand’s value
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near 3~§�3 » §zÓ , smallangleexpansionsof æèç�é 3~Ù�3 and æèç�é 3 » Ù>3 » canbeusedin Eq.(5.42):

·�àãá ¿ à'âãá�â ­�½ òlÙ ä�3Lä�3 »
� © àaàãâ ­ 3 º 3 » ò È Ì
Û
È ° 3.3 » ô ¾ ­�� ö � ¿ �

â ÷
³  
! � Ú ò ¶ (5.44)

Again, the remainingangularfactor � © àãàãâ ­ 3�3 » ò is assumedto vary slowly andwill be evaluatedat the

stationarypoint of the integrand ­ 3 §[3"4 º 3 » §K3 ¾ ò . From this point, the treatmentof the integrals

in Eq. (5.44)usingstationaryphaseintegrationproceedsexactly asin the previous section. First, the

integral over the initial angle 3 » is performedby expandingthe actionaboutthe stationaryphasepoint

3 » § 3 ¾ § Ó . Again, the resultingstationaryphasepoint is a classicalorbit, the parallelorbit, that is

launchedradially along the directionof the magneticfield. A similar procedureis usedfor the final

angleprojectionof Eq. (5.44).Bothof theseprojectionsrequiretheintegral,

- � ­ 3 òÿ§
2
© ä ¹ ° ¹ ô

)
&�K &ML § ®

° ± ô
¾ � ! � A G �ü È 3 È ³ �*� / º (5.45)

where
G ­ � Ü�ü òf§ ® ¶ ±L±4N ü ® ¶�¶�¶

is thetheGammafunction.Whentheexpansionsof theaction,Eqs.(5.23)

and(5.31) areusedalongwith the integral
- � º Eq. (5.45), to evaluatethe integrals in Eq. (5.44), the

resultingGreen’s functionbecomes,

· àaá ¿ àãâ'á�â ­&½ òfÙ ®
± � © àaàãâ ­ 3 ¾ º 3 4 ò G �ü Ú ô

¾ � ! � / ú 	 » �
ú�3 » ³

�*� /
� ú 	 �

ú�3 ³ ��� /9 â :
È Ì
Û
È Û � Ú ô

¾ ö � ³  
! � Ú ÷ ¶ (5.46)

This formulaappliesto bothorbitsthatmoveparallelto theexternalfield ( 3 ¾ §�3 4 §ÖÓ and
Ô

) alongthe

ß -axis. Thefinal form of theGreen’s functionand ¥ -matrix for theseorbits is obtainedby simplifying

thecombinationof amplitudesin Eq. (5.46).This requiresacarefulhandlingof thepartialderivatives:

ú 	 » �
ú�3 » ³

�*� /
� ú 	 �

ú�3 ³ ��� /9 â :
ú 	 » �
ú�3 Û � Ú� â § ú ­ 3 » º 3^ò

ú ­
	 » � º 3^ò
�*� / ú ­ 3 º�	 » � ò

ú ­
	 » � º�	 � ò
��� / ú ­8	 » � º 3 » ò

ú ­ 3 º 3 » ò Û � Ú

§ ú ­ 3 º 3 » ò
ú ­
	 » � º�	 � ò

�*� / ú ­8	 » � º 3 » ò
ú ­ 3 º 3 » ò Û � Ú

§ ú ­ 3 º 3 » ò
ú ­
	 » � º�	 � ò Û

� / ú ­
	 » � º 3 » ò
ú ­8	 » � º�	 � ò Û

� Ú

§ ú ­ 3 º 3 » ò
ú ­
	 » � º 3 » ò ú

­8	 » � º 3 » ò
ú ­
	 » � º�	 � ò Û

� / ú ­
	 » � º 3 » ò
ú ­8	 » � º�	 � ò Û

� Ú

§ ú ­ 3 º 3 » ò
ú ­
	 » � º 3 » ò Û

� / ú ­
	 » � º 3 » ò
ú ­8	 » � º�	 � ò

�*� /

§ ú�3
ú 	 » � Û

� /
� â ú�3 »

ú 	 �
�*� /
9 â :

¶
(5.47)
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Furthermore,thefirst amplitudein this result
5 �5 9 â : Û

