Chapter 4

Quantum scattering matrices

Chapters2 and3 have focusedon the basicpropertiesof the scatteringmatricesS*R and 5",
andtheir relationshipto the obsenablesof an atomin externalelectricand/ormagneticfields. Simple
formulasfor both the bound statespectrum,Eq. (2.26), and the total photoabsorptiorcrosssection,
Eq. (3.28), have beengivenin termsof theseS-matrices. Clearly, for theseresultsto be usefulthe S-
matricesmustbe calculated.This chapterandthe next give the detailsof how the long-rangeS-matrix
S'R canbecalculatedusingeitherafully quantummechanicabpproachthis chapter)or asemiclassical
approximatiorsimilar to closed-orbitheory(Ch.5).

At this point, it is worth reiteratingan importantpoint aboutthe total photoabsorptiorcross
section(3.28)derivedin Ch. 3: it is anexactresultthat appliesto any multichannelatomin ary con-
figuration of externalelectricand magneticfields. This generalityof my approachis one of its main
strengths.However, to explore the physicscontainedn the photoabsorptiorcrosssection,it is useful
to specializeto a narraver classof experiments.Consequentlythe remainderof the thesisconcentrates
onthe propertieof asinglechannelatomin a static,externalmagnetidield. Oncethe S-matriceshave
beencalculatedor this systemthe physicsof the photoabsorptioprocessanbe studied.

For singlechannebtoms suchasthealkali-metalatoms thecore-rgjion S-matrixis parametrized

in termsof the quantumdefectsy; [50]:
Slclcljre — 6”/627”/” .

This is a standardresult from quantum-defectheory and the quantumdefectsfor simple atomsare
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availablein mary articlesand books[96, 11(. While my formulation of the photoabsorptiorcross
sectionappliesto multichannelatoms the physicsof core-scatteregeaksn recurrencespectramustbe
understoodeforethesedifficult casesanbe treated.Singlechannelatomsprovide anideal settingto
explore core scatteringbecausall of the effectsof the ionic core are parameterizedy a few enegy
independentjuantumdefects.At this point, | only mentionthatfor multichannelatomsthe core-rejion
S-matrix canbe determinedusingwell understoodnethodsof quantum-defectheory R-matrix theory
andframetransformation$68]. Thesetechniquesareapplicableimmediatelyasthe externalfields are
canbe neglectedin the core-rgion. Also note that quantummechanicakffects suchas spin andthe
Pauli exclusionprinciple make semiclassicaapproximationsnoredifficult for the core-rejion physics
encapsulatedh S°°'.

The long-rangephysicspresentamore of a challengethan the shortrangephysics. The main

difficulty is thatin this region, the electronicHamiltonian,

1 1 . 1
H= —§v2 - -+ §BLZ + g32 2, (4.1)

is nonseparablén two dimensions(p, z). When an electronis highly excited, the two dimensional
Schrddingeequationof Eq. (4.1) mustbe solvedoveravastregion of configurationspace More specif-
ically, belaw the ionizationthreshold,S'R canbe determinedafter the Schrodingerequationis solved
in a sphericalshellboundedby theradii rg < r < rpqe,. Typically rg is somevherein the matching
regionry ~ 10 — 100 a.u.(Ch. 2) andr,,,.. is somavherewell beyondthe classicakurning point of the
electronwherethe wavefunctionhasdecayedo zero. A goodestimatefor the size of 7,4, iS givenby

theformula,
Tmaz ~ 3V27 (42)

wherev = 1/4/—2F is the effective quantumnumberof the electron. As anexample,for av = 200
electron,the outerradiusr,, .. is anextraordinary120,000a.u. or ~ 6 um. Besidesthe large region
of spacerequiredand the two-dimensional,nonseparablé&chrédingerequationthat must be solved,
thereare two other difficulties in calculatingS'R. First, becauseS'® is a strongly varying function

of the enegy, the Schrédingerequationmust be solved at every enegy at which the crosssectionis
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desired. Secondbecausehe precowvolved crosssectionrequiresS'® at complex enegies E + il'/2,
the solutionsof the Schrddingerequationwill be complex valued. This necessitatethe costly useof
comple arithmeticin the numericalimplementatiorof the method.

