Chapter s

SemiclassicalS-matrices

Sofar, this thesishasstudiedthe quantummechanicof Rydbeg atomsin a time-independent
externalelectromagnetifield. The precedingchapterdave deriveda fully quantummechanicaframe-
work for calculatingandinterpretingthe photoabsorptiorrosssectionof suchanatom. The maintools
in this framawork arethe scatteringmatricesS"R and $°"® which describethe electrons motionin the
long-rangeandcoreregionsrespectiely. In thepreviouschapteramethodwasdescribedor calculating
thelong-rangeS-matrix for the caseof an externalmagneticfield. Theselarge scalequantumcalcula-
tionsyield anaccurateS-matrix S'R (w) thatcanbe studiedusingideasfrom scaledvariablerecurrence
spectroscop The Fourier transformsof the matrix elementsS}R (w) shav sharppeaksin the scaled
actiondomain suggestinghatcertainquantummechanicapathsdominatethe motionof theelectronas
it scatterff thelongrangepotential.

As closed-orbittheory hasshowvn [38, 37], the full interpretationof thesequantumpathsseen
in the Fourier transformof SR (w) emegeswhensemiclassicahpproximationsire madein the long-
rangeregion. In this chapterl develop suchan approximationfor the long-rangeS-matrix. The main
result, Eq (5.39),is a semiclassicaformulafor S'R thatdescribeghe motion of an atomicelectronin
an externalmagneticfield. My formula shaws that, in the semiclassicalimit, S'R canbe constructed
usingthe propertiesof the closedclassicalorbits of the electron.Theseclosedorbits, which alsoappear
in closed-orbittheory areclassicaltrajectorieshat arelaunchedradially outward from a spherein the
matchingregion, scatteroff thelong rangeCoulombanddiamagnetigotentialsandthenreturnradially

to thesphere.
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Semiclassicakcatteringmatriceshave beenusedin other contexts previously. The ideaof a
semiclassicalS-matrix originatedwith the work of Miller and coworkersin the 19705 [122]. In his
approachthe S-matrix is written in termsof matrix elementof anenegy-dependenGreens function.
This theory hasbeenusedto treata numberof problemsin molecularscatteringtheory[122]. These
semiclassicaldeashave beenextendedo atomicscatteringproblems suchaselectron-hydrogemmpact
ionization[123], by Rost[124]. In a differentfield of physics,the ballistic conductionof electrons
throughquantumbilliards hasbeenstudiedusinga semiclassicascatteringmatrix [125, 126, 127, 128
129 alongsidehe Landaueformula[130] for theconductanceThesediverseworks shareonethingin
common:the semiclassicab-matrixis written in termsof a semiclassicatGreens function.

My derivationof the semiclassicahpproximatiorto S'R® follows this sameroute. First, thelong-
rangeS-matrixis writtenin termsof matrix element®f anenegy dependenGreensfunction(Sec5.1).
Then,afterthesemiclassicaGreensfunctionof Gutzwiller[22] hasbeenintroducedtherequiredmatrix
elementsare calculatedusingthe methodof stationaryphaseg(Sec.5.2). This final stepis boththe most
difficult andinterestingonein the derivation. It is difficult becauseherearea numberof assumptions
neededo usethe stationaryphasetechnique- or at leastthe simpleversionof it - successfully When
theseassumptiondreakdown, the stationaryphaseintegrals must be revisited with additional care.
This is the casefor the classicaltrajectoryparallelto the magneticfield, for high angularmomentum
elementsof SR, andfor bifurcationsof closedorbits. In all of thesecasesthe generalapproachof
usinga semiclassicalGreens functionto extractthe semiclassicab-matrix still applies. However, the
naive stationaryphaseapproximationfor calculatingthe matrix elementsof the Greens function must
be modified. Thesespecialcasesaretreatedin Sec.5.3 andshow the generalityof the semiclassical
approximation whenhandledwith care.

In spiteof beingsubtleanddifficult, the stationaryphasdntegralsprovideinterestingnformation
aboutthe long-rangeS-matrix. Initially, the S-matrix is written asa sumover infinitely mary classical
trajectoriesthat scatteroff the long-rangeCoulombanddiamagnetigotentials. Theseinfinitely mary
trajectoriedothleave andreturnto a spherdan the matchingregion with arbitraryvaluesof theclassical

angulatTmomentunyy. Thestationaryphaseantegrationessentiallyencodesheinformationaboutall of
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theserajectoriednto asmallersubsebf trajectoriesthe closedorbitsthatleave andreturnto thesphere
with zeroclassicalangularmomentum(pg = 0). Thus,the stationaryphaseintegralsplacethe closed
orbitsin aproperperspectie. Theclosedorbitsarenot theonly importanttrajectoriesor thelong range
S-matrix. Rather the closedorbits are the orbits chosento representall others. This represent@an
importantadvance asthe closedorbitsemegerathermysteriouslyin standarctlosed-orbitheory
It shouldbe mentionedthat, while closed-orbittheory containsthe sameclosedorbits that will

appearin the semiclassicalS-matrix, a direct comparisorwith closed-orbittheory is difficult at this
point. This is becauseclosed-orbittheory only givesthe photoabsorptiortrosssection,whereaghis
chapterfocuseson the the long-rangeS-matrix, which is not presenin closed-orbitheory Of course,
the scatteringmatricesof this chaptercanbe used alongwith the formulafor the photoabsorptiocross
sectionto calculatethe photoabsorptiomate. This will bethetopic of Ch. 6. Thus,| delaycomparisons

betweermy methodandclosed-orbitheoryuntil then.

5.1 The S-matrix andthe Green'sfunction: an exactrelationship

The first stepin deriving the semiclassicahpproximationto S'® is to relatethis S-matrix to
the enegy dependentGreens function for the system[122]. In this section,l derive sucha relation-
ship betweenS'R anda Greens function obeying certainboundaryconditionsat a sphere(r = r9) in
the matchingregion. To allow for the subsequentise of semiclassicabpproximationsthe boundary
conditionsonthe spherewill bechoserto coincidewith thoseof the semiclassicaGreens function.

The desiredrelationshipbetweenthe Greens functionand SR canbe derived by constructing
the Greens function out of solutionsof the homogeneouSchrédingeequation.This approactollows
that of Ch. 3, wherethe outgoing-wave Greens function neededor the photoabsorptiorrosssection
wasconstructedBecausehetechnique®f Ch. 3 areusedwith little modification,thecurrentderivation
is presentedn outline form only; moredetailsof the methodcanbefoundin Ch. 3. Theonly difference
in the currentderivationis the boundaryconditionsimposedon the Greens function. For calculating

SR it is appropriateto imposetraveling wave boundaryconditionson the Greens function at a sphere
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in thematchingregion (r = r) thatareconsistentvith thelong-rangeS-matrix stateof Ch. 2:

M'R(r) = % [~ (SR - £+ ()] . (5.1)

ThemultichannelS-matrix state Eq. (5.1),canbeincorporatednto the Greensfunctiononceachannel

expansionof the Greens function hasbheenintroduced:

- 1 - .

G(# 74 E) = — Z@i(sz)aw (#, 7 E)®5 (), (5.2)
1’7.7

Gij(r,r' E) = v’ (®; |G(Z, 7 E)| ®;) . (5.3)

As in Ch. 3, the multichannelGreens functionQ(r, r’; E') obeystheinhomogeneoudifferentialequa-
tion, Eq. (3.13),is continuousatr = 1/, andhasa discontinuityin its first derivative atr = r’ given
by Eqg. (3.17). TheansatZor the multichannelGreens functionwith the desiredboundaryconditionsis

givenin termsof thelong-rangeS-matrix state Eq. (5.1):

G(rr') = [f7 (NS~ [H(r)] AC) r>', (5.4)

= [~/ (NS B() r<rh.