� /
� â canbeapproximatedas,

ú�3
ú 	 » � Û

� /
� â § ú 	 �

ú�3 » ³)Û
� /

�
§ ú 	 �

ú�3 » 9 â : Ò ú�3 »
ú�3 9 : ú

	 » �
ú�3 » � ³*Û

� /

Ù ú�3 »
ú 	 � Û

� /
9 â :

¶
(5.48)

CombiningEqs.(5.47)and(5.48)for theamplitude,with Eq.(5.46)givesthefinal form of thesemiclas-

sicalGreen’s functionfor theparallelorbit,

·�àaá ¿ àãâãá�â ­&½ òlÙ
®
± � © àaà â ­ 3 ¾ º 3f4Éò G �ü Ú ô

¾ � ! � / È Ì È ô ¾ ö � ³  ! � Ú
÷ ¶

(5.49)

Themanipulationsof the classicalamplitudes,Eqs.(5.47)and(5.48),areclearly the mostdifficult as-

pectsof this derivation. In spiteof that, the procedurefor finding the semiclassicalGreen’s function

· àaá ¿ àãâ'á�â ­&½ ò for theparallelorbitsis straightforward: theintegralsover 3 and 3 » areperformedusingthe

stationaryphasetechnique,but includingtheangulardependenceof thefactor
° æêç'é 3 æêç�é 3 » Ù ° 3�3 » .

The final long-range¥ -matrix for the parallel orbit is constructedusing the Green’s function

(Eq.(5.49)),theangularfactor � © àaà â ­ 3 ¾ º 3 4 ò (Eq. (5.43)),andtherelationshipbetween¥ LR and
· ­ ¦2© º ¦q©0ò

(Eq.(5.10)):

¥ LRàaà â §
Ô
± G �ü Ú ­�´ ® ò à µ

à â ë Åàaá ­ 3"4 º ÓÉò ë à'âãá ­ 3 ¾ º ÓÉò È Ì È ����� ¯ ¥ ­ 3"4 º 3 ¾ ò Ò ±Ý¯ ° D ¦ © ´ ¯ � Ô ± Ò ¯hÔ ¶

(5.50)

Theasymptotic,zero-energy Coulombfunctions,Eq. (5.38),have beenusedin deriving this result. To

rewrite thisresultin termsof scaledvariables,thescalingrelationshipsof AppendixA canagainbeused.

In subsequentcalculations,thescaledvariableversionof Eq. (5.50)will beusedfor thecontribution of

theparallelorbits,alongsideEq. (5.41) for theoff-axis orbits. In bothcases,thepreconvolution of the

¥ -matrix introducesthedampingfactor
����� ­?´ Ä¥JI F Ü ± ò into thelong-range¥ -matrix.

Notethattheorbit parallelto theexternalfield wasfirst treatedby GaoandDelos[51] usingthe

semiclassicalwavefunctionsof closed-orbittheory. Theapproachgivenherehasa similar form astheir

result,but exhibitsa slightly differentsemiclassicalamplitude
Ì

. Thesuccessof Eq. (5.50)will beseen
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in next chapter(Ch. 6), whereit is usedto calculatethe photoabsorptioncrosssectionof an atomin

an externalmagneticfield. Also notethatEq. (5.50) is particularlyrelevant for an atomin an external

electricfield, wherethedominantfeaturesin therecurrencespectrumaregivenby orbitsparallelto the

electricfield.

5.3.2 High angular momentum

A seconddifficulty occursfor ¥ -matrix elements¥ LRàaà » having moderateandhigh valuesof the

angularmomenta# and # » . As describedabove, the stationaryphaseapproximationleadingto the ¥ -

matricesof Eqs.(5.39)and(5.50)assumesthatthesphericalharmonicsvaryslowly with thepolarangles

( 3 º 3 » ). This approximationbreaksdown for high angularmomentumwherethe sphericalharmonics

begin to oscillaterapidly.