While thesedifficulties slow computationakfforts, no significantconceptuadlifficultiesexist in
carryingoutthecalculationof S-} atcomplex enegies. In fact,anumberof researchersave performed
similar calculationg71, 76] for diamagnetiatomsusingthe time testedapproachof R-matrix theory
[111, 112 113 68]. My approachto calculatingS-? follows this previous work with two differences.
First, to obtainthe precomvolved crosssectiondirectly from Eg. (3.28) variational R-matrix theory is
extendedto complex enegies. Usually, theinfinite resolutioncrosssectionis calculatedwith R-matrix
calculationson the real enegy axis, afterwhich the corvolved crosssectionis obtainedby a numerical
convolution. Becausamy precorvolved S-matrix approachfor the crosssectionrequirescalculations
at complex enegies, it is generallyslower at calculatingthe infinite resolutioncrosssectionthanother
approachegHowever, thecomplex enegy calculationglescribedn thischaptethaveadistinctadvantage
in obtainingthe corvolved crosssection. Secondmy treatments the first to packagethe solutionsof
the Schrédingelequationfor the long-rangeregion into an S-matrix. Most previouswork hasusedR-
matricesinsteadof S-matricesfor this purpose.The mainadvantageof along-rangeS-matrix s thatall
theinterpretve toolsof semiclassicahpproximationganbe usedto understandhe physicscontainedn
the S-matrix. This givesa simplepicture of the quantummechanicsassociatedvith the nonintegyrable
electronicmotion. Interpretatiorof thelong rangeR-matrix is far lesstransparent.

This chaptedevelopsthenecessargxtensionof variational R-matrixtheoryneededo calculate
SR atcomplex enegiesfor anatomin anexternalmagneticfield. The basicideasof R-matrix theory
canbefoundin anumberof articlessothe morefamiliar partsof thetheorywill only be sketched After
the methodfor finding S*R hasbeendescribedgcalculationsthatimplementthis methodare presented
anddiscussedThe mostimportantresultof thesecalculationds thatthe physicscontainedn the exact
quantummechanicalS'® canbe extractedusing the ideasof recurrencespectroscop Fourier trans-
formationof S'R thenpermitsanidentificationof the mostimportantquantummechanicapathsof the

electronasit scatteroff thelong-rangdields.
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4.1  Variational S-matrix approach

Calculationof the long-rangeS-matrix involvestwo steps.Thefirst is to solve the Schrodinger

equation,
Hi(&) = Ep(T), (4.3)

in the long-rangeregion for the Hamiltonian of Eq. (4.1). After numericallong-rangesolutions of
Eq. (4.3) are obtained,S'® canbe determinedby a simple matchingprocedure. Both of thesesteps
canbe carriedout usingvariational R-matrix theory Thistechniquenasbeendeveloped[114, 115 11§
asanextensionof the R-matrixtheoryof WignerandEisentud[113]. In mostsituationstheSchrodinger
equation(4.3)is solved(for a boundstate)by imposingboundaryconditionsuponthewavefunctionand
thenfinding a discretesetof enegy eigervalues.In variational R-matrix theorythis procedures turned
around: here,the enemy is setbeforehandand the Schrédingerequationis solvedin a volume V' to
determinghe boundary conditions of the wavefunctionon the surfaceS of thevolume. This informa-
tion aboutthe boundaryconditionsof wavefunctionon the surfaceis encodedn the normallogarithmic

derivative —b of thewavefunctionon thesurface:

po 901
Cony’

(4.4)

Here,n denoteghe outward unit vectornormalto the surface. The maintool of variational R-matrix
theoryis avariationalprinciplefor this logarithmicderivative (4.4). This providesanefficientalgorithm
for finding the wavefunctiony andits logarithmicderivative —b on a givensurfaceS. In thefollowing
subsectionthe detailsof this approachare sketchedfor the long-rangemotion of anatomicelectronin
an externalmagneticfield. After that, the long rangeS-matrix S'® is extractedfrom the resultsof the

R-matrix calculation.

4.1.1  Solvingthe Schrdodingerequation

The first stepin R-matrix theoryis to identify the volume V' (and surface S) over which the

Schrédingerequation(4.3) mustbe solved. As mentionedbefore,for a calculationof SR, a spherical



57

r=some large
distance

Figure4.1: ThisdiagramdepictsthevolumeV of configurationrspacen whichthe Schrédingeequation
mustbe solvedto find thelong-rangeS-matrix. Thevolumeis boundedby theradii ry andr,,,,.., where
ro is somavherein the matchingregion andr,, . is a large distancebeyondthe classicalturning point
of the electron.The Hamiltonianin this volume, Eq. (4.1), involvesboththe Coulombanddiamagnetic

potentials.
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shellboundedby the radii r¢ (in the matchingregion) andr,,.... (Somelarge distancewvherethe wave-
functionhasdecayedo zero)is appropriate The surfaceS of this volumehastwo parts:a sphereS; at
r = ro havingn = —7 andasphereS, atr = r,,4, having n = #. This volumeusedin the R-matrix
calculationgfor SR is depictedn Fig. 4.1.