The conditionsonthe Greensfunctionatr = »/ give equationdor thematricesA(r') andB(r'),

([ SF-fA+f 8B = 0 (5.5)
(f'SR—f")A+f'SB = 2, (5.6)

which canbereadilysolved:
A() = imf (), (5.7)
B() = —in[f ()= S®00)]. (5.8)

Becausehe S-matrix SR describelectronflux beinglaunchecbutwardfrom aspherdn thematching
region, thesourceradiusr’ will befixedto the matchingradiusry andthe obsenationradiusr will bein
thelongrangeregionsothatr > . TherelevantGreens functionis obtainedfrom Egs.(5.4) and(5.7)

andreads:

G(r,ro) = im [[~(r)S™R — f7(r)] [ (ro). (5.9)
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Notethatthis form of the Greens function (5.9)is only valid in the matchingregion wherethe S-matrix
state,Eq. (5.1),canbeused.

The desiredexpressionfor the long-rangeS-matrix can be obtainedby inverting Eq. (5.9) to
find SR in termsof the multichannelGreens function, Eq. (5.3). Two issuesmustbe addressetiefore
this stepcan be performed. First, the obsenation radiusr mustalso be taken to the matchingradius
ro, Wherethe returningscatteredvave will be obsened (throughthe S-matrix elements).Secondthe
boundaryconditionson the Greens function must be handledcarefully. An inspectionof Eq. (5.9)
shavsthatthe Greens functionsatisfiesbothincomingwave (— £ (r)) andoutgoingwave (f (r)S'F)
boundaryconditionsin the obsenationcoordinater. Theincomingwave termin Eq. (5.9) corresponds
to electronflux traveling aninfinitesimaldistancerom rq to r (recallthatthelimit » — rq is alsobeing
taken) without scatteringoff the long-rangeregion. The outgoingwave termin Eg. (5.9) corresponds
to electronflux that travels outward into the long-rangeregion whereit thenevolvesin the long-range
Coulombanddiamagnetipotentialbeforebeingscatteredackto theobsenationradiusr ~ rq. Clearly,
becaus¢he long-rangeS-matrix describeshis scatteringprocess SR is relatedto the Greens function
having outgoing wave boundaryconditionson the spheren the matchingregion. With thisin mind, the
outgoingwave partof Eg. (5.9) canbe invertedto give an exact expressionfor the S-matrix, which is

manifestlysymmetric:

1

R =28 560 Glroura) [£0) (5.10)

mo— —

It is critical to remembetthat the multichannelGreens-functionmatrix G(ro, ) = G(ro,70)/r2 in
this equationobeys outgoingwave boundaryconditionson thesphereat ry. Equation(5.10)is anexact,
generalrelationshipvalid for any atomandany configurationof externalfields; all of the nontrivial
physicsis now encapsulateéh the multichannelGreens function. In the absenceof externalfields,
analyticalexpressiondor this Greens function exist, andyield the expectediong-rangeS-matrix e22
for themotionof anelectronin a pureCoulombpotential.

Oneof the main advantagesf the S-matrix formulation of the physicsof the photoabsorption

processnow begins to emege. The incoming wave boundaryconditionsof the Greens function in
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Eq.(5.10)arepreciselythoseobeyedby thesemiclassicaGreens functionof vanVleck andGutzwiller.
Thus,thesemiclassicaGreensfunctioncanbeuseddirectlyin Eg. (5.10)without modification,leading
to anelegantmethodof deriving thesemiclassicab'R. Accordingto Eq.5.10thepositionspaceGreens
functiononly needgo beprojectecontothechannefunctionsto find the S-matrix. Thefollowing section
(Sec.5.2) givesthe semiclassicabxpressionfor the Greens function G(#, #’; E) and shaws that this
projectionstepcanbe carriedout usingstationaryphasentegrationto obtainthe multichannelGreens

functionG(ro, r9) neededn Eq.(5.10).

5.2 Surface projections of the Green’s function by the method of stationary

phase

To derive thesemiclassicab'R, theonly remainingtaskis to introducethe semiclassicaGreens
functionandprojectit ontothe channefunctionsata spheren the matchingregion. If therequiredpro-
jectionintegralsaredonenumerically this final stepis fairly mundanealthoughvery difficult. However,
whentheprojectionintegralsaredone asin this section by themethodof stationaryphasethisfinal step
yields significantphysicalinsight. The stationaryphasetreatmentdescribedelonr shavs how certain
classicalorbits areselectedover all othersto encapsulat¢he contributionsto the long-rangeS-matrix.
In most casesthe significantorbits are the closed-orbitswhich are launchedfrom andreturnto the
nucleusradially. | will call theseclassicalbrbitsradial trajectories (alsoclosedorbits). However, other
nonradiallylaunchedorbits alsocontribute to the S-matrix. In somecasessuchasnearbifurcationsor
for high angularmomentaelementof the S-matrix, thesenonradiallylaunchedorbits dominateover the
radialones.

A majoradwantageof the semiclassicab-matrix approachdescribedn this chapteris thatit en-
ablesasystematiexplorationof thenonradiakrajectoriesln standardatlosed-orbitheorytheemegence
of theradialtrajectoriess somavhatobscuredy the complicatedormulasof thetheory Furthermore,
this hasmadeit difficult for researcherso extendclosed-orbittheoryto moreaccuratelytake the non-
radial trajectoriesinto account. The currentsectiondevelopsthe basictools usedin performingthe

stationaryphaseintegrals. The mostelementarycaseis treatedhere: whenthe nonradialorbit do not
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needto beexplicitly includedin thesemiclassicab-matrix. However, theeffectsof thenonradialrajec-
torieswill betakeninto accountapproximatelywhenthe Greens functionis projectedontothe channel
functions. The moredifficult caseswherethe primitive stationaryphasentegrationsfail, arepresented
in thefollowing section.

While Eq. (5.10)is agenerakesult,it is againusefulto specializeto the caseof a singlechannel
atomin anexternalmagnetidield alongthe z-axis. Then,the channefunctionsaresimply the spherical

harmonicssothatthe projectionintegral neededo obtainG(rq, 7o) is:
Gimym (E) = / dfdo’ dpde’ sin 0sin 'Y, (0, 9)G(Z, &5 E)Yy (0, ¢'). (5.11)

Becauséoththe sourceandobsenationradii » andr’ arefixedto the matchingradiusry, the explicit
radialdependencef the Greens functionis omittedin thefollowing pagesA morecorvenientform of

the projectionintegral, Eq. (5.11),is obtainedoy separatingheintegralsoverd and¢’,
Gy (E) = / d0de’ sin 0sin 0'Y,%, (0, )Gy (0,0'; E)Yirr (07, 8'), (5.12)
from theintegralsover ¢ and¢’,
G (0,0 E) = / dode' e ™G0, $,0', ¢'; E)e™ ¢, (5.13)

Now theissueof symmetrymustbe addressedThe generalapproachin this sectionwill beto
performthe integrals of Egs.(5.12) and (5.13) using the methodof stationaryphase. The succesof
this methoddepend<ritically on the existenceof well-isolatedstationaryphasepointsin the angles
0, 9,0, ¢'). If continuousfamiliesof stationaryphasepointsexist, the stationaryphaseapproximation
will fail. This occurswhenthereis a continuoussymmetrythat leaves the long-rangeHamiltonian
invariant. For the caseof anatomicelectronin anexternalmagneticfield, thereis onesuchcontinuous
symmetry:rotationaboutthe z-axis, which is often calledazimuthalsymmetry This symmetryresults
in the Greens functionbeingdiagonalin the correspondingjuantumnumberm. Becausdhe stationary
phasetechniquefor the (¢, ¢’) integrals(5.13)fails for this case theseintegralsmustbe doneexactly.
Note that whenthereare no symmetriesn the Hamiltonian,asin the caseof a Rydbeg electronin

crossecklectricandmagnetidields, this complicationis not presentandall of the projectionintegralsin
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Egs.(5.12)and(5.13)canbe doneusingthe stationaryphaseapproachGiventherecentexperimenton
hydrogenin perpendiculamagneticandelectricfields, this would be an interestingcaseto investigate
but it is not pursuechere.