For very high angularmomenta,all of the angulardependenceof the sphericalharmonicscan

beincludedin theprojectionintegrals(5.21). In this case,animprovedstationaryphaseapproximation

leadsto themodifiedstationaryphaseconditions	 � §O/ ­ # Ò ® Ü ± ò and 	 » � §P/ ­ # » Ò ® Ü ± ò . In the limit

# º # »%Q ®
, thesemodifiedstationaryphaseconditionsrepresenta correspondenceprinciple (for 	 í §vÓ )

betweenthequantum( # º # » ) andclassical(	 � º�	 » � ) angularmomentum.Thisapproachis astraightforward

generalizationof the methodof the previous sectionand includesnonradialtrajectoriesexplicitly in

thefinal semiclassical¥ -matrix. In practice,this typeof semiclassicalapproximationfor the ¥ -matrix

¥ LR wouldbeprohibitivebecausedifferent ¥ -matrixelementsrequireacalculationof differentclassical

trajectories.Moreover, it shouldnot be necessaryunlessoneis interestedin treatinginitial electronic

stateswith very high angularquantumnumbers.For thelow lying initial statesof complex atoms,only

moderatefinal stateangularmomentaaretypically relevant. For thesecasesa simplerapproximationis

appropriate.

As thesemiclassicalapproximationfor theparallelorbit demonstrates,asimplewayof improving

theprojectionintegralsof theGreen’s functionis to includethelowestordervariationsof theoffending

angularfactor. For moderateangularmomentum¥ -matrix elements,this translatesinto expandingthe

sphericalharmonicsto linearorderaboutthestationaryphasepoints( 3 ¾ , 3"4 ). Thisapproachis givenhere
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andshows that the resultingcorrectionto the primitive ¥ -matrix (5.39) involvesthe derivativesof the

sphericalharmonicsandpowersof the classicalamplitude
Ì

, Eq. (5.36), that appearsin the primitive

semiclassicalapproximationto ¥ LR. Most importantly, the improved semiclassical¥ -matrix derived

herestill involvesonly radial launchedandreturningtrajectories.Thus,theapproximationcircumvents

thecomputationalcomplicationsof searchingfor nonradialclosedorbits.

Theexpansionof thesphericalharmonicsto linearorderaboutthestationaryphasepointsreads,

ë àãâ'á ­ 3 »	º ÓYòlÙ ë àãâ'á ­ 3 ¾ º ÓYò Ò ­ 3 » ´ 3 ¾ ò ú ë àãâãá ­ 3 » º ÓÉòú�3 » ��R (5.51)

ë Åàaá ­ 3 º ÓYòlÙ ë Åàaá ­ 3"4 º ÓÉò Ò ­ 3 ´ 3"4 ò ú ë Åàaá ­ 3 º ÓÉòú�3 � ; ¶ (5.52)

The projectionintegral of the Green’s function, Eqs.(5.21) and(5.22), cannow be carriedout using

the stationaryphaseapproach,but with onemodification. Ratherthanperformingthe integralsover 3
and 3 » sequentiallyasbefore,both integralsareperformedsimultaneously. This leadsto considerable

simplificationsandrequiresa two dimensionalexpansionof theclassicalactionin the variables( 3 º 3 » ò
aboutthestationaryphasepoints( 3 » §�3 ¾ , 3~§b3"4 ). Definingthevector ¸3

¸3 § 3 » ´ 3 ¾
3 ´ 3 4

º (5.53)

thetwo-dimensionalTaylor seriesfor theactionreads,

¥ ­ 3 º 3 » òì§}¥ ­ 3"4 º 3 ¾ ò Ò ¸3 T úY¥ú ¸3
Ò ®
± ¸3 T ú�ÚL¥

ú ¸3 ú ¸3 ¸3 º (5.54)

where

úÉ¥
ú ¸3 §

5 �5 � â
5 �5 � §

´'	 ��S
	 �

º (5.55)

ú�ÚL¥
ú ¸3 ú ¸3 §

5 & �5 � â 5 � â 5 & �5 � â 5 �
5 & �5 � 5 � â 5 & �5 � 5 �

¶
(5.56)

As before,the stationaryphasecondition (
5 �5UTL §ØÓ ) selectsradially traveling trajectories,the closed

orbits,at smalldistances.