Thestandardormulasof variational R-matrix theory[68] applyto this casewithout majormod-
ifications. This techniquebegins with a variationalprinciple, first derived by Kohn[117] andlater by

Greend116], for thelogarithmicderivative —b of thewavefunctiomy) onthesurfaces,

2 [ dVy*(E — H)p — [ dSy+9L
J astul '

b= (4.5)

As statedabove, the enegy £ of the electronis a parametein this equationandhasa comple value
of E + «I"/2 to accomplishthe enegy precorvolution of the crosssection.Hereandelsavhere,| usea
flexible notationwhereattimes E is the full complex valuedenegy (asin Eq. (4.5)) andat othertimes
E is only thereal partof the enegy (implied in E + iI"/2). The context will determinewhich of these
meaningss appropriate.

Asistrueof theRayleigh-Ritzvariationalprinciplefor theboundstateenegiesof aHamiltonian,
the variationalprinciple for b (4.5) canbe corvertedto a generalizecigervalueproblem. Thisis done
by expandingthe gth linearly independentvavefunctionyz(Z) in asetof N basisfunctionsy; (¥) and

undetermineaoeficientsc;g :

P(T) = Zm ©)eip. (4.6)
Theresultingeigensystem,
I'cp = bgAcp, 4.7
is written in termsof the matrices
T.: =2 [ = 3 — * [ = 8y.] (/F)
ij = yi @) (B~ H)y;(@)dV — ¢ y;(7)—5 —dS (4.8)
A% S n

and

M= § i @wy(@as (4.9)
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It is importantnot to confusethe matrix I" with the smoothingwidth I, which is alwaysa scalar As
usual,the factor1/r is usedin the wavefunctionof Eq. (4.6) to eliminatethe first derivativesd/0r in
the HamiltonianoperatorH in Eq. (4.8). This explicit 1/r factorin thewavefunctionhasthreeauxiliary
effectsontheabove expressionsFirst, theinfinitesimalvolumeelementV in Eq.(4.8)nolongerhasthe
usualr? factorfoundin sphericapolarcoordinatessothatdV = drdfde¢ sin 6. Secondthelogarithmic
derivativein Eq.(4.7)is definedwith respecto rg ratherthansimply ¢ 4:

_ O(rg) 1
R (4.10)

Third, the radial part of the kinetic enegy operatorin H hasthe form —(1/2)d?/dr?. Solving the
eigensystenof Eq. (4.7) yieldsthe logarithmicderivative bg (4.10)andthe coeficient matrix c; (4.6)
of the Sth linearly independensolutionof the Schrédingeequationin thevolumeV'.

While the eigervaluesystemfor bg, Eq. (4.7), canbe solved directly, a moreefficient approach
is to partitionthe matricesl” and A into openandclosedsubspacefs8]. The opensubspacegdenoted
by a subscript‘o,” consistsof the few (N, ) basisfunctionsthatarenonzeroon the surfaceat ro. The
remainingN. = N — N, basisfunctions,denotedby the subscript‘c”, arezeroon this boundaryand
male up the closedsubspaceln this partitionednotationthe eigensystentq. (4.7),becomes,

L, I Cop 0 0 Cop

e = by . (4.11)
r, I Cop 0 A Cop

—oc —00 —00

Thisleadsto a smalleigensystenin the opensubspacéor thelogarithmicderivative b,
Q40Cop = bgAooCop; (4.12)

wherethematrixQ,, =T, — L .I..'T,, requiresacalculationof theinversel'. ! in thelargerclosed

subspaceThe computationahdvantageof this partitionednotationis thatthe productX .. = I'.'T",,

canbefoundasthe solutionof thelinearsystem,

£cclco =L

=co"*

(4.13)

All of theseresultsarestandardormulasin variational R-matrix theory Theonly modificationthatmy
calculationgequireis thatthematrix I, definedin Eqg. (4.8) andusedin Eqs.(4.11-4.13)js evaluatedat

complex enegiesE + iI'/2, sothatthefinal eigervectorszs andlogarithmicderivativesbs arecomplex.
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An importanttechnicaldetailin solving the R-matrix equationds the choiceof an appropriate
setof basisfunctionsy; (). To calculatethe long-rangeS-matrix S'R, I use L sphericalharmonics
Y (0, ¢) for theangulardegreesof freedomand P basissplinesB,(r) [118] for the radial degreeof

freedom:

Yi(T) = Y (0, ) By (r),

1={0,2,...,2L —2)} (evenparity),

1={1,3,...,2L — 1} (oddparity),

p={1,...,P},

1={l,m,p} ={1,... ,N=LP}.

Only onevalueof m is presentn the expansionof thewavefunctionbecause¢he Hamiltonian,Eq. (4.1),
is symmetricunderrotationsaboutthe z-axis. And, becausespin-orbitand hyperfineeffects are ne-
glected,the Hamiltonian(4.1) is invariantunderthe parity operationz — —z sothatonly odd or else
only even parity sphericaharmonicsareneeded.The sphericalharmonicsarecorvenientbecausehey
alsosene aschannefunctionsonthe sphereatr = rq, wherethe physicsis purely Coulombic.