Whenthe azimuthalsymmetryis presentthe integralsover (¢, ¢') canbe doneanalytically by
using separatiorof variableson the full threedimensionalGreens function G(Z, #’; E). Alternative,
semiclassicadpproachegor handlingcontinuoussymmetriesn the Greens functionandin tracefor-
mulashave beengiven by Magneret al. [131] and by Creaghand Littlejohn [132, 133 respectiely.
Becausdhesesemiclassicaimethodsare needlesslycomplicatedand often subtle,l follow Delosand
coworkers[38] andBogomolry [36] in usingseparatiorof variables.The axial symmetryof a Rydbeg
electronin anexternalmagnetidield is handleceasilywith thefollowing ansatZor the Greensfunction

in cylindrical coordinatesp, z, ¢):

1
2w/ pp’

G(7,7) = Zeim(d’*‘ﬁ,)Gm(p,z,p',z’), (5.14)

Then,theintegralsover (¢, ¢’) in Eq. (5.13)canbe doneanalytically:

27
Gm,m’ 97 0') = 5mm’ —Gm P52, pla ). (515)
(6,07) N ( )

As expectedthesymmetryreducedGreensfunction,Eqgs.(5.13)and(5.15),is diagonaliin theazimuthal
quantumnumberm. Thefactorl/\/pp’ is usedin Eq. (5.14)to eliminatethefirst derivatives(9/9p) in

theinhomogeneousquatiorfor G, (p, z, p’, '), whichreads:

10> 102 m?-1/4
_—— _—_ E —_ / / = —_ / —_ ! . .
Finally, semiclassicahpproximationgor the remainingnonintegrablemotionin the Cartesian-lile coor

dinates(p z) canbe made. The two-dimensionakemiclassicaGreens function of Guztwiller [18, 19,

20, 21] appliesdirectlyto Eq. (5.16):

21 0(p/ap/at)
poz .2 E) ~ det Lo
G20, 2 E) > Y (2mi)3/2 ‘ 0, 2 B)

classtraj.

exp (iS (p,z,p',2") — z%) . (5.17)

Here, the sumincludesall two-dimensionaklassicaltrajectoriesthat propagatdrom (o', z’) to (p, 2)

underthe dynamicsof the Langercorrected83] classicaHamiltonianH = pi/Q +p2/2 +m?/2p% +
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V(p, z). Theclassicalctionassociateavith a particulartrajectoryis givenastheintegral,

(p,2)
S(p,z,p2') = / (ppdp” +pld2"). (5.18)
(p',2")

The Maslov index p [24] is relatedto the topology of eachorbit andis given by the numberof sign
changesn the determinanin Eq. (5.17) alongeachorbit. Furthermorethis determinanin Eq. (5.17)
providesa measureof the stability of eachorbit. More detailsaboutthis determinantanbe foundin
AppendixC.

Whenthe semiclassicaGreens function, Eq. (5.17)is insertedinto Eq. (5.15),a semiclassical

approximatiorto the symmetry-reducereens functionis obtained:

1 1 . pm 3w
G (0,0") = S V2 - V|Aile <1,S 0,0 —i— — z—) , 5.19
0 W% 78 |7 /sin O'sin 0/ [Arloxp {i8(6.67) =i% —i7 555)

wheretheclassicaktability A, is thepartialderivative:

op,
A, = Lo
)

(5.20)

0/
Accordingto Eq.(5.12),projectingthepolarangledependencé, ') of thisGreensfunction,Eq.(5.19),

onto the sphericalharmonics(Y;*

lm

(0,0),Yrm (0',0)) givesthe multichannelGreens function matrix
Gim,rm (E) (5.12)neededor thelong-rangeS-matrix (5.10). In the following subsectionsthesepro-
jection integrals are done using the methodof stationaryphase. For this part of the dervation it is

cornvenientto combineEqgs.(5.19)and(5.12)andwrite theresultin theform:

Gl (B) = / d0d0’ Ay (0, 0)\/| A, (0, 7] (SO0 —n(x/2) (5.21)
traj
V2msin@sin®’ a4y
A (0,0') = i GT/9y* (9,0, Yy (6, 0). (5.22)
0

This shaws that the multichannelGreens function neededor the long-rangeS-matrix (5.10), can be
constructedy consideringall of the classicalrajectorieshatarefired outwardfrom the point (rq, '),

scatteroff thelong-rangeCoulombandmagneticfields,andthenreturnto the point (ro, 6) with a clas-
sicalactionS (6, ¢"). The contritutionsof thesetrajectoriesareintegratedover the surfaceof the sphere

r = 1o with the phase:5(?-¢") andthe angularfactor A,/ (6, 0) to determinethe Greens function. At
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this point, theseclassicaltrajectoriesare not only the radially launchedandreturningclosed-orbits.In
Eq. (5.21),all classicalorbits at enegy F, eventhoselaunchednonradiallyfrom the matchingsphere,
mustbeincludedto calculatethe semiclassicaGreens functionandthusthe S-matrix S-R.
Equationg5.21)and(5.22)for thesemiclassicaGreensfunctionG(rg, ro; E) andEq. (5.10)for
thelong-rangeS-matrix S'R represena halfway pointin the derivationfor the semiclassicaormulafor
SR Itisinterestingo note thatin theircurrentform, thesgformulasshav noartificial divergencesitthe
pointswherenew classicabrbits bifurcate. Thus,they provide a usefulstartingpointin treatingvarious
scenariogound in the physicsof a Rydbeg electronin an external magneticfield. In the remainder
of this section,the elementarycaseof well-isolatedclassicalorbits andlow angularmomenta(l, ') is

studied.

5.2.1 Initial angleprojection

The methodof stationaryphaseintegration is one of the most useful tools in semiclassical
physics. This was first seenin Gutzwiller’s derivation of the traceformula for the density of states
[20Q]. In hiswork, the periodicorbitsemepgeasthe stationaryphasepointsof anintegrandwhenthetrace
of thesemiclassicaGreensfunction,Eq. (5.17),is takenusingthe stationaryphaseechnique A similar
ideawill be seenin the projectionof the semiclassicalGreens function onto the sphericalharmonics
(5.21). Here, asin the traceformula, the dominantclassicalorbits - the closedorbits - appearwhen
integralsof the semiclassicaGreens function (the projectionintegrals) areevaluatedusingthe method
of stationaryphase.

I now assumehatthe classicalorbits contrituting to the Greens function, Eq. (5.21),arewell
isolated.ThentheclassicalactionS (6, 6') canbe expandedn a Taylor seriesaboutthe stationaryphase
pointsin theinitial anglet’ = 6; :

s 1 928
5 T30 - 0,)° — (5.23)

VAN i /_ .
S(0.0') = S(0,6;) + (0 — ;) i

wherethe stationaryphasepointsé; aredefinedby thevanishingof thelineartermin this expansion:

98
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Immediately it is seenthat the stationaryphasepoints correspondto classicaltrajectoriesthat are
launchedradially (ps: = 0) outward from 5. Whena strongexternalmagneticfield is appliedto an
atom,even a one-electroratom, the classicaldynamicsbecomeshaotic,andthereareinfinitely mary
of thesestationaryphasepoints. In the end, eachstationaryphasepoint will contribute a termto the
Greensfunction(5.21)andto thelong-rangeS-matrix (5.10).

This analysisof the stationaryphasepointsis valid whenthe otherangularfactors(A;; (6, 6”)
andA; (6, 0")) in theintegrandof Eq. (5.21)vary slowly comparedo the classicalaction.S(6,6"). This
is true for low angularmomentumelementsf the Greens function Gy, m/(E), wherethe spherical
harmonicsn A/ (0, 6"), Eq.(5.22),0scillateslowly. For highangulamomentathesesphericaharmon-
ics oscillaterapidly andtheir variationmusttaken into account. The requiredmodificationsfor higher
angularmomentumwill be developedin the next section(Sec.5.3). However, for now it is assumed
that the sphericalharmonics and consequentlyhe matrix Ay (6, 6") vary slowly with the polarangles
0,0).

