
Chapter 4

Quantum scatteringmatrices

Chapters2 and3 have focusedon thebasicpropertiesof thescatteringmatrices
� LR and

� core,

andtheir relationshipto theobservablesof an atomin externalelectricand/ormagneticfields. Simple

formulasfor both the boundstatespectrum,Eq. (2.26), and the total photoabsorptioncrosssection,

Eq. (3.28),have beengiven in termsof these
�

-matrices.Clearly, for theseresultsto beusefulthe
�

-

matricesmustbecalculated.This chapterandthenext give thedetailsof how the long-range
�

-matrix

� LR canbecalculatedusingeithera fully quantummechanicalapproach(thischapter)or asemiclassical

approximationsimilar to closed-orbittheory(Ch.5).

At this point, it is worth reiteratingan importantpoint about the total photoabsorptioncross

section(3.28)derived in Ch. 3: it is an exact resultthat appliesto any multichannelatomin any con-

figurationof externalelectricandmagneticfields. This generalityof my approachis oneof its main

strengths.However, to explore the physicscontainedin the photoabsorptioncrosssection,it is useful

to specializeto a narrowerclassof experiments.Consequently, theremainderof thethesisconcentrates

on thepropertiesof a singlechannelatomin a static,externalmagneticfield. Oncethe
�

-matriceshave

beencalculatedfor this system,thephysicsof thephotoabsorptionprocesscanbestudied.

Forsinglechannelatoms,suchasthealkali-metalatoms,thecore-region
�

-matrixis parametrized

in termsof thequantumdefectsR ¸ [50]:

� core¸�¸ Ã ��p ¸�¸ Ã - Mw� ÓAò ó �
This is a standardresult from quantum-defecttheory and the quantumdefectsfor simple atomsare
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available in many articlesand books[96, 110]. While my formulation of the photoabsorptioncross

sectionappliesto multichannelatoms,thephysicsof core-scatteredpeaksin recurrencespectramustbe

understoodbeforethesedifficult casescanbe treated.Singlechannelatomsprovide an idealsettingto

explore corescatteringbecauseall of the effectsof the ionic coreareparameterizedby a few energy

independentquantumdefects.At this point, I only mentionthatfor multichannelatomsthecore-region

�
-matrix canbedeterminedusingwell understoodmethodsof quantum-defecttheory, & -matrix theory

andframetransformations[68]. Thesetechniquesareapplicableimmediatelyastheexternalfieldsare

canbe neglectedin the core-region. Also note that quantummechanicaleffectssuchasspin and the

Pauli exclusionprinciple make semiclassicalapproximationsmoredifficult for the core-region physics

encapsulatedin
� core.

The long-rangephysicspresentsmoreof a challengethan the short rangephysics. The main

difficulty is thatin this region,theelectronicHamiltonian,

Ï �ï� �E ; M �
�5 � �E c 4êlk �

�
� c M ù M � (4.1)

is nonseparablein two dimensions(ù �mú ). When an electronis highly excited, the two dimensional

Schrödingerequationof Eq.(4.1)mustbesolvedoveravastregionof configurationspace.Morespecif-

ically, below the ionizationthreshold,
� LR canbe determinedafter the Schrödingerequationis solved

in a sphericalshell boundedby the radii 576 � 5 � 5 æ ÿ < . Typically 576 is somewherein the matching

region 5Ç6 e � 
:� � 
�
 a.u.(Ch.2) and5 æ ÿ < is somewherewell beyondtheclassicalturningpoint of the

electronwherethewavefunctionhasdecayedto zero. A goodestimatefor thesizeof 5 æ ÿ < is givenby

theformula,

5 æ ÿ < e ?�ö M � (4.2)

where ö<� � ¶ Í ��E9� is the effective quantumnumberof the electron.As anexample,for a ö<�²E�
�

electron,the outerradius 5 æ ÿ < is an extraordinary120,000a.u. or

e ��R m. Besidesthe large region

of spacerequiredand the two-dimensional,nonseparableSchrödingerequationthat must be solved,

thereare two other difficulties in calculating
� LR. First, because

� LR is a strongly varying function

of the energy, the Schrödingerequationmustbe solved at every energy at which the crosssectionis
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desired.Second,becausethe preconvolvedcrosssectionrequires
� LR at complex energies �¼� !�. ¶ E ,

the solutionsof the Schrödingerequationwill be complex valued. This necessitatesthe costly useof

complex arithmeticin thenumericalimplementationof themethod.

While thesedifficultiesslow computationalefforts,no significantconceptualdifficultiesexist in

carryingoutthecalculationsof
� LR atcomplex energies.In fact,anumberof researchershaveperformed

similar calculations[71, 76] for diamagneticatomsusingthe time testedapproachof & -matrix theory

[111, 112, 113, 68]. My approachto calculating
� LR follows this previouswork with two differences.

First, to obtainthe preconvolvedcrosssectiondirectly from Eq. (3.28)variational & -matrix theory is

extendedto complex energies.Usually, the infinite resolutioncrosssectionis calculatedwith & -matrix

calculationson therealenergy axis,afterwhich theconvolvedcrosssectionis obtainedby a numerical

convolution. Becausemy preconvolved
�

-matrix approachfor the crosssectionrequirescalculations

at complex energies,it is generallyslower at calculatingthe infinite resolutioncrosssectionthanother

approaches.However, thecomplex energycalculationsdescribedin thischapterhaveadistinctadvantage

in obtainingthe convolvedcrosssection.Second,my treatmentis the first to packagethe solutionsof

theSchrödingerequationfor the long-rangeregion into an
�

-matrix. Most previouswork hasused & -

matricesinsteadof
�

-matricesfor this purpose.Themainadvantageof a long-range
�

-matrix is thatall

theinterpretivetoolsof semiclassicalapproximationscanbeusedto understandthephysicscontainedin

the
�

-matrix. This givesa simplepictureof the quantummechanicsassociatedwith the nonintegrable

electronicmotion. Interpretationof thelong range& -matrix is far lesstransparent.

Thischapterdevelopsthenecessaryextensionsof variational& -matrixtheoryneededto calculate

� LR at complex energiesfor anatomin anexternalmagneticfield. Thebasicideasof & -matrix theory

canbefoundin anumberof articlessothemorefamiliarpartsof thetheorywill only besketched.After

the methodfor finding
� LR hasbeendescribed,calculationsthat implementthis methodarepresented

anddiscussed.Themostimportantresultof thesecalculationsis that thephysicscontainedin theexact

quantummechanical
� LR canbe extractedusing the ideasof recurrencespectroscopy. Fourier trans-

formationof
� LR thenpermitsan identificationof themostimportantquantummechanicalpathsof the

electronasit scattersoff thelong-rangefields.



56

4.1 Variational ü -matrix approach

Calculationof the long-range
�

-matrix involvestwo steps.Thefirst is to solve theSchrödinger

equation,

4Ï ¦(' F� + ����¦:' F� + � (4.3)

in the long-rangeregion for the Hamiltonianof Eq. (4.1). After numericallong-rangesolutionsof

Eq. (4.3) areobtained,
� LR canbe determinedby a simplematchingprocedure.Both of thesesteps

canbecarriedoutusingvariational& -matrix theory. This techniquehasbeendeveloped[114, 115, 116]

asanextensionof the & -matrixtheoryof WignerandEisenbud[113]. In mostsituations,theSchrödinger

equation(4.3) is solved(for aboundstate)by imposingboundaryconditionsuponthewavefunctionand

thenfindinga discretesetof energy eigenvalues.In variational & -matrix theorythis procedureis turned

around: here,the energy is setbeforehandand the Schrödingerequationis solved in a volume � to

determinetheboundary conditions of thewavefunctionon thesurface
�

of thevolume.This informa-

tion abouttheboundaryconditionsof wavefunctionon thesurfaceis encodedin thenormallogarithmic

derivative �m$ of thewavefunctionon thesurface:

�m$�� n ¦n ð
�
¦ � (4.4)

Here, 4ð denotesthe outward unit vectornormalto the surface. The main tool of variational & -matrix

theoryis avariationalprinciplefor this logarithmicderivative(4.4).Thisprovidesanefficientalgorithm

for finding thewavefunction¦ andits logarithmicderivative �m$ on a givensurface
�

. In thefollowing

subsection,thedetailsof this approacharesketchedfor the long-rangemotionof anatomicelectronin

anexternalmagneticfield. After that, the long range
�

-matrix
� LR is extractedfrom theresultsof the

& -matrix calculation.

4.1.1 Solving the Schrödingerequation

The first stepin & -matrix theory is to identify the volume � (andsurface
�

) over which the

Schrödingerequation(4.3) mustbesolved. As mentionedbefore,for a calculationof
� LR, a spherical
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Long-Range
Region

matching
radius

Volume V

r~10 a.u.

r=some large
distance

Surface S

Figure4.1: Thisdiagramdepictsthevolume � of configurationspacein whichtheSchrödingerequation
mustbesolvedto find thelong-range

�
-matrix. Thevolumeis boundedby theradii 5 6 and5 æ ÿ < , where5 6 is somewherein thematchingregion and 5 æ ÿ < is a largedistancebeyondtheclassicalturningpoint

of theelectron.TheHamiltonianin this volume,Eq. (4.1), involvesboththeCoulombanddiamagnetic
potentials.
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shellboundedby theradii 5Ç6 (in thematchingregion) and 5 æ ÿ < (somelargedistancewherethewave-

functionhasdecayedto zero)is appropriate.Thesurface
�

of this volumehastwo parts:a sphere
� ¤

at

5 � 576 having 4ðï��� 45 anda sphere
� M at 5 � 5 æ ÿ < having 4ðb� 45 . This volumeusedin the & -matrix

calculationsfor
� LR is depictedin Fig. 4.1.

Thestandardformulasof variational& -matrix theory[68] applyto thiscasewithoutmajormod-

ifications. This techniquebegins with a variationalprinciple, first derived by Kohn [117] andlater by

Greene[116], for thelogarithmicderivative �m$ of thewavefunction¦ on thesurface
�

,

$Ú� E H �Ú¦ 
 '���� 4Ï + ¦�� H � ¦ 
�oqpo
r

H � ¥ ¦:¥ M � (4.5)

As statedabove, the energy � of the electronis a parameterin this equationandhasa complex value

of ���`!&. ¶ E to accomplishtheenergy preconvolutionof thecrosssection.Hereandelsewhere,I usea

flexible notationwhereat times � is thefull complex valuedenergy (asin Eq. (4.5))andat othertimes

� is only therealpartof theenergy (implied in ���ñ!�. ¶ E ). Thecontext will determinewhich of these

meaningsis appropriate.

As is trueof theRayleigh-Ritzvariationalprinciplefor theboundstateenergiesof aHamiltonian,

thevariationalprinciple for $ (4.5) canbeconvertedto a generalizedeigenvalueproblem.This is done

by expandingthe õ th linearly independentwavefunction¦ ø ' F� + in a setof Þ basisfunctionsr Ó ' F� + and

undeterminedcoefficients ¬ ÓAø :

¦ ø ' F� + �
�5
�
Ó > ¤ r Ó ' F

� + ¬ Óìø � (4.6)

Theresultingeigensystem,

. F¬ ø ��$ ø^s F¬ ø � (4.7)

is written in termsof thematrices

. ÓAè �8E tur 
Ó ' F� + ��� 4Ï r è ' F� + H �ï� + r 
Ó ' F
� + n r è ' F� +n ð H �

(4.8)

and

s�Óìè � + r 
Ó ' F
� + r è ' F� + H � � (4.9)



59

It is importantnot to confusethe matrix . with the smoothingwidth . , which is alwaysa scalar. As

usual,the factor
� ¶ 5 is usedin the wavefunctionof Eq. (4.6) to eliminatethe first derivatives

n ¶ n 5 in

theHamiltonianoperator 4Ï in Eq.(4.8).Thisexplicit
� ¶ 5 factorin thewavefunctionhasthreeauxiliary

effectsontheaboveexpressions.First,theinfinitesimalvolumeelement
H � in Eq.(4.8)nolongerhasthe

usual5 M factorfoundin sphericalpolarcoordinates,sothat
H �³� H 5 H 3 H Ü } !�� 3 . Second,thelogarithmic

derivative in Eq.(4.7) is definedwith respectto 5 ¦ ø ratherthansimply ¦ ø :
�m$ ø �

n ' 5 ¦ ø +n ð
�5 ¦ ø � (4.10)

Third, the radial part of the kinetic energy operatorin 4Ï hasthe form �(' � ¶ E + H M ¶ H 5 M . Solving the

eigensystemof Eq. (4.7) yields the logarithmicderivative $ ø (4.10)andthecoefficient matrix ¬ Óìø (4.6)

of the õ th linearly independentsolutionof theSchrödingerequationin thevolume � .

While theeigenvaluesystemfor $ ø � Eq. (4.7), canbesolveddirectly, a moreefficient approach

is to partition the matrices. and s into openandclosedsubspaces[68]. Theopensubspace,denoted

by a subscript“o,” consistsof the few '_Þ v + basisfunctionsthatarenonzeroon the surfaceat 5Ç6 � The

remainingÞ � �BÞs�bÞ v basisfunctions,denotedby thesubscript“c”, arezeroon this boundaryand

makeup theclosedsubspace.In thispartitionednotation,theeigensystem,Eq.(4.7),becomes,

. ��� . � v
. v � . vqv

F¬ � ø
F¬ v ø

�v$ ø 
 


 s vqv

F¬ � ø
F¬ v ø

� (4.11)

This leadsto a smalleigensystemin theopensubspacefor thelogarithmicderivative $ ,
Ý v0v F¬ v ø ��$ ø s vqv F¬ v ø � (4.12)

wherethematrix Ý vqv �u. vqv �w. v � . � ¤��� . � v requiresa calculationof theinverse. � ¤��� in thelargerclosed

subspace.Thecomputationaladvantageof this partitionednotationis that the productx ��� �y. � ¤��� . � v
canbefoundasthesolutionof thelinearsystem,

. ��� x � v �z. � v � (4.13)

All of theseresultsarestandardformulasin variational & -matrix theory. Theonly modificationthatmy

calculationsrequireis thatthematrix . , definedin Eq.(4.8)andusedin Eqs.(4.11-4.13),is evaluatedat

complex energies �<�]!�. ¶ E , sothatthefinal eigenvectorsF¬ ø andlogarithmicderivatives $ ø arecomplex.
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An importanttechnicaldetail in solving the & -matrix equationsis the choiceof an appropriate

set of basisfunctions r Ó ' F� + � To calculatethe long-range
�

-matrix
� LR, I use

ê
sphericalharmonics

å ¸�æ '�3.�JÜ + for the angulardegreesof freedomand
í

basissplines c u ' 5 + [118] for the radial degreeof

freedom:

r Ó ' F� + � å ¸ æ '_3.�mÜ + c u ' 5 + �

#o��{m
9�2E��m�J�m���2E ê �XE +?| ' evenparity
+ �

#$�}{ � �2?��m�J�m���2E ê � � | ' oddparity
+ �

� ��{ � �m�J�m��� í~| �

!���{.# ���<� � | ��{ � �J�m�m�Ò�JÞ¨� ê í~| �
Only onevalueof � is presentin theexpansionof thewavefunctionbecausetheHamiltonian,Eq.(4.1),