94

Next, the expansionsof the action,Eq. (5.54),andof the sphericalharmonics,Eqs.(5.51)and

(5.52),areusedin the yet to be projectedGreen’s function,Eqs.(5.21)and(5.22). The term with the

productë Åàaá ­ 3"4 º ÓÉò ë à'âãá ­ 3 ¾ º ÓÉò simplygivestheresult(5.39)of theprevioussection.Theonly nonvanish-

ing correctionterminvolvesthederivativesof both of thesphericalharmonics(if theangulardependence

of
° æèç�é 3 æêç'é 3 » is againneglected).After theslowly varyingpartof theintegrand,

° æêç'é 3 æêç'é 3 » ú ë Åàãá ­ 3 º ÓYòú�3 � ; ú
ë à'âaá ­ 3 » º ÓYò
ú�3 » ¶ � ) º (5.57)

hasbeenevaluatedat thestationaryphasepoints,theremainingintegralcanbeperformed:

-
Ú § ä 3 Û ä 3 Ú 3 Û 3 Ú

����� ¯
± ¸3WV ú�ÚÝ¥ú ¸3 ú ¸3 V ¸3 § ´ ±�Ô det

ú�ÚL¥
ú ¸3 ú ¸3 ³*Û � Ú ú{3 »

ú 	 � 9 â : ô ³
¾X7 ! � Ú ¶ (5.58)

As beforetheindex 6 countsthenumberof signchangesof thematrix
5 & �5UTL 5UTL alongeachtrajectory. Using

Eq. (5.58)andmanipulatingthe classicalamplitudesusingEq. (5.36),an expressionfor the corrected

semiclassicalGreen’s function(5.21)is found:

· àaà â ¿ á § ­ ±ÝÔ ò �*� Ú ¯ Y BMZ�À
®

¦ Ú© È��¦ È
È Ì È æèç�é 3 ¾ æèç�é 3 4 (5.59)

+ ë Åàaá ­ 3 4 º ÓÉò ë à'âaá�â ­ 3 ¾ º ÓYò Ò È Ì È ô ¾
!�ö  µ Û � Ú

÷ ú ë Åàãá ­ 3 4 º ÓYòú{3"4 ú ë à â á ­ 3 ¾ º ÓYò
ú�3 ¾+ ����� ¯ ¥ ´ ¯ � Ô ± ´ ¯[�

Ôü ¶

Thecorrespondingimproved ¥ LR from Eqs.(5.10)and(5.59),is then,

¥ LRàaà â ¿ á § ­ ±�Ô ò ��� Ú ­�´ ® ò à µ
à â
Y BMZ�À

È Ì È æêç�é 3 ¾ æèç�é 3"4 (5.60)

+ ë Åàãá ­ 3 4 º ÓYò ë à â á â ­ 3 ¾ º ÓÉò Ò È Ì È ô ¾
!�ö  µ Û � Ú

÷ ú ë Åàaá ­ 3"4 º ÓÉòú�3 4 ú ë àãâãá ­ 3 ¾ º ÓÉò
ú{3 ¾+ ����� ¯ ¥ Ò ±�¯ ° D ¦ © ´ ¯ H Ô ± Ò ¯[�

Ôü ¶

The sumover trajectoriesin theseexpressionsis the sameasin the primitive semiclassicallong-range

¥ -matrix: eachclassicaltrajectorythat is launchedradially outwardfrom (¦2© , 3 ¾ ) andreturnsradially to

(¦q© , 3 4 ) afteraccumulatinga classicalaction ¥ ­ 3 4 º 3 ¾ ò contributesa termto thesemiclassical¥ -matrix.

In addition,the semiclassicalamplitude
Ì

(5.36)andMaslov index � arethe sameasin the primitive

semiclassical¥ -matrix,Eq.(5.39).Althoughthisimproved ¥ -matrix,liketraditionalclosed-orbittheory,
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still involvesonly radial trajectoriesat ¦ © , it now includesthefirst-ordercorrectionsfor higherangular

momenta.In fact,by looking at theratio

\ § ë Åàaá ­ 3 4 º ÓYò ë à â á â ­ 3 ¾ º ÓÉòÌ 5�]_^ó ` ö ��; ¿ © ÷5 � 5�] ó â ` ö �*) ¿ © ÷5 � â (5.61)

for eachtrajectory, the importanceof the correctioncanbe ascertained.Notice that whena trajectory

lies nearthenodeof a sphericalharmonic,asin theabovementionedquasi-Landauorbit for oddparity

states,the“correction”actuallydominatesthe ¥ -matrix. Theoriginalversionof closed-orbittheorygives

a vanishingrecurrencestrengthfor theoddparityquasi-Landauresonance.Shaw et al. [134] havegiven

asimilar correctionfor thequasi-Landauorbit asEq.(5.60),but their resultis only for thequasi-Landau

orbit. The derivation presentedhereshows that sucha correctionterm is presentfor all closedorbits

whentheangularmomentumis moderate.However, mostcasesstudiedin this thesishave sufficiently

low angularmomentumthat thecorrectionderivedhereis unimportantexceptfor theoddparity quasi-