Within theaforementionedpproximationstheangularfactorA; (0, 6) andtheamplitudeA; (6, 6”)
areevaluatedat the stationaryphasepoint ¢’ = 6, andpulled outsidetheintegral over ¢’ in the Greens

function,Eq. (5.21):

Gimrm (B) = / Ao (0,0;)/| AL (0,0;)]e 5@ O)=mT/2) o 1y (5.25)

traj

Theremainingintegral I; overtheinitial angled’ takestheform:

. . ,
I = / d6’ exp (%(9' - ai)2%> . (5.26)

In the stationaryphaseapproachthelimits of thisintegrandareextendedo +oo, sothattheintegral can

be doneusingtheformula[24]:

.00 ) -
/ dx exp (%12(1) = @ (5.27)

S «
As Gutzwiller first shoved, signchangeof amplitudesuchas% alongeachclassicaltrajectorymust
be taken into accountwhenintegralssuchas Eq. (5.26) are performed. Labeling the numberof sign

change®f %alongtheclassicabrbit by theintegerv, andperformingtheintegral I; usingthegeneral
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formula,Eq. (5.27),0neobtains:

-1/2
e~ WT/2, (5.28)

2

det ——

11: V2’/Ti 80’2

Usingthisresultfor I; in Eq. (5.25),the channekpaceGreens functionbecomes,

Gimm (E) = \/QWiZ/ dOA (0, 6;)+ /|A2<9’ei)_|ei(s(9,(9i)7ﬂ77/2)’ (5.29)

traj

wheretheoverallamplitudeA, is thesimpleproduct:

/

Opy
o 00

, 00

2 -1 /
0 S) __ % (5.30)

Az =4 (aT 20

7 .
Thecarefulreademill noticethattheindex v, which countsthe numberof signchangesn theamplitude
gj—g alongthe classicalorbit, hasdisappearedrom the Greens function, Eq. (5.29); only the Maslov
index 1 appearsAs a corvention,| will alwaysabsorbphasesuchasy thataregeneratedn stationary
phaséantegralsinto the Maslov index i for the Greensfunction. With this corvention,theindex p of the
Greens functionis contectual: it alwayscountsthe compositenumberof signchange®f theamplitude
whosesquareroot currentlyappearsn the Greens function. For example ,whenthe classicalamplitude
of the Greens functionis \/m theindex u countsthesignchange®f A;.

In this subsection] have giventhe detailsof how the initial angledependencef the Greens
function canbe projectedout usingthe methodof stationaryphaseintegration. Becausehis approach
will be usedrepeatedlyin this thesis,the discussiorhasbeenlengthy The resultingGreens function,
Eq. (5.29), is written as a sum over classicaltrajectoriesthat are launchedradially (p, = 0) from a
spherer = rq in the matchingregion, but returnto the sphereat a final polar angleé with any value
of the classicalangularmomentump,. However, Eq. (5.29) specifiesthat this final angledependence

shouldalsobe projectedontothe sphericaharmonicYy,, (9, 0) (containedn thefactorAy;/).

5.2.2  Final angleprojection

Thefinal angleprojectionintegral requiredby Eq. (5.29)for the GreensfunctionGim, i7m (E) is

performedusingthe samestationaryphaseapproactdescribedibore. First, the classicabctionS (6, pj)
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is expandedaboutthe stationaryphasepointin thefinal polarangled = 6;:

oS 1 9%S
AN / _ hiad - _ 2~
SO.2) = SOr04) + 0 =09 5| +50 00" g - (5.31)

It is critical to notethatthe classicalactionis now afunctionof theinitial angularmomentuny), rather
thantheinitial polarangled’ at the stationaryphasepoints. This switch from ¢’ to pj, in the classical
actionis necessanasthe initial angledependenc#’ hasbeenprojectedout of the Greens function,
Eq. (5.29),andthusthe classicalaction,already However, asbefore,the stationaryphasepointsof the

action,Eq. (5.31),arethe classicalrajectorieghattravel radially asthey returnto r = rq:

08

90 o pe(ef) =0. (5.32)

Again,assuminghattheangularfactors(A; (6, 6;)+/| 42(8, 6;)]) in Eq.(5.29)vary slowly with thefinal
angled, they canbe evaluatedat the stationaryphasepointsé of theintegrand.Usingthe expansionof

theclassicalaction,Eq.(5.31),in the Greens function, Eq. (5.29),givestheresult:

G (B) = V210 Y M (05,0:)1/| A2 (0, 0;) ]S Or00=0m/2) s 1 (5.33)
Theintegral I5,

traj
Ig—/dﬁlexp< 0 —0;)° ?)03 )- 2mi

canbedoneusingthe formula, Eq. (5.27),aslong asthe signchangesn the amplitude 2 092 gt arekept

—1/2

0°s
6% |

e /2, (5.34)

trackof in theindex v.
Thefinal form of thesemiclassicapproximatiornto Gi.,, i/ (E) is foundby insertingEq. (5.33)
into Eq. (5.34):

G (B) =211y A (0, 0:)1/ |A(05,0;)] S Cr-00—m/2), (5.35)

traj
Again, theindex v hasbeenabsorbednto the Maslov index . of the Greens functionthatnow tracks

thesignchange®f the overallamplitudeA (ratherthan A; or A,):

-1
928 oo’
A=A, L2 _ Y

( 0 p9i> 09 Pe;

opo |1 _ o
a0 Po 8p9

(5.36)

Dpeo;
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This final amplitude A is a simple one dimensionalderivative that can be calculatednumericallyfor
eachclassicalrajectorywithout difficulty. Finally, the semiclassicahpproximatiorto S-R canbe writ-
ten down, using the semiclassicalGreens function matrix derived in this section,Eq. (5.35), andthe

definitionof theangularfactorAy; (0, 6), Eq. (5.22). Theresult,

0 l’m(ez 0) . s 3T
S,, = 23/271/2 +/|A|sin 6; SmH f’ ~—~exp | iS(0,0;) —ip— —i— |,
i Z Al fl o fl’ (o) (f ) — 9 4 )

(5.37)

is asumovertheclosedorbitsthatarelaunchedadially outwardfrom the point (rq, 6;) in thematching
region, scatterclassicallyoff the long rangeCoulomband magneticfield andthenreturnto the point
(ro, 0y) againtraveling radially.

Onefurtherapproximatiorgivesthe semiclassicab'® thatwill beusedin subsequemumerical
calculations For highly excited electronswith smallmatchingradii o andlow orbital angulaTmomenta
it is appropriateo usethe asymptotic zero-enegy forms of the Coulombfunctionsin Eq. (5.37). The
requiredformulascanbefoundin Ch. 2, Egs.(2.4)and(2.5), andyield:

1

L im( 1) p2eVBTe .
A raf ) Y ' (538

in which casethelong-rangeS-matrix reads:

SR (E,B) = (2m)*?(~ l+l’z./|A|sm0gmalem (07,0)Yim(0:,0)  (5.39)

3
exp <1S+2\/8r0 —w2 _sz) .

X

In this expressionthe classicalamplitudeA = g—g; ‘p; is alsoevaluatedat the stationaryphasepoints
(64, 0;). Thedetailsof calculatingthe closedorbitsandtheir propertieghatarerequiredin this primiti ve
semiclassicalS-matrix aregivenin AppendixB.

Of courseall of theclosedorbitsthatareusedto constructs'R (5.39)dependbothontheenegy
E of theelectron,andexternalmagnetidield B appliedto theatom. In mostcasesit is moreusefulto
transformthis S-matrix to the scaledvariables(e, w) of AppendixA. Beforegiving theresultingscaled
variable S-matrix, the issueof precomwolution mustbe addressedWhenthe semiclassicalong-range

S-matrixis usedin theformulafor theprecomwvolvedcrosssection Eg. (3.28),it is necessarjo calculate
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the S-matrix at complex enegiesE + iI'/2. As discussedn Ch. 4 (seeEgs.(4.24-4.26)whenscaled
variablesareusedthistranslatesnto evaluatingthelong-rangeS-matrixatacomple valueof thescaled
field. Thatis, to precomvolve the crosssections (w) or long-rangeS-matrix SR (w) with a Lorentzian

of width Aw in thew domain,the substitution

w i (5.40)

mustbe usedin the scatteringnatrix S“% (w). With thisin mind, andusingtherelationsS = wS, ro =

7o(w/2m)?, andpy = pe(27/w) in Eq. (5.39),the precomwvolved,scaled-ariableS-matrix becomes:

, /9 1/2 N
SEm(w) = (@21 (5) >\ |A] sin:sin 0,5, (07.0)Yie (0:,0) (5.42)
c.o.