is symmetricunderrotationsaboutthe ú -axis. And, becausespin-orbit andhyperfineeffectsarene-

glected,the Hamiltonian(4.1) is invariantunderthe parity operationúDC ��ú so thatonly oddor else

only evenparity sphericalharmonicsareneeded.Thesphericalharmonicsareconvenientbecausethey

alsoserveaschannelfunctionson thesphereat 5 � 5Ç6 , wherethephysicsis purelyCoulombic.

The basis(or B) splinesarea convenientsetof locally definedfunctionsthat canrepresentthe

radialpartof thewavefunction.Here,only their propertiesthatarerelevantfor solvingtheSchrödinger

equationfor the caseat handarepresented.The readeris referredto the text of de Boor [118] for a

formaldiscussionof theirmany mathematicalproperties.Examplesof theirusein atomicphysicscanbe

foundin thearticleof SapirsteinandJohnson[119]. For theradialwavefunction,asetof
í

B-splinesof

order ½ is used.Thesesplines,which arepolynomialsof order ½ locally, aredefinedon aradialmeshof

Þ × pointson theinterval
� 5 6 � 5 æ ÿ < � . Giventhenumberof meshpoints Þ × andtheorderof spline ½ , the

numberof splinesis constrainedto be
í ��Þ × �D½l� � . Thedetailsof thesplinesaredeterminedby how

thesetof meshpointsis chosen.I usea conventionwherethemeshpointsat the limits of the interval
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arerepeated½ times. With this choice,thereis a singlesplinenonzeroat eachboundary( c ¤ ' 576 + � �
and c���' 5 æ ÿ < + � � ), andall othersarezeroat 576 and 5 æ ÿ < . Theadvantageof choosingthesplinesin

this manneris thattheboundaryconditionson thewavefunctionat 576 and5 æ ÿ < canbeimposedwithout

difficulty. Below threshold,thewavefunctionmustvanishat theouterradius5 æ ÿ < . This is accomplished

by excludingthelastspline c�� from theexpansionof thewavefunction.At theinnerboundary576 there

aretwo possibilities.For channelsin theclosedsubspace,thewavefunctionis zeroonthesurface5 � 576
sothat thenonzerospline c ¤ is againexcludedfor thesechannels.However, in theopenchannels,this

splinemustbekeptto representfinite valuesof thelogarithmicderivatives $ ø on thesurface.

This choiceof basisfunctionsleadsto an efficient methodof solving the large linear system,

Eq. (4.13),andthe smallereigensystem,Eq. (4.12),of & -matrix theory. This is the casebecausethe

sphericalharmonicsand B-splineslead to a highly bandedmatrix structurefor the large matrix . ��� .
Theonly termin theHamiltonianthatis nondiagonalin thesphericalharmonicbasisis thediamagnetic

term
¤
Ö c M 5 M } !�� M 3 , which couplesangularmomentum# to #o»UE . The angularmatrix elementsof the

diamagnetictermcanbeworkedout analyticallyin termsof the6j coefficients[120]:

#ç� } !'� M 3 # º � � E ? p ¸�¸ Ã ��'_� � + æ 'ÕE9#*� � + 'ÕE9# º � � + # # º E

 
 


# # º E
�l� � 
 �

Theradialmatrixelementsin . (4.8)ands (4.9)involveintegralsovertheB-splinesandtheirderivatives.