Landaurecurrence.

5.3.3 Bifur cations

So far, correctionsof the semiclassical¥ -matrix have beengiven for caseswherethe angle-

dependentpieces,suchas
° æêç'é 3 æêç�é 3 » and ë àaá ­ 3 º åóò , becomeimportantto include in the stationary

phaseintegrals.Thecorrectionsgivenfor theparallelorbit andfor moderateangularmomentahavemade

a commonassumption:the stationaryphasepointsexist andarewell isolatedfrom eachother. It has

beenseenthatthestationaryphasepointscorrespondto closedclassicalorbits.Theseorbitsarelaunched

radially outward from a sphere¦}§ ¦q© in the matchingregion andreturn to the sphereradially after

scatteringclassicallyoff the long rangefields. This radial trajectoryapproximationincludestheeffects

of nonradialtrajectoriesapproximatelythroughtheclassicalamplitude
Ì

(5.36)in thesemiclassical¥ -

matrix. However, if a stationaryphasepoint doesnot exist in thefirst place,thecontributionsof nearby

nonradialorbitswill beunrepresentedin the long range ¥ -matrix. This occursnearbifurcationsof the

closedorbits.

Bifurcationsarea commonfeatureof classicallynonintegrablesystems[109, 12]. For anatom
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in astrongmagneticfield, bifurcationsof theclosedorbitsoccurasthescaledenergy E is increased[60].

FigureB.1 of AppendixB showsamapof theclosedorbitsfor diamagnetichydrogen.Whenthesystem

is integrable( E § ´ 0 ) thereis only oneclosedorbit, thefamiliarKeplerorbit in theCoulombpotential.

As E increases,new orbitsarebornup until E §}Ó wherethereareinfinitely many closedorbits. Delos

andcoworkershaveusednormalform theory[60, 61, 61] to analyzeandstudysequencesof bifurcations

of closedorbits in an externalmagneticfield. However, their analysisis purely classical.Only Main

andWunner[63] have attemptedto includebifurcationsof closedorbits in a semiclassicaltheoryof

photoabsorption.Their treatmentusessemiclassicalwavefunctions,alongsidenormal form theory, to

constructuniform semiclassicalapproximationsfor a few typesof bifurcations.It shouldbementioned

thatthisdiscussionappliesonly to thecaseof anexternalmagneticfield; thebifurcationsof closedorbits

in externalelectricfieldshavebeensuccessfullyincludedin asemiclassicalformulation[62].

This final subsectionsketcheshow bifurcationsof closedorbits canbe treatedusingthe semi-

classicalapproximationsof this chapter. Becausethis work is still in progress,the emphasiswill be

on thequalitative featuresof theproposedapproachratherthanon formal derivations. In the language

of this chapter, a bifurcationoccurswhena new stationaryphasepoint comesinto existenceat some

scaledenergy E�a . Thus,below thebifurcationpoint, theprimitive semiclassicalapproximationfor ¥ LR

shows no recurrencepeakfor the (nonexistent)closedorbit. Also, at the bifurcationpoint, the primi-

tive semiclassicalapproximation,Eq. (5.39),divergesto infinity. That is, it showsaninfinite recurrence

strength.Of course,oncetheclosedorbit hasbifurcated,the ¥ -matricesdevelopedabove arefinite and

give a gooddescriptionof theassociatedrecurrencepeak.Thesepredictionsof theprimitive semiclas-

sicalapproximationarein disagreementwith bothexperimentandaccuratequantumcalculations.First,

below theclassicalbifurcationpointssmall recurrencepeaksareseen[44]. Theseprebifurcatedorbits,