The basis(or B) splinesarea corvenientsetof locally definedfunctionsthat canrepresenthe
radial partof thewavefunction.Here,only their propertieghatarerelevantfor solvingthe Schrodinger
equationfor the caseat handare presented.The readeris referredto the text of de Boor [118] for a
formal discussiorof their mary mathematicaproperties Examplesof theirusein atomicphysicscanbe
foundin thearticleof SapirsteirmndJohnsorj119]. For theradialwavefunction,asetof P B-splinesof
orderk is used.Thesesplines,which arepolynomialsof orderk locally, aredefinedon aradialmeshof
N, pointsontheintenal [rg, rma]. Giventhenumberof meshpoints IV, andthe orderof splinek, the
numberof splinesis constrainedo be P = N, + k — 1. Thedetailsof thesplinesaredeterminedy how

the setof meshpointsis chosen.l usea corventionwherethe meshpointsat the limits of theinterval
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arerepeated: times. With this choice,thereis a single splinenonzeroat eachboundary(B; (r¢) = 1
and Bp(rmas) = 1), andall othersarezeroatrq andr,,.,,. The advantageof choosingthe splinesin
this manneiis thatthe boundaryconditionson thewavefunctionat o andr,,,... canbeimposedwithout
difficulty. Below thresholdthewavefunctionmustvanishattheouterradiusr,, ... Thisisaccomplished
by excludingthelastspline Bp from the expansionof the wavefunction.At theinnerboundaryr there
aretwo possibilities.For channelsn theclosedsubspacehewavefunctionis zeroonthesurfacer = rq
sothatthenonzerospline B; is againexcludedfor thesechannels However, in the openchannelsthis
splinemustbekeptto representinite valuesof thelogarithmicderivativesbs onthesurface.

This choiceof basisfunctionsleadsto an efficient methodof solving the large linear system,
Eqg. (4.13),andthe smallereigensystemkq. (4.12), of R-matrix theory This is the casebecauseghe
sphericalharmonicsand B-splineslead to a highly bandedmatrix structurefor the large matrix L',....
Theonly termin the Hamiltonianthatis nondiagonaln the sphericaharmonicbasisis the diamagnetic
term %Bzr2 sin? §, which couplesangularmomentumi to I + 2. The angularmatrix elementsof the

diamagneticermcanbe workedout analyticallyin termsof the 6j coeficients[120]:

9 1 U2 12
(Im |sin® 0] 'm)) = 3 o — (=)™ (2L +1)(2 + 1)
0 0 O -m m 0
Theradialmatrixelementsn I" (4.8)andA (4.9)involveintegralsovertheB-splinesandtheirderivatives.
ThesematrixelementsarecalculatechumericallyusingGaussiamuadratureThevaluesof theB-splines
andtheir derivative neededor theintegralscanbe generatedapidly usingthe Fortranroutineslistedin
thetext of deBoor[118]. Mostimportantly, for kth ordersplines,eachsplineoverlapswith only £ — 1
othersplines.Thesepropertief the sphericaharmonicsandB-splinesleadto amatrix L., with atotal
bandwidthof 4P + 2k — 9. Thus, eventhoughthe matrix L. is of order L x P, the linear system
involving this matrix, Eq. (4.13),canbe solvedefficiently usingthe bandedmatrix routinesfoundin the
LAPACK Fortranlibrary [121].

In numericaltestsl have foundthatfor anelectronatenegy £ = —1/2v? usingv/2 spherical

harmonicsof a given parity (L = v/2) and4r B-splines(P = 4v) givesabout4 digits of accurag

in the long-rangeS-matrix. Almost always, B-splinesof orderk = 5 aresufiicient. Theseguidelines
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for picking the numberof basisfunctions(andthe orderof splines)leadsto a closedsubspac®f order
N, =~ 2v? anda total bandwidthof 161 + 2k — 9 for the matrixL,... As anexample,for v = 50, the
solutionof thelargelinearsystemEqg. (4.13),ateachenegy takes~ 30 second®f CPUtimeand~ 150
Mb of memoryon a 633 Mhz CompagAlpha workstation. Becausehe opensubspacés typically of
orderN, ~ 5 — 10, the smalleigervalueproblem,Eq. (4.12),takesonly afractionof a second.Next |

describehow thelong-rangeS-matrix S® canbefound, oncethe R-matrix equationshave beensolved

to give bg andc;g.