- 3 - A
exp (in — iug + zf) exp <—STw) .

X

Notethattheextraphase2,/8rq is simply theclassicahctionfrom rq to theorigin andbackagain.Thus,
in thescaledS-matrix (5.41)l have absorbedhis phasento thescaledactionof eachorbit S. Becauséhe
closedclassicalorbits are completelyindependenbf the scaledfield w, the only effect of the complec
value of the scaledfield is to introducea damping factor exp(—SAw/2) into the semiclassicalS-
matrix. Thiswill have importantconsequences the corvergenceof the semiclassicaphotoabsorption
crosssectiondevelopedin Ch. 6.

It is importantto mentionthe conditionsunderwhich the semiclassicab-matrix, Eq. (5.39) or
(5.41), is a good approximation. First, the derivation hasassumedhat the sphericalharmonicsvary
slowly with the polarangles) andf’ sothatthe stationaryphasepointsaresimply theradially launched
andreturningorbits. However, | emphasizehat the effects of the nonradialtrajectoriesare included
approximatelythroughthe classicalamplitudeA of eachorbit. Secondjt is requiredthatthe stationary
phasepoints (the radial orbits) exist, and are well isolatedfrom eachother Lastly, althoughl have
derivedthelong rangeS-matrix for anatomin an externalmagneticfield, thefinal result,Eq. (5.39),is

alsovalid for anexternalelectricfield aswell.
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5.3  Specialcasesand improvements

In mostcasesthe semiclassicab-matrixderivedin the previoussection(5.39)providesanaccu-
ratedescriptionof the physicsof anatomicelectronin anexternalmagneticfield. However, therearea
numberof situationgn whichthis primitive semiclassicahpproximatiorfails. Thissectiondemonstrates
how theideasandtoolsof the previoussectioncanbe modifiedto treatthesecases.

In general oneof the difficultieswith semiclassicadpproximationss thatwhentheir primitive
forms breakdown, a considerableamountof effort is requiredto repairthem. This wasfirst seenas
researcherscorporatedifurcations[57] andcontinuoussymmetrie§133] into the semiclassicalrace
formulaof Gutzwiller. Thesamehasbeentruein semiclassicastudiesof atomsin externalfields. As an
example,sincethe original developmentof closed-orbitheoryin 1988,only a few researcherf2, 54,
63] have attemptedo give uniform semiclassicadpproximationdor bifurcationsof the closedorbits.
Furthermorepecausehe standardormulationof closed-orbitheoryusessemiclassicalvavefunctions
ratherthan Greens functions,mary of the advancesn the Greens function basedraceformulashave
notbeenapplicableto closed-orbitheory Thus,while uniform semiclassicahpproximationdiave been
givenfor traceformulas,analogouprogressn closed-orbitheoryhaslaggedbehind.

The approachof this chapterprovidesa simple solutionto the difficulties found in improving
the semiclassicaapproximation®of closedorbit theory In generalthe semiclassicaGreens function,
Eq. (5.17),usedto find the S-matrix is a very robustobject. It is mainly whenthis configurationspace
Greens function is projectedonto the channelfunctions (sphericalharmonics)that difficulties arise.
This sectionexploresthe long-rangeS-matrix for threecaseswvherethe above primitive versionof the
stationaryphaseechniquegivenabovefails. Thesenstancesre:theorbit parallelto the magnetidield,
moderatelyhigh angularmomentumelementsof SR, and bifurcationsof the closedorbits. In each
case appropriatelymodifiedversionsof the stationaryphasetechniquegive improved semiclassicab-

matrices.
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5.3.1 Parallel orbit

Themostbenigntype of failure of Eqg. (5.39)is whenoneof the angularfactorsin the S-matrix
(sin® or Y, (6, ¢)) vanishesat theinitial (¢;) or final (¢;) angleof the closedorbit. Then,the contri-
bution of thatorbit to the S-matrix will vanishunphysically The moststriking exampleof this is the
closedorbit thatis parallelto the magneticfield (9; = 6; = 0 or =), for which the factor/sin 6 sin ¢
vanishesA secondxampleis thequasi-Landawrbit (¢; = 0 = «/2), which givesa vanishingcontri-
bution to the S-matrix for odd parity statesof the electron. The vanishingof thesetwo orbitsis known
to be unphysicalsince both experimentsand theory have seentheir signaturesn recurrencespectra.
In both of thesecasesthe sourceof the erroris in negglectingthe angulardependencesf factorssuch
assin 0 or Y;,,, (6, ¢) whenthe stationaryphaseintegralsaredone. Thus,the solutionis to include, at
leastapproximatelythe strongestangulardependencesf the Greens functionin the stationaryphase
integrals.

This canbe accomplishedor the parallelorbit in a straightforward manney beginning with the
multidimensionalGreens function, Egs.(5.21)and(5.22),beforethe projectionintegralsover # and¢’
have beenperformed:

GlmJ/m’ (E) = Z/ d9d9'/\?z/ (95 9/) \% |A1| sin 6 sin 9’6i<5(070()_uﬂ/2)7 (542)

traj

V2 .
A% (0,0) = LD =BTV (9.0Y, Vi (6, 0). (5.43)

i |71

Here, the factor+/sin f sin ¢ hasbeenplacedexplicitly in the Greens function, Eq. (5.42), ratherthan
in the angularfactorAY,, (6, 0'), Eq. (5.43),becauséts angulardependencenustbe includedwhenthe
stationaryphaseintegralsare performed. A superscript0” is usedon A in Eq. (5.43)to distinguish
thefactorfor the parallelorbit AY, (6, 6") (5.43)from thatfor the otherorbits Ay (6, 6'), Eq. (5.22). The
only differenceis thatAY, (6, 6') doesnot containthefactory/sin 6 sin ¢. Thefollowing discussiomwill
be presentedor the parallelorbit having §; = 8 = 0. However, the formulasalsoapplyto the parallel
orbit having 6; = 05 = .

Becausehe main contribution of the projectionintegralswill comefrom the integrands value
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neard = ' = 0, smallangleexpansionof sin§ ~ § andsin §’ ~ ¢’ canbeusedin Eq. (5.42):
Gimirmt (E) ~ / d0do' NS, (0, 0)\/| AL |V 00 i (S0 —u/2) (5.44)

Again, the remainingangularfactor A, (6 ¢’) is assumedo vary slowly andwill be evaluatedat the
stationarypoint of the integrand (0 = 67,6’ = 6;). Fromthis point, the treatmentof the integrals
in Eqg. (5.44) using stationaryphaseintegration proceedsxactly asin the previous section. First, the
integral over theinitial angle®’ is performedby expandingthe actionaboutthe stationaryphasepoint
0" = 0; = 0. Again, theresultingstationaryphasepoint is a classicalorbit, the parallel orbit, thatis
launchedradially along the direction of the magneticfield. A similar procedures usedfor the final

angleprojectionof Eq. (5.44). Both of theseprojectionsrequiretheintegral,

o .
[3(&) :/ dl‘\/ze%‘zja = \/§ 137T/8F <4> | |73/4 (545)
0

wherel'(3/4) = 1.22541 . .. is thethe Gammafunction. Whenthe expansion®f theaction,Egs. (5.23)
and (5.31) are usedalong with the integral I3, Eq. (5.45), to evaluatethe integralsin Eg. (5.44), the

resultingGreensfunctionbecomes,

—3/4 —3/4

ap’
(99’

Opg

50| | AlEeSea (5.46)

1 3
Glm,l’rn’ (E) ~ QA?I’ (elaef)r (4> 137‘(‘/4

Py
This formulaappliesto bothorbitsthatmove parallelto the externalfield (9; = 6; = 0 and) alongthe
z-axis. Thefinal form of the Greens function and .S-matrix for theseorbits is obtainedby simplifying

thecombinationof amplitudesn Eg. (5.46). This requiresa carefulhandlingof the partialderivatives:

oyl —-3/4 % —3/4 op), 1/2 _ a9, 0) 3/4 (0, pl) 3/4 (), 0') 1/2
o0 ] 00 p’s a0 o’ a(ploe) a(pleap9) 6(9701)
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9P pe) ( 97109)
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o) | o), e [
| 0(pp. 0| |O(ph.po)
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= |57 5 (5.47)
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1/4
Furthermorethefirst amplitudein this result’ 65’79, canbeapproximateds,
019/