ghostorbits,exist becausetheelectroncantunnelinto quantummechanicalpathsthatdo not quiteexist

classically. Examplesof thesenonclassicalpathswereseenin the accuratequantum¥ -matricesof the

previouschapter(Ch.4). Second,quantumcalculationsandexperimentsalike show that therecurrence

amplitudesarealwaysfinite at the bifurcationpoints. Thus,the divergenceof closed-orbittheory, and

theprimitivesemiclassical¥ -matrixof thischapterat thebifurcationsis artificial.
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A successfulsemiclassicaltheoryof bifurcations,then,will includetwo features.First, theghost

orbitswill bepredicted.And second,thesemiclassicalamplitudeswill beuniform (finite) asthescaled

energy movesthroughthebifurcationpoint. Thesemiclassicaltheoryof Main andWunner[63] achieves

bothof thesegoalsfor certaintypesof bifurcations.However, their approachcontainstwo difficulties.

To extract the contributionsof the prebifurcatedghostorbits, they analytically continuethe classical

trajectoriesinto thecomplex plane.This substantiallycomplicatesnumericalcalculationsof theclosed

orbits. When thesecomplex ghostorbits are includedinto the semiclassicaltheory, their recurrence

strengthis seento decayexponentiallybelow thebifurcationpoint. However, anadditionalcontribution

below thebifurcationpoint is predictedthatdivergesexponentially. Main andWunnerhandlethis new

divergencein thefollowing manner[63]:

“In theabove semiclassicalformulasthis complex-conjugateghostwould producean
unphysicalexponentialincreaseof the amplitudeat energies below the bifurcation
point. Thuswe have asa by-productof the derivation of uniform semiclassicalfor-
mulasthat ghostorbits of this type have no physicalmeaning. In otherwords, they
mustnot be includedin thestandardformulassincethey do not appearin theasymp-
totic expansionof theuniformapproximation...”

In otherwords,certainpredictionsof their theoryarediscardedbecausethey areunphysical. In spite

of this, mostaspectsof Main andWunner’s work appearto be well founded. This discussionshows,

however, that the semiclassicaltheoryfor bifurcationsof closedorbits in an externalmagneticfield is

not completelyunderstood.

I now give an outline of how bifurcationsof closedorbits canbe includedin the semiclassical

long-range¥ -matrix. Thetreatmentbeginswith theGreen’s function,Eq. (5.29),after the initial angle

projectionhasbeenperformed:

· àaá ¿ à â á â ­&½ òì§ ° ±�Ôñ¯
traj

äÎ3 � àaà â ­ 3 º 3 ¾ ò È Ì Ú ­ 3 º 3 ¾ ò È ô
¾ ö � ö � ¿ �*) ÷ ³  

ö"! � Ú ÷ ÷ ¶ (5.62)

In general,the amplitudein this formula,
Ì Ú §

5 � â5 � 9 â : º dependson the initial andfinal angles.The

trajectoriesthatcontributeto this Green’s functionarelaunchedradially from a spherein thematching

region. However, when they return to the sphere,the trajectorieshave many different valuesof the

classicalangularmomentum	 � . Next themainideafor treatingbifurcationsis presented.
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Below a bifurcationpoint, thereis simply no orbit that returnsto thesphereradially. However,

thereareorbitsthatreturnto thesphere.As longasthespherehasa finite radius,well-behavedclassical

trajectoriescanbefoundthatreturnto thespherewith nonzeroangularmomentum	 � . Thereasonthat

Main andWunnerhave to calculateclassicaltrajectoriesat complex energiesis that they usea sphere

having a vanishingradius¦ © §yÓ . Thus,below a bifurcation,no orbits (with realenergies)reachtheir

sphereandcomplex energy trajectoriesmustbeusedinstead.Whenclosedorbitsdo exist, it is perfectly

acceptableto launchtrajectoriesfrom theorigin. Becausecertainaspectsof calculatingclosedorbitsare

simplified by this approach,many practitionersof closed-orbittheoryhave grown usedto a sphereof

zeroradius.However, asMain andWunner’s work shows, insistinguponusinga sphereof zeroradius

leadsto considerablecomplicationswhenradially launchedandreturningclosedorbits do not exist. I

emphasize,however, that whentrajectoriesare launchedfrom a finite sphere,the ghostorbits canbe

understoodassimplybeingrelatedto classicalorbitsthatreturnto thespherenonradially.