ThesematrixelementsarecalculatednumericallyusingGaussianquadrature.Thevaluesof theB-splines

andtheir derivativeneededfor theintegralscanbegeneratedrapidly usingtheFortranroutineslistedin

thetext of deBoor [118]. Most importantly, for ½ th ordersplines,eachsplineoverlapswith only ½(� �
othersplines.Thesepropertiesof thesphericalharmonicsandB-splinesleadto amatrix . ��� with a total

bandwidthof V í �©E9½÷�©� . Thus,even thoughthe matrix . ��� is of order
ê � í , the linear system

involving this matrix,Eq. (4.13),canbesolvedefficiently usingthebandedmatrix routinesfoundin the

LAPACK Fortranlibrary [121].

In numericaltestsI have foundthat for anelectronat energy �Ê�³� � ¶ E�ö M using ö ¶ E spherical

harmonicsof a given parity ' ê �¨ö ¶ E + and V9ö B-splines ' í �BV9ö + givesabout4 digits of accuracy

in the long-range
�

-matrix. Almost always,B-splinesof order ½<�¼� aresufficient. Theseguidelines
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for picking thenumberof basisfunctions(andtheorderof splines)leadsto a closedsubspaceof order

Þ � e E9ö M anda total bandwidthof
� �9ö]�<E9½]�U� for thematrix . ��� . As anexample,for ö �>��
 , the

solutionof thelargelinearsystem,Eq.(4.13),ateachenergy takes
e ?�
 secondsof CPUtimeand

e � ��

Mb of memoryon a 633 Mhz CompaqAlpha workstation. Becausethe opensubspaceis typically of

order Þ v e �]� � 
9� thesmalleigenvalueproblem,Eq. (4.12),takesonly a fractionof a second.Next I

describehow thelong-range
�

-matrix
� LR canbefound,oncethe & -matrixequationshave beensolved

to give $ ø and ¬ Óìø .

4.1.2 Finding the
�

-matrix

Solutionof the & -matrix equationsabove constitutesthe main computationalwork involved in

calculatingthe long-range
�

-matrix. Oncethesecalculationshave beenperformed,the multichannel

radialwavefunction ß ÓAø ' 5 + on thesurface5 � 5Ç6 takesthesimpleform:

ß Óìø ' 576 + �b¬ Óìø � (4.14)

Furthermore,this form of thewavefunction(4.14),alongwith thedefinitionof thelogarithmicderivative

�m$ ø (4.10)yieldstheradialderivativeof thewavefunctionon theboundary:

n ß ÓAø ' 5 6 +n 5 ��¬ ÓAø $ ø � (4.15)

whereonemusttake into accountthat 4ð³� � 45 on the surface5 � 5Ç6 to get this result. As described

in Ch. 2,
� LR emergeswhen this numericallydeterminedsolution is matchedto the

�
-matrix state,

Eq. (2.18):

y LR ' 5 + � �
! Í E 
 � ' 5 +�� LR �L
 · ' 5 + � (4.16)

In thematchingregion,wheretheelectronmovesin apureCoulombpotential,thenumericalwavefunc-

tion, Eq. (4.14), canbe written in termsof the Coulombfunctions '_
�·¸ �m
 �¸ + andconstantcoefficient

matrices
í

and
î

(seeEq.(4.17)):

ß ÓAø ' 576 + ��¬ ÓAø �
�
! Í E 
 ·Ó ' 576 +�í ÓAø �L
 �Ó ' 576 +�î ÓAø � (4.17)
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TakingtheWronskianof this wavefunction(4.17)with 
�·Ó ' 5 + and 
 �Ó ' 5 + givesthecoefficient matrices

í
and

î
in termsof the & -matrix solutionmatrix ¬ ÓAø :

í ÓAø � �Ô M W 
 ·Ó �J¬ ÓAø ×&% � tÍ E 
 ·Ó ' 5 6 + $ Óìø �L
 · ºÓ ' 5 6 + ¬ Óìø � (4.18)

î ÓAø � �Ô M W 
 �Ó �m¬ ÓAø ×&% � tÍ E 
 �Ó ' 5 6 + $ ÓAø �L
 � ºÓ ' 5 6 + ¬ ÓAø � (4.19)