1/4 —~1/4
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(5.48)

Pp
CombiningEgs.(5.47)and(5.48)for theamplitude with Eq. (5.46)givesthefinal form of thesemiclas-

sical Greens functionfor the parallelorbit,
Lo 3\ i3 /4| 41 Li(S—pr/2)
Gim,irm (E) = §All, (0;,04)T 1) ¢ |Ale . (5.49)

The manipulationsof the classicalamplitudesEgs.(5.47)and(5.48), areclearly the mostdifficult as-
pectsof this derivation. In spite of that, the procedurefor finding the semiclassicalGreens function
Gim,rme (E) for theparallelorbitsis straightforvard: theintegralsover ¢ andd’ areperformedusingthe
stationaryphasetechniqueput includingthe angulardependencef the factory/sin 0 sin 0’ ~ 1/00".
The final long-rangeS-matrix for the parallel orbit is constructedusing the Greens function
(Eq. (5.49)),theangularfactorAY, (6;, 05) (Eq. (5.43)),andtherelationshipbetweens™® andG(rg, ro)

(Eq.(5.10)):

2
SR = gr G) (=Y (8, 0)Yirm (63, 0) | Al exp (z:S(ef,ei) +2i\/Brg — wg + m) .

(5.50)
The asymptotic,zero-enegy Coulombfunctions,Eq. (5.38), have beenusedin deriving this result. To
rewrite thisresultin termsof scaledvariablesthescalingrelationship®f AppendixA canagainbeused.
In subsequentalculationsthe scaledvariableversionof Eq. (5.50)will be usedfor the contribution of
the parallelorbits, alongsideEq. (5.41) for the off-axis orbits. In both casesthe precowvolution of the
S-matrixintroduceshe dampingfactorexp(—SAw/2) into thelong-rangeS-matrix.
Notethatthe orbit parallelto the externalfield wasfirst treatedoy GaoandDelos[51] usingthe
semiclassicalvavefunctionsof closed-orbitheory The approactgivenherehasa similar form astheir

result,but exhibits a slightly differentsemiclassicaamplitudeA. Thesucces®f Eq. (5.50)will beseen
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in next chapter(Ch. 6), whereit is usedto calculatethe photoabsorptiorcrosssectionof an atomin
an externalmagneticfield. Also notethat Eq. (5.50)is particularlyrelevantfor anatomin an external
electricfield, wherethe dominantfeaturesin the recurrencespectrumaregivenby orbits parallelto the

electricfield.

5.3.2  High angular momentum

A seconddifficulty occursfor S-matrix elementsS5R? having moderateand high valuesof the
angularmomental and!’. As describedabove, the stationaryphaseapproximationleadingto the S-
matricesof Egs.(5.39)and(5.50)assumethatthe sphericaharmonicsrary slowly with the polarangles
(9,0"). This approximationbreaksdown for high angularmomentumwherethe sphericalharmonics
begin to oscillaterapidly.

For very high angularmomenta,all of the angulardependencef the sphericalharmonicscan
beincludedin the projectionintegrals(5.21). In this case animproved stationaryphaseapproximation
leadsto the modifiedstationaryphaseconditionspy = £(I + 1/2) andpj, = £(I’ 4+ 1/2). In thelimit
[,I" > 1, thesemodifiedstationaryphaseconditionsrepresent correspondencgrinciple (for p, = 0)
betweerthequantum(l, ') andclassicalpg, pj) angularTmomentum This approachs astraightforvard
generalizatiorof the methodof the previous sectionand includesnonradialtrajectoriesexplicitly in
the final semiclassicab-matrix. In practice,this type of semiclassicaapproximationfor the S-matrix
SR would be prohibitive becauselifferentS-matrix elementsequirea calculationof differentclassical
trajectories.Moreover, it shouldnot be necessaryinlessoneis interestedn treatinginitial electronic
stateswith very high angularquantumnumbers.For the low lying initial statesof complex atoms,only
moderatedinal stateangularmomentaaretypically relevant. For thesecasesa simplerapproximations
appropriate.

Asthesemiclassicahpproximatiorfor theparallelorbit demonstrates simpleway of improving
the projectionintegralsof the Greens functionis to includethe lowestordervariationsof the offending
angularfactor For moderateangularmomentumS-matrix elementsthis translatesnto expandingthe

sphericaharmonicdo linearorderaboutthestationaryphasegoints(6;,6). This approachs givenhere
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andshaws that the resultingcorrectionto the primitive S-matrix (5.39) involvesthe derivativesof the
sphericalharmonicsand powersof the classicalamplitude A, Eq. (5.36), thatappearsn the primitive
semiclassicakpproximationto S-R. Most importantly the improved semiclassicalS-matrix derived
herestill involvesonly radiallaunchedandreturningtrajectories.Thus,the approximatiorcircumwvents
the computationatomplicationsof searchingor nonradialclosedorbits.

The expansionof thesphericaharmonicdo linearorderaboutthe stationaryphasepointsreads,

Yirm (6,
Yiem(0,0) 2 Yirm (6,,0) + (¢ — ;) 2Xrm0:0) (5.51)
o0 |,
aY;* (0,0
Vioa(0,0) % Vi, (67,0) + (0 - 6) PO 552
05

The projectionintegral of the Greens function, Egs. (5.21) and (5.22), cannow be carriedout using
the stationaryphaseapproachhut with one modification. Ratherthanperformingthe integralsover 6
and#’ sequentiallyas before,both integrals are performedsimultaneously This leadsto considerable
simplificationsandrequiresa two dimensionalkexpansionof the classicalactionin the variables(d, 6")

aboutthe stationaryphasepoints(6’ = 0;,0 = 6y). Definingthevectora
a= ; (5.53)

thetwo-dimensionalraylor seriedfor theactionreads,

108 1 5 98

! _ X e - —
S(0,0") = S(0,0;) +a 95 + 5% 5aaad (5.54)
where
as
907 —pe/!
05 1 " |- , (5.55)
oa 95
90 Do
2 2
928 s 2908
—— = . (5.56)
(90[80[ 928 928
2000° D006

As before, the stationaryphasecondition % = 0) selectsradially traveling trajectories,the closed

orbits,atsmalldistances.
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Next, the expansionf the action, Eq. (5.54),and of the sphericalharmonicsEgs.(5.51)and
(5.52),areusedin the yet to be projectedGreens function, Egs.(5.21)and(5.22). Thetermwith the
productY;’ (6¢.0)Yy.m, (65, 0) simply givestheresult(5.39)of the previoussection.Theonly norvanish-
ing correctionterminvolvesthederivativesof both of thesphericaharmonicgif theangulardependence

of v/sin # sin 0’ is againneglected).After the slowly varyingpartof theintegrand,

DYy (0/,0)

Vsin @ sin 0’ 0¥ (0,0) 507
05

00

: (5.57)
0;

hasbeenevaluatedat the stationaryphasepoints,theremainingintegral canbe performed:

" i, 0*S
I, = / daydasayas exp (504 " 9G0E -oz) =

2 —1/2 /
—27 |det 0’5 06
Ipe |,

—ivm/2 5.58
0G0a € (5.58)

As beforetheindex v countsthenumberof signchangef thematrix 22 a*a* alongeachtrajectory Using
Eq. (5.58) and manipulatingthe classicalamplitudesusing Eq. (5.36), an expressionfor the corrected

semiclassicaGreensfunction(5.21)is found:

\/|A|sm0 sin @ (5.59)

Gum = (2m) 3/2@Z
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Thecorrespondingmproved SR from Egs.(5.10)and(5.59),is then,

S,"l',?ym = (2n)%/2(=1)HH" Z \/|A|sinf; sin 05 (5.60)

traj
(‘)Y'lm (ef: 0) aY’m (91, 0)
90 90;

X

(Yh*n(aﬁ 0)Yiru (6, 0) + |A] 71/

X

3
exp (iS + 2i\/8rg — iag 1 zf) .