Figure5.1 shows an exampleof the nonradialghostorbits for scaledenergiesnearthe saddle-

nodebifurcationof the b Û exotic orbit (seeFig. B.1). Below the bifurcationenergy ( E�a § ´ Ó ¶ ®L®<N )
nonradialorbitsareseento returnto thesphereof scaledradius Ä¦ © §}Ó ¶ ® . To includenonradialorbits,

suchasthoseshown in Fig. 5.1, into thesemiclassical¥ -matrix, two stepsarerequired.First, thegraph

of the classicalaction as a function of the final angleis fit to a polynomial form. For example,the

classicalactionsshown in Fig. 5.1canbeapproximatedby thepolynomial:

Ä¥ ­ 3 4 º�Ä	 � ) §zÓYòf§ Ä¥ ­ 3 »4 ò Ò ­ 3 4 ´ 3 »4 ò�c ­�E ò Ò ®
± ­ 3 4 ´ 3 »4 ò Ú�d ­�E ò ¶ (5.63)

The expansionpoint 3 »4 usedin this approximationis chosento be the leftmostpoint of the family of

orbits that return to the sphere. The fit parametersc ­�E ò and d ­�E ò are functionsof the scaledenergy,

with themostimportantdependencebeingcontainedin c ­�E ò ; as c ­�E ò crossesthroughzerofrom below,

the new closedorbits bifurcate. Eachtype of bifurcationwill have a differentpolynomialassociated

with it [135]. Oncethe fit of the action,Eq. (5.63),hasbeenfound for the bifurcationbeingstudied,

it is usedin the Green’s function,Eq. (5.62),whenthe final angleprojectionintegral is performed.In

general,the angulardependenceof the amplitude
Ì Ú mustalsobe taken into account. Although the
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Figure5.1: Theclassicalscaledaction
Ä¥ ­ 3 4 ò is givenasa functionof thefinal angle 3 4 for trajectories

returningto a sphereof scaledradius Ä¦2©3§ Ó ¶ ® . The trajectorieswerelaunchedradially outward from
the samesphere.At the lower two scaledenergies( E § ´ Ó ¶ ® ü ºq´ Ó ¶ ®�± ) thereis no radially returning
orbit (rememberthat Ä	 � is simply the slopeof the scaledactionin this graph). At a scaledenergy ofE § ´ Ó ¶ ®L®<N , a pair of exotic orbits (b Û

Z º b Û a ) bifurcates. Thesenewly existing closedorbits appear
asthe local minima in the scaledactionsat the uppertwo scaledenergies( E § ´ Ó ¶ ®L® ºG´ Ó ¶ ® Ó ). Most
importantly, below the bifurcation energy, nonradialclassicaltrajectoriesare seento reachthe final
sphere.
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resultingintegralsaretypically morecomplicatedthanthesimpleGaussianformsfoundin theprimitive

semiclassical¥ -matrix, they canoftenbeperformedanalytically. By carryingout thesesteps,a uniform

semiclassicaltheoryfor long-range¥ -matrix canbederived.

Thedetailsof this approachdependstronglyon theparticularform of theactionnearthebifur-

cation. A generalstudyneedsto be carriedout of thenormalformsof theactionsneardifferenttypes

of bifurcations. Although Main andWunnerhave given suchexpressionsfor sometypesof bifurca-

tions,they usea variableotherthanthefinal anglein which to expandtheaction. It would beusefulto

transformtheir normalformsto thefinal anglerepresentationusedhere.Many of thedetailsin treating

bifurcationsstill needto be investigated.However, the approachdescribedhereprovidesa beginning

point for futureinvestigations.Again, themainadvantageof thismethodis thattheclassicaltrajectories

do not needto becalculatedat complex energies.

5.4 Results

In this chapter, I have developedsemiclassicalapproximationsfor thelong-range¥ -matrix ¥ LR.