4.1.2  Finding the S-matrix

Solutionof the R-matrix equationsabove constituteghe main computationalvork involvedin
calculatingthe long-rangeS-matrix. Oncethesecalculationshave beenperformed,the multichannel

radialwavefunctionF;z(r) onthesurfacer = r( takesthe simpleform:
Fig(ro) = cip- (4.14)

Furthermorethis form of thewavefunction(4.14),alongwith thedefinitionof thelogarithmicderivative

—bs (4.10)yieldstheradial derivative of the wavefunctionon the boundary:

OF4(ro)
# = cipbg, (4.15)

whereonemusttake into accountthatn = —# onthe surfacer = rg to getthis result. As described

in Ch. 2, S'"R emegeswhen this numerically determinedsolution is matchedto the S-matrix state,

Eq.(2.18):
TWR(p) — 1 —(\SR _ £ (p
MR (r) —MU()E S, (4.16)

In the matchingregion, wherethe electronmovesin a pureCoulombpotential the numericalwavefunc-
tion, Eq. (4.14), can be written in termsof the Coulombfunctions(ffr, f; ) and constantcoeficient

matricesP and( (seeEq. (4.17)):

Fis(ro) = cip = % [ (ro)Pis — £ (r0) Qi) (4.17)
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Taking the Wronskianof this wavefunction(4.17)with f;"(r) and f; (r) givesthe coeficient matrices

P andq@ in termsof the R-matrix solutionmatrix c;s:

P = [fiF CWLO = (fF(ro)big — £ (ro)) cig, (4.18)

ERECE

w
Qs =75 WIfi csl,, == (fi (r0)big — f7'(r0)) cis. (4.19)

Sh

Finally, thelong-rangeS-matrix canbewritten in termsof thesenumericalcoeficients,Eqgs.(4.18)and

(4.19):
SR =rQ " (4.20)

| emphasizehatall of the quantitiesin theabove discussior(bg, c;3, P;g and@;z) arestronglyvarying
functionsof boththemagnetidield B andthecomplex valuedenegy E + iI" /2. Thus,this entireproce-
duremustberepeatedteachenepy. In principle,theCoulombfunctions(ff’, f; ) andtheirderivatives
in Egs.(4.18)and(4.19)mustalsobeevaluatedat complex enegies.However, atthemoderatadistances
in the matchingregion (10 < rg < 100) the Coulombfunctionsat complex enegiescanbe approxi-
matedby their valueson therealenegy axiswithout ary sacrificein theaccurag in thefinal S-matrix,
Eq. (4.20). A justificationof this approximationis givenin Fig. 4.2, which plotsthe regularandirreg-
ular Coulombfunctionsat a complex enegy typical of whatis requiredfor the precomwolution of the
S-matrix andcrosssection. The uppergraphshaws the imaginarypartsof (f, g), which vanishat real
enegies.Becausaheseémaginarypartsareordersof magnitudesmallerthatthereal partsthe Coulomb
functionsf* = (—g +if)/+/2 in thematchingregion canbe calculatedon the real enegy axis. How-
ever, if the complex enegy Coulombfunctionsareneededthey canbe calculatedwith formulasgiven
by Robicheaux105].

Onefinal detail aboutthe numericallycalculatedS'R needsto be addressedA certainamount
of flexibility existsin how the dimensionalityof S is chosen. When S'R is initially calculated,it
mustinclude all of the channelgthat are locally open(classicallyallowed) and weakly closedon the
surfaceatr = r¢. Thisnumberof channelsV, determineshesizeof the opensubspacén the R-matrix

calculationsandis typically a few morethanthe maximumclassicalallowed angularmomentun,,; .
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Figure4.2: Thereal (bottom)andimaginary(top) partsof the regular (solid line) andirregular (dotted
line) Coulombfunctions(f, ) areplottedata complex enegy E = —0.0005 + 0.5 x 10~% andangular
momentum/ = 1. Onthereal enepgy axis, thesetwo Coulombfunctionsarereal-valued. This figure
shaws that whenthe enegy is comple, theseCoulombfunctionsdevelop small imaginary partsthat
increasewith the radiusr. The traveling wave Coulombfunctionsusedin Eqs.(4.18) and (4.19)to
find the long-rangeS-matrix arerelatedto thesefunctionsthroughthe relation f* = (—g +if)/v/2.
Technically the complex enegy Coulombfunctionsshavn in this figure shouldbe used(through £ )
to find the precowvolved S-matrix S'R. However, becausehe imaginarypartsof (f.g) areordersof
magnitudesmallerthanthe real parts,it is a goodapproximationto usethe Coulombfunctionsat real
enepgies. It is importantto note that this approximationis only good at small radii; asr is increased,
theimaginarypartsof f andg eventuallyovertale thereal parts. Thus,by keepingthe matchingradius
small(rg ~ 10 a.u.),thecomplicationf calculatingthe Coulombfunctionsat complex enegiescanbe
avoided.
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onthematchingsurface:

lmax = 4/ 218 (E + %) - % (4.21)
However, all of theseN, = [, channelsarenot neededxplicitly in theformulafor the photoabsorp-
tion crosssection,Eq. (3.28). This is becauséhe shortrangeparametersl and S usedin the cross
sectionaretypically trivial (0 or 1) beyondthefirst few channelsFor example,in Li thequantundefects
areu, = 0.4 andp, = 0.04; all othersaresmallerthan0.01. As Harmin[83] hasshawn, the “extra”
channelsn S'® canbeeliminatedusingthetoolsof quantum-defedheory Thisis desirablebecause¢he
wavefunctionin theseweakly closedchanneldbecomesxponentiallylarge at smalldistancesLabeling

the unwantedchanneldy the subscript'x” (for extra) andthoseto be maintainedby the subscript'p”

(for physical),S"R canbewrittenin a partitionednotation,

LR LR
§PP ﬁpl‘

SR — , (4.22)
SLR SLR
=Ip =TT

wherethe total dimensionof S*} is N, = N,, + N,.. The physicallong-rangeS-matrix S"*:P™ having

dimensionV,, canbefoundin termsof the partitionsof theraw S-matrix, Eq. (4.23):
LR,phys _ @LR LR LRy ~1 oLR

The advantageof usingthis smallerS-matrix S“*P™sis thatit shavs a wealer dependencen
the matchingradiusr, thanthe raw S-matrix SR. It is important,however, to notethatboth S-R-PYs
and S'R give identicalphotoabsorptiormrosssectionsvhenusedin Eq. (3.28). In addition,while both
theseS-matricesdependveaklyonry, thetotal photoabsorptioerosssectionis foundto beindependent
of ro. It is oftenusefulto studythe long-rangeS-matrix directly ratherthanthe total photoabsorption
crosssection.Whenthis type of analysigs performedjt is moresensibleo useS-RPYSwhichis nearly
independenof theradiusrg. In fact, for theremaindeof this thesis,| will alwaysuseS-RP™swhenan

accuratequantumsS-matrix is neededthe superscriptphys” will subsequentlypedropped.
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4.1.3 Scaledvariable S-matrices

This sectionhasdescribeda methodfor calculatingthelong-rangeS-matrix for themotionof an
atomicelectronat enegy E in a staticmagneticfield of strengthB. In mostcaseshowever, it is more
usefulto studythe physicsof suchan electronusingthe scaledvariablesdiscussedn the Introduction
andAppendixA. In thisapproachthe crosssectionand S-matricesarestudiedat a fixed scaledenegy
e = FB~?/3 asafunctionof thescalednagnetidield w = 27 B~1/3. A simplevariabletransformation

of thenumericallycalculateds'? (E, B) givesthe neededscaledvariableS-matrix S™% (e, w):

S5 (e,w) = ST (B (e,w, ), B (e, w)), (4.24)
Vo (2 (Ll |
E(e, w) (52 (1 i2 ww>, (4.25)
Ble,w) = (%) . (4.26)

This rescalinggenerates crosssectiono (e, w) and S-matrix S'R(e, w) in the w domainthat has
beenprecovolvedwith a Lorentzianof width Aw. | emphasizéhatunlike otherquantummechanical
methodg[75] of calculatingthe scaledphotoabsorptiortrosssection,no recastingof the Schrodinger
equationis neededn my approachthe enegy andmagneticfield of Egs.(4.25)and(4.26)aresimply

usedin the R-matrix calculationsdescribedabore.

4.2  Recurrencesn the guantum S-matrix

My choiceof usingscatteringnatricego describehe motionof anatomicelectronin anexternal
magneticfield is basedon two importantpoints. First, the S-matricesS*R and S°°" containall of the
importantphysicsof the electron.Secondafterthey have beencalculatedtheseS-matricescanbeused
to gainphysicalinsightaboutthe electrons motion. In this chapterthe necessargetailsfor calculating
thelong-rangeS-matrix SR (e, w) have beengivenfor anatomin a staticexternalmagnetidield. In this
final section calculationsof QLR(w) arepresentedhatimplementthis approach.

The calculationgpresentedherearegivenin termsof the scaledvariablesof AppendixA. Thus,

thescatteringmatrix S (w) hasbeencalculatecat afixedscaledenegy e asafunctionof the“enemgy’-
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like scaledvariablew. In the spirit of closed-orbittheory theseaccurateguantumS-matricesarethen
Fouriertransformednto the scaledactiondomain. Theinformationcontainedn the Fouriertransform
of the matrix elementShR (w) is bestpresentedn termsof the recurrencestrengthR(S). | definethe
recurrencestrengthR(S) of somew-domainfunction f(w) in the intenval [w;, ws] asthe windowed

Fouriertransform:

/W f(w)e_igwe_(w_w")z/(%)dw , (4.27)

where§ = (w; + wsy)/6 andwg = (w1 + w2)/2. Thewindowing functionexp(—(w — wo)?/(29)) is
usedto eliminateartificial sidepeaksn therecurrencetrength Notethatmy definitionof R(S) involves
the absolutevalue of the Fouriertransformratherthanabsolutevaluesquarecassomeresearchersse.
This choiceaccentuatesmallerfeaturesin the recurrencestrengththat are diminishedwhenthe result
of the Fouriertransformationn Eq. (4.27)is squared.