The sumover trajectoriesn theseexpressionss the sameasin the primitive semiclassicalong-range
S-matrix: eachclassicalrajectorythatis launchedadially outward from (r,6;) andreturnsradially to
(r0,0) afteraccumulatinga classicalaction S(6¢, 0;) contributesa termto the semiclassicab-matrix.
In addition,the semiclassicahmplitude A (5.36) andMaslov index ;. arethe sameasin the primitive

semiclassicab-matrix, Eq.(5.39). Althoughthisimproved.S-matrix, lik e traditionalclosed-orbitheory
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still involvesonly radialtrajectoriesat g, it now includesthe first-ordercorrectionsfor higherangular

momentaln fact,by looking attheratio

_ | Y (05, 0)Yp i (6:,0)
1 | Y 000 91, (00) (5.61)
00 00’

for eachtrajectory the importanceof the correctioncanbe ascertained Notice thatwhena trajectory
lies nearthe nodeof a sphericaharmonic,asin the abose mentionedquasi-Landawrbit for odd parity
statesthe“correction”actuallydominateghe S-matrix. Theoriginalversionof closed-orbitheorygives
avanishingrecurrencestrengthfor the odd parity quasi-LandauesonanceShaw etal [134] have given
asimilar correctionfor the quasi-Landawrbit asEq. (5.60),but their resultis only for thequasi-Landau
orbit. The derivation presentechereshows that sucha correctiontermis presentfor all closedorbits
whenthe angularmomentumis moderate. However, mostcasesstudiedin this thesishave sufficiently
low angularmomentunthatthe correctionderived hereis unimportantexceptfor the odd parity quasi-

Landaurecurrence.

5.3.3  Bifurcations

So far, correctionsof the semiclassicalS-matrix have beengiven for caseswherethe angle-
dependenpieces,suchas v/sin fsin 8’ andY;,, (6, ), becomeimportantto includein the stationary
phaseéntegrals. Thecorrectiongjivenfor theparallelorbit andfor moderateangulaiTmomentéhave made
a commonassumption:the stationaryphasepoints exist and are well isolatedfrom eachother It has
beenseerthatthestationaryphasepointscorrespondo closedclassicabrbits. Theseorbitsarelaunched
radially outward from a spherer = rg in the matchingregion andreturnto the sphereradially after
scatteringclassicallyoff the long rangefields. This radialtrajectoryapproximationncludesthe effects
of nonradialtrajectoriesapproximatelythroughthe classicalamplitudeA (5.36)in the semiclassicab-
matrix. However, if a stationaryphasepoint doesnot exist in thefirst place,the contributionsof nearby
nonradialorbitswill be unrepresenteth the long rangeS-matrix. This occursnearbifurcationsof the
closedorbits.

Bifurcationsarea commonfeatureof classicallynonintegrablesystemq109, 12]. For anatom
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in astrongmagnetidield, bifurcationsof theclosedorbitsoccurasthescaledenepy ¢ is increased60].
FigureB.1 of AppendixB shovs amapof the closedorbitsfor diamagnetidydrogen Whenthesystem
is integrable(e = —oo) thereis only oneclosedorbit, thefamiliar Keplerorbitin the Coulombpotential.
As € increasesnew orbitsarebornup until ¢ = 0 wherethereareinfinitely mary closedorbits. Delos
andcoworkershave usednormalform theory[60, 61, 61] to analyzeandstudysequencesf bifurcations
of closedorbitsin an externalmagneticfield. However, their analysisis purely classical. Only Main
and Wunner[63] have attemptedto include bifurcationsof closedorbitsin a semiclassicatheory of
photoabsorption.Their treatmentusessemiclassicavavefunctions,alongsidenormal form theory to
constructuniform semiclassicahpproximationsor a few typesof bifurcations.It shouldbe mentioned
thatthisdiscussiorappliesonly to the caseof anexternalmagnetidield; thebifurcationsof closedorbits
in externalelectricfields have beensuccessfullyincludedin a semiclassicalormulation[62].

This final subsectiorsketcheshow bifurcationsof closedorbits canbe treatedusingthe semi-
classicalapproximationf this chapter Becausehis work is still in progressthe emphasiswill be
on the qualitative featuresof the proposedapproactratherthanon formal derivations. In the language
of this chapter a bifurcation occurswhena new stationaryphasepoint comesinto existenceat some
scaledeneny ¢,. Thus,below the bifurcationpoint, the primitive semiclassicahpproximatiorfor SR
shaws no recurrencepeakfor the (noneistent)closedorbit. Also, at the bifurcation point, the primi-
tive semiclassicadpproximationfq. (5.39),divergesto infinity. Thatis, it shovs aninfinite recurrence
strength.Of courseoncethe closedorbit hasbifurcated the S-matricesdevelopedabove arefinite and
give agooddescriptionof the associatedecurrenceeak. Thesepredictionsof the primitive semiclas-
sicalapproximatiorarein disagreementith bothexperimentandaccurateguantumcalculations First,
below the classicabifurcationpointssmallrecurrencepeaksareseen[44]. Theseprebifurcatedorbits,
ghostorbits, exist becausehe electroncantunnelinto quantummechanicapathsthatdo not quite exist
classically Examplesof thesenonclassicapathswere seenin the accuratequantumsS-matricesof the
previouschapter(Ch. 4). Secondguantumcalculationsandexperimentsalike shav thattherecurrence
amplitudesare alwaysfinite at the bifurcationpoints. Thus,the divergenceof closed-orbittheory and

the primitive semiclassicab-matrix of this chapterat the bifurcationsis artificial.
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A successfusemiclassicatheoryof bifurcations then,will includetwo features First, theghost
orbitswill be predicted.And secondthe semiclassicaamplitudeswill be uniform (finite) asthe scaled
enegy movesthroughthebifurcationpoint. Thesemiclassicaheoryof Main andWunner[63] achieres
both of thesegoalsfor certaintypesof bifurcations. However, their approachcontainstwo difficulties.
To extract the contributions of the prebifurcatedghostorbits, they analytically continuethe classical
trajectoriesnto the complex plane. This substantialljcomplicatesnumericalcalculationsof the closed
orbits. Whenthesecomplex ghostorbits are includedinto the semiclassicatheory, their recurrence
strengthis seento decayexponentiallybelow the bifurcationpoint. However, anadditionalcontribution
below the bifurcationpointis predictedthat divergesexponentially Main andWunnerhandlethis new

divergencen thefollowing mannef63]:

“In the above semiclassicaformulasthis complex-conjugateghostwould producean
unphysicalexponentialincreaseof the amplitudeat enegies below the bifurcation
point. Thuswe have asa by-productof the derivation of uniform semiclassicafor-
mulasthat ghostorbits of this type have no physicalmeaning. In otherwords, they
mustnot be includedin the standardormulassincethey do not appeatin the asymp-
totic expansionof the uniform approximation.”
In otherwords, certainpredictionsof their theoryare discardedbecausehey areunphysical. In spite
of this, mostaspectof Main and Wunners work appearto be well founded. This discussionshows,
however, thatthe semiclassicatheoryfor bifurcationsof closedorbitsin an externalmagneticfield is
notcompletelyunderstood.