After theprimitivesemiclassicalapproximationto ¥ LR wasderived,extensionsof thebasicmethodwere

givenfor anumberof specialcases.Themainuseof thesemiclassicalscatteringmatricesof thischapter

is to enablea semiclassicalapproximationfor thephotoabsorptioncrosssection.This developmentwill

be presentedin the following chapter(Ch. 6). However, beforemoving on, it is usefulto comparethe

semiclassicallong-range¥ -matrix,with theaccuratequantum¥ -matricesof thepreviouschapter(Ch.4).

Figures5.2and5.3show sucha comparisonat a scaledenergy of E § ´ Ó ¶ � , wheretheclassical

dynamicsaremostly chaotic. Again, the comparisonis performedby studyingthe recurrencesin the

matrix elementsof ¥ LR. Reasonablygoodquantitativeagreementis seenbetweenthesemiclassicaland

quantumresults. The main discrepanciesarethe nonclassicalghostorbits, labeledwith the letter “g”,

which appearin thequantumrecurrencestrengthsbut areabsentfrom thesemiclassical.Theimproved

semiclassicalformulasfor moderateangularmomentumandtheparallelorbit have beenusedto obtain

theseresults.

With all of thenecessarytoolsin hand,semiclassicalapproximationsto thephotoabsorptioncross
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Figure5.2: A comparisonis shown betweenthe quantum(upright) andsemiclassical(inverted)recur-
rencestrengthsu ­ Ä¥ ò of elementsof ¥ LR. More specifically, the recurrencestrengthsEq. (4.27), ofu ô ­ ¥ LR©ê© ­8F òèò (c), u ô ­ ¥ LRÚèÚ ­
F ò?ò (b) and u ô ­ ¥ LR/0/ ­
F ò?ò (a), are shown for ï § Ó º even parity statesof
diamagnetichydrogenat a scaledenergy of E § ´ Ó ¶ � . Thesemiclassical¥ -matrix hasbeencalculated
usingtheformulasderivedin thischapter, Eqs.(5.41)and(5.50).The

±4v
closedorbitscontributingto the

semiclassical¥ -matrix havebeencalculatednumerically. Thedetailedpropertiesof theseclosedorbits,
includingthelabelingschemeusedhere,canbefoundin Appendix.B. Theaccuratequantum¥ -matrix
elementswerecalculatedwith thevariationalu -matrixmethoddescribedin Ch.4 usingapreconvolution
smoothingwidth of I F §�Ó ¶ ü . Thesemiclassical¥ -matrix hasalsobeenpreconvolvedwith thesame
width. Someof the shorteractionclosedorbits have beenlabeled( u1w ºGý ÛÛ ºGý Û º

¶G¶�¶
) ashave the ghost

orbits (x)ò in thequantumrecurrencestrengthsthatcorrespondto no classicalclosedorbit. TheFourier
transformwascarriedout over therangeof F from

® ÓLÓ to
N Ó^Ó .
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Figure 5.3: A comparisonis shown of quantum(upright) and semiclassical(inverted) recurrence
strengthsfor oddparity, ïO§zÓ , elementsof thelong-range¥ -matrix. TheFouriertransforms,Eq.(4.27),
of thesemiclassicalandquantum¥ -matrixelementsu ô ­ ¥ LRÛêÛ ­8F òèò (c), u ô ­ ¥ LR�M� ­
F ò?ò (b) and u ô ­ ¥ LRzMz ­
F ò?ò
(c) shown herewerecalculatedin thesamemannerasin theevenparity casepresentedin Fig. 5.2. The
smoothingwidth usedhereis slightly larger, I F § Ó ¶ v . However, the scaledenergy E § ´ Ó ¶ � and
rangeof F valuesused(

® ÓLÓ ´ N ÓLÓ ) arethesameasin Fig. 5.2. Thus,thesamesetof closedorbitsused
for theevenparitycasealsocontributeto therecurrencestrengthshere;only theamplitudesarechanged
for thedifferentangularmomenta.Thesuccessof thesemiclassicalapproximationfor moderateangular
momentum,Eq.(5.60),is seenin theaccuratepredictionof theoddparityquasi-Landaurecurrencepeaku Û . Theprimitive semiclassicalapproximationgivesa vanishingcontribution of this orbit becausethe
oddparity sphericalharmonicshavea nodeat 3 ¾ §�3 4 § Ô Ü ± .
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sectioncannow bestudied.