First, calculationsof the long-rangeS-matrix SR (w) at a scaledenegy of e = —0.7 arepre-
sented At this scaledenengy, the classicadynamicsaremostlyregular(seeFig A.1, AppendixA). This
resultsin relatively few quanturmpathscontributing to thelong-rangeS-matrix. By plotting theelements
of SR in boththe w domain(Fig. 4.3)andin the Fourierdomain(Fig. 4.4) themostimportantquantum
mechanicapathsof the electroncanbe “seen’ First, Fig. 4.3 shavs thereal partof the matrix element
SER(w) asafunctionof thescaledield w. This matrix elemenshaws oscillationswith w, indicatingthat
afew featuredn thescaledactiondomainarecontrollingthelong-rangeS-matrix. Thecalculationgre-
sentedn Fig. 4.4confirmthepresencef theshortactioncontributionsto the S-matrix. Here theFourier
transforms(recurrencestrengths)f the quantitiesie (S5 (w)), Re (S5R(w)) and Re (S5 (w)) over
therangew = 100 — 500 areshawn. All of thesematrix elementshow strongrecurrencesit the same
scaledactions. This shaws that the samequantumamplitudescontritute to eachelementof SR ata
given scaledenegy. Of courseat this point, without borrowing the insightsof closedorbit theory it
would difficult to understandexactly to what the recurrencesn the matrix S'R correspond.The im-
portantpoint of theseaccuratequantumcalculationsis that the physicsof the long-rangeS-matrix is

controlledby a few featuresin the scaledactiondomain. The mostthat canbe said without invoking
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Figure4.3: Thereal partof an elementof S'® is shavn asa function of the scaledfield w. Here,a
low angularmomentunpieceRe (Sg (w)) of thelong rangeS-matrix is plottedat a scaledenegy of

e = —0.7, wherethe classicalmotion is mostly regular This matrix element,andthe othersin S*%,

provide a completedescriptionof the electrons motion asit scattersoff the long-rangeCoulomband
diamagneticpotential. This matrix elementwas calculatedusing the variational R-matrix methodof

this chaptey andhasbeenprecowolvedwith awidth Aw = 0.5 in the w domain. The mostimportant
featureof this figureis thatthe matrix elementoscillateswith w. High frequeng oscillationshave been
smoothedutwith the precomwolutiontechniqueleaving only thelargestscaleoscillationsvisible. As a
Fouriertransformof this matrix elementshows (seeFig. 4.4, panel(c)), theseoscillationsare dueto a
few quantummechanicapathsof the electronhaving shortscaledactions.The S-matrix shavn hereis
for anm = 0, evenparity electron.
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Figure4.4: The Fourier transformsor recurrencestrengths(R(S), Eq. (4.27)) of individual elements
of the long rangeS-matrix areshovn. As in Fig. 4.3, a scaledenegy of ¢ = —0.7 is usedhere. The

recurrencestrengthof the matrix elemeniplottedin Fig. 4.3 (Re (S5f (w))) is shavn in the lower panel
(c). Themiddle panel(b) andupperpanel(a) give therecurrencestrengthfor higherangulaiTmomentum
elements(Re (S5f(w)) and Re (S5%(w)) respectiely) of the samelong range S-matrix. All three
matrix elementsexhibit the samesharppeaksin the scaledaction domain,with only the amplitudes
varyingwith theangulamomentumThe semiclassicamethodsof thefollowing chaptercorrelatemost
of theserecurrencegpeakswith classicalclosedorbits of the electron. For instance the shortestaction

recurrencepeakin this graph,labeled R,, corresponddo the quasi-Landatorbit obsenedin the first

experimentsby Gartonand Tomkins[27]. The next longestaction peak (V1) is correlatedwith the

electrons motion parallelto the magneticfield. The contributionsof harmonicspr repetitions of these
two shortaction pathsare also seen. Becauseheseare recurrencestrengthsof an accuratequantum
S-matrix, someof the recurrencepeaksare nonclassicalMore specifically the peakslabeledwith the

letter“g” - for ghost- have noradially returningclassicaklosedorbitsassociateavith them.Again, the

S-matrix showvnis for anm = 0, evenparity electron.