I now give an outline of how bifurcationsof closedorbits canbeincludedin the semiclassical
long-rangeS-matrix. The treatmenbeginswith the Greens function, Eq. (5.29), aftertheinitial angle
projectionhasbeenperformed:

G, (B) = V2mi Y / dOAy (0,0:)\/| Az (6, 0;)] e 500 —n(m/2) (5.62)

traj

In general the amplitudein this formula, A, = %—g o dependwn theinitial andfinal angles. The

Py

trajectoriegthat contribute to this Greens function arelaunchedadially from a spherein the matching

region. However, whenthey returnto the sphere,the trajectorieshave mary differentvaluesof the

classicalingulamomenturmpy. Next the mainideafor treatingbifurcationsis presented.
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Below a bifurcationpoint, thereis simply no orbit that returnsto the sphereradially. However,
thereareorbitsthatreturnto the sphere As long asthe spherehasa finite radius,well-behaedclassical
trajectoriescanbe foundthatreturnto the spherewith nonzeroangularmomentunpy. Thereasorthat
Main andWunnerhave to calculateclassicaltrajectoriesat complex enegiesis thatthey usea sphere
having a vanishingradiusry = 0. Thus,below a bifurcation,no orbits (with realenegies)reachtheir
sphereandcomplex enepy trajectorieanmustbe usedinstead Whenclosedorbitsdo exist, it is perfectly
acceptabléo launchtrajectoriefrom the origin. Becauseertainaspect®f calculatingclosedorbitsare
simplified by this approachmary practitionersof closed-orbittheory have grown usedto a sphereof
zeroradius. However, asMain andWunners work shaws, insistinguponusinga sphereof zeroradius
leadsto considerableomplicationswhenradially launchedandreturningclosedorbits do not exist. |
emphasizehowever, that whentrajectoriesare launchedfrom a finite sphere the ghostorbits canbe
understoodssimply beingrelatedto classicabrbitsthatreturnto the spherenonradially

Figure 5.1 shavs an exampleof the nonradialghostorbits for scaledenegiesnearthe saddle-
nodebifurcation of the X; exotic orbit (seeFig. B.1). Below the bifurcationenegy (¢, = —0.115)
nonradialorbits areseento returnto the sphereof scaledradiusiy = 0.1. To includenonradialorbits,
suchasthoseshavn in Fig. 5.1, into the semiclassicab-matrix, two stepsarerequired.First, thegraph
of the classicalaction as a function of the final angleis fit to a polynomialform. For example,the

classicalctionsshavn in Fig. 5.1 canbe approximatedy the polynomial:
L . 1
S(0y. o, = 0) = S(6) + (05 — Op)ale) + 5 (05 — 0)%b(e). (5.63)

The expansionpoint 9} usedin this approximationis choserto be the leftmostpoint of the family of
orbits that returnto the sphere. The fit parameters:(¢) andb(e) are functionsof the scaledenegy,
with the mostimportantdependencéeingcontainedn a(e); asa(e) crosseghroughzerofrom below,
the new closedorbits bifurcate. Eachtype of bifurcationwill have a different polynomial associated
with it [135]. Oncethefit of the action, Eq. (5.63), hasbeenfound for the bifurcationbeing studied,
it is usedin the Greens function, Eq. (5.62), whenthe final angleprojectionintegral is performed.In

general,the angulardependencef the amplitude A, mustalso be taken into account. Although the
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Evolution of a saddle node bifurcation
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Figure5.1: The classicalscaledactionﬁ(ef) is givenasa function of thefinal angled for trajectories
returningto a sphereof scaledradius7y, = 0.1. Thetrajectoriesverelaunchedradially outward from

the samesphere. At the lower two scaledenegies(e = —0.14, —0.12) thereis no radially returning
orbit (remembetthat 4 is simply the slopeof the scaledactionin this graph). At a scaledenegy of

e = —0.115, a pair of exotic orbits (X1, X1,) bifurcates. Thesenewly existing closedorbits appear
asthe local minimain the scaledactionsat the uppertwo scaledenegies(e = —0.11, —0.10). Most

importantly belown the bifurcation enegy, nonradialclassicaltrajectoriesare seento reachthe final

sphere.
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resultingintegralsaretypically morecomplicatedhanthe simple Gaussiarfiormsfoundin the primitive
semiclassicab-matrix, they canoftenbeperformedanalytically By carryingout thesestepsa uniform
semiclassicatheoryfor long-rangeS-matrix canbe derived.

The detailsof this approactdependstronglyon the particularform of the actionnearthe bifur-
cation. A generalstudyneedso be carriedout of the normalforms of the actionsneardifferenttypes
of bifurcations. Although Main and Wunnerhave given suchexpressiondor sometypesof bifurca-
tions, they usea variableotherthanthe final anglein which to expandthe action. It would be usefulto
transformtheir normalformsto thefinal anglerepresentationsedhere.Many of the detailsin treating
bifurcationsstill needto be investigated.However, the approachdescribechereprovidesa beginning
pointfor futureinvestigationsAgain, the mainadwantageof this methodis thatthe classicakrajectories

do notneedto be calculatecat complex enegies.

5.4 Results

In this chapter| have developedsemiclassicaapproximationgor the long-rangeS-matrix S-R.
After the primitive semiclassicahpproximatiorto S'R wasderived,extensionsof thebasicmethodwere
givenfor anumberof specialcasesThemainuseof the semiclassicacatteringmatricesof this chapter
is to enablea semiclassicahpproximatiorfor the photoabsorptiorosssection.This developmentwill
be presentedn the following chapter(Ch. 6). However, beforemoving on, it is usefulto comparethe
semiclassicdbng-rangeS-matrix, with theaccurateuantumsS-matriceof thepreviouschapte(Ch.4).

Figures5.2 and5.3shov sucha comparisorat a scaledenegy of ¢ = —0.3, wherethe classical
dynamicsare mostly chaotic. Again, the comparisonis performedby studyingthe recurrencesn the
matrix elementf S-R. Reasonablgoodquantitatie agreemenis seenbetweerthe semiclassicaand
guantumresults. The main discrepancieare the nonclassicaghostorbits, labeledwith the letter “g”,
which appeaiin the quantumrecurrencestrengthsut areabsentfrom the semiclassicalTheimproved
semiclassicalormulasfor moderateangularmomentumandthe parallelorbit have beenusedto obtain
theseresults.

With all of thenecessaryoolsin hand,semiclassicahpproximationsgo the photoabsorptioross
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Figure5.2: A comparisons shovn betweenthe quantum(upright) and semiclassica(inverted)recur

rencestrengtth(ﬁ) of elementsof SR. More specifically the recurrencestrengthsEq. (4.27), of

Re(S5R(w)) (c), Re(S5R(w)) (b) and Re(SL}(w)) (a), are shavn for m = 0, even parity statesof

diamagnetidydrogenat a scaledenegy of e = —0.3. The semiclassicab-matrix hasbeencalculated
usingtheformulasderivedin thischapterEqgs.(5.41)and(5.50). The 26 closedorbitscontributingto the
semiclassicab-matrix have beencalculatechumerically The detailedpropertiesof theseclosedorbits,

includingthelabelingschemeausedhere,canbe foundin Appendix.B. The accurateguantumsS-matrix
elementsverecalculatedvith thevariational R-matrix methoddescribedn Ch.4 usingaprecorwolution

smoothingwidth of Aw = 0.4. The semiclassicab-matrix hasalsobeenprecowolvedwith the same
width. Someof the shorteraction closedorbits have beenlabeled(R;, Vi1, V4, . ..) ashave the ghost
orbits (¢) in the quantumrecurrencestrengthghatcorrespondo no classicalclosedorbit. The Fourier
transformwascarriedout over the rangeof w from 100 to 500.
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Figure 5.3: A comparisonis shavn of quantum (upright) and semiclassicalinverted) recurrence
strengthdor oddparity, m = 0, element®f thelong-rangeS-matrix. TheFouriertransformsEq.(4.27),
of thesemiclassicaindquantums-matrix elementsie (SR (w)) (c), Re(S5R (w)) (b) and Re(SER (w))
(c) shaovn herewerecalculatedn the samemannerasin the even parity casepresentedn Fig. 5.2. The
smoothingwidth usedhereis slightly larger, Aw = 0.6. However, the scaledenegy ¢ = —0.3 and
rangeof w valuesused(100 — 500) arethe sameasin Fig. 5.2. Thus,the samesetof closedorbitsused
for theevenparity casealsocontributeto therecurrencestrengthdere;only theamplitudesarechanged
for thedifferentangulamomenta.Thesucces®f the semiclassicahpproximatiorfor moderateangular
momentumEg. (5.60),is seenn theaccurateredictionof the oddparity quasi-Landawecurrencgpeak
R,. The primitive semiclassicahdpproximationgivesa vanishingcontribution of this orbit becausghe
oddparity sphericaharmonicshave anodeatd; = 6y = 7 /2.
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sectioncannow bestudied.