70

the ideasof closed-orbittheoryis this: becausghe S-matrix elementsare quantummechanicabmpli-
tudesfor the electronto scatteroff the long-rangepotential the recurrencgpeaksin the elementof SR
correspondo differentquantummechanicapathsthat the electronhastakenin its scatteringprocess.
The semiclassicahpproximationf the following chapter(Ch. 5) will link thesequantumpathsto the
chaoticclassicaklosedorbits of theelectron.

Itis alsointerestingto seehow the recurrencestructuresn the long-rangeS-matrix evolve with
thescaledenengy e. In theclassicaimotionof theelectron this parametecontrolswhetherthedynamics
areregular (e < —0.9) or chaotic(e — 0). Figure4.5 shaws the recurrencestrengthof the quantity
Re (S5} (w)) atsevenscaledenegiesrangingfrom e = —0.9 —= —0.3. At thelower scaledeneuies,
the recurrencestrengthis dominatedby two shortaction quantumpaths(labeledR; andV; afterthe
closedorbitsthey representandtheir harmonics.As the scaledenepgy increasesadditionalrecurrence
peaksappear This proliferation of recurrencepeaksis one of the manifestationsof the underlying
classicakchaos.

One of the main advantageof having accuratequantumscatteringmatricesto analyzeis that
nonclassicapathscanbe detectedandstudied. A recurrencepeakis nonclassicalf thereis no classi-
cal closedorbit availableto explain the recurrence.ln the literature,thesenonclassicafeaturesin the
recurrencestrengthare often called ghostorbits. The mostcommonplaceto seetheir presences just
below the scaledenegieswherenew closedorbitsbifurcate. Then,theghostorbitscanbeviewedasthe
electrontunnelinginto an almostallowed classicaltrajectory In both Figs.4.4and4.5,1 have marked
thenonclassicaleatureswith theletter“g” - for ghost.Of coursetheonly way to distinguishbetweera
realorbit anda ghostorbit is to performa searchor classicaklosedorbits. Theresultsof suchasearch
is givenin AppendixB for scaledenegiesfrom e = —0.4 — 0.0. After the classicalsearchhasbeen
completedary recurrencepeaksin the quantums-matrix S-R having no correspondinglosedorbit can
belabeledasa ghostorbit.

This chapterhasshown thatit is possibleto calculateandstudyaccuratdong-rangeS-matrices
SR for the motion of an atomicelectronin an externalmagneticfield. While the techniquedor cal-

culatingthis S-matrix arefamiliar tools of atomictheory the useof complex enegiesto accomplisha
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Figure 4.5: Recurrencestrengthsof the matrix elementRe (S5} (w)) are plotted for multiple scaled
enegies. This shavs how the recurrencegpeaks(eachassociatedvith onequantumpath)evolve asthe
classicallynamicsof theelectronmake atransitionfrom beingregular(e = —0.9) to chaotic(e = —0.3).
Althoughtherecurrencestrengthshovn hereis from anaccuratevariational R-matrix quantumcalcula-
tion, the signature®of the underlyingclassicalchaoscanbe seenin the increasechumberof recurrence
peaksat higherscaledenegies. Semiclassicahpproximationscorrelatemostof the recurrencepeaks
in this figure with classicalclosedorbits of the electron. The threeshortestaction peaksare labeled
with the closedorbit to which they correspondAppendixB givesinformationabouttheseclosedorbits.
Nonclassicarecurrencepeaksthat are not relatedto arny closedorbit are marked with the letter“g” -
for ghost. The numberson the vertical axis give the valuesof the scaledenegy for eachscan. The
recurrencestrengthshave beenscaledo allow multiple scaledenegiesto be shovn on the samegraph.
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precorvolutionof the S-matrixis novel. In addition,usingscaledvariablesalongwith ideasfrom closed-
orbittheory therecurrences thelong-rangeS-matrixcanbestudied.Thisanalysisallowsthedetection
of nonclassicalpr ghost,orbits that contritute to the long rangephysics.In Ch. 6, it will be seenthat

theseghostorbitsplay a critical role in the semiclassicabhotoabsorptiogrosssection.| emphasiz¢hat

in previous quantumcalculationspnly the recurrencesf total photoabsorptiomrosssectionhave been
studied. My formulafor the photoabsorptiorrosssectionshows that the crosssectionis complicated
by multiple scattering®f the electronoff the long-rangeandcoreregions. Being ableto directly study
thelong-rangeS-matrix allows recurrence$o be studiedwithout the complicationsof themultiple scat-
teringeventthatmake up thecrosssection.Thefull interpretatiorof therecurrenceshowever, relieson

theintroductionof semiclassicaapproximationgo thelong-rangeS-matrix. The next chapterdevelops

suchapproximationsgain,for anatomicelectronin anexternalmagneticfield.