Finally, thelong-range
�

-matrix canbewritten in termsof thesenumericalcoefficients,Eqs.(4.18)and

(4.19):

� LR � í î � ¤ � (4.20)

I emphasizethatall of thequantitiesin theabovediscussion( $ ø , ¬ ÓAø , í Óìø and
î ÓAø ) arestronglyvarying

functionsof boththemagneticfield c andthecomplex valuedenergy �<�]!�. ¶ E . Thus,thisentireproce-

duremustberepeatedateachenergy. In principle,theCoulombfunctions '�
�·¸ �J
 �¸ + andtheirderivatives

in Eqs.(4.18)and(4.19)mustalsobeevaluatedatcomplex energies.However, at themoderatedistances

in the matchingregion (
� 
 � 5Ç6 � � 
�
 ) the Coulombfunctionsat complex energiescanbe approxi-

matedby their valueson therealenergy axiswithout any sacrificein theaccuracy in thefinal
�

-matrix,

Eq. (4.20). A justificationof this approximationis given in Fig. 4.2,which plots the regularandirreg-

ular Coulombfunctionsat a complex energy typical of what is requiredfor the preconvolution of the

�
-matrix andcrosssection.Theuppergraphshows the imaginarypartsof '_
���� + � which vanishat real

energies.Becausetheseimaginarypartsareordersof magnitudesmallerthattherealpartstheCoulomb

functions 
 ¹ ��'_�l� »ñ!"
 +_¶�Í E in thematchingregion canbecalculatedon therealenergy axis. How-

ever, if thecomplex energy Coulombfunctionsareneeded,they canbecalculatedwith formulasgiven

by Robicheaux[105].

Onefinal detail aboutthenumericallycalculated
� LR needsto beaddressed.A certainamount

of flexibility exists in how the dimensionalityof
� LR is chosen. When

� LR is initially calculated,it

must includeall of the channelsthat are locally open(classicallyallowed) andweakly closedon the

surfaceat 5 � 576 . Thisnumberof channelsÞ v determinesthesizeof theopensubspacein the & -matrix

calculationsandis typically a few morethanthemaximumclassicalallowedangularmomentum# æ ÿ <
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Figure4.2: Thereal (bottom)andimaginary(top) partsof the regular (solid line) andirregular (dotted
line) Coulombfunctions( 
��_� ) areplottedatacomplex energy �³�ï��
9� 
�
�
����÷
�� �]� � 
��� 2! andangular
momentum#�� �

. On the real energy axis, thesetwo Coulombfunctionsarereal-valued. This figure
shows that when the energy is complex, theseCoulombfunctionsdevelop small imaginarypartsthat
increasewith the radius 5 . The traveling wave Coulombfunctionsusedin Eqs. (4.18) and (4.19) to
find the long-range

�
-matrix arerelatedto thesefunctionsthroughthe relation 
 ¹ �Ê'_�l�Ë»Ì!"
 +_¶�Í E .

Technically, thecomplex energy Coulombfunctionsshown in this figureshouldbeused(through 
 ¹ +
to find the preconvolved

�
-matrix

� LR. However, becausethe imaginarypartsof '�
��_� + areordersof
magnitudesmallerthanthe real parts,it is a goodapproximationto usethe Coulombfunctionsat real
energies. It is importantto notethat this approximationis only goodat small radii; as 5 is increased,
theimaginarypartsof 
 and � eventuallyovertake therealparts.Thus,by keepingthematchingradius
small(5Ç6 e � 
 a.u.),thecomplicationsof calculatingtheCoulombfunctionsatcomplex energiescanbe
avoided.
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on thematchingsurface:

# max � E 5 M6 �ï� �5Ç6 � �E � (4.21)

However, all of theseÞ v e # æ ÿ < channelsarenot neededexplicitly in theformulafor thephotoabsorp-

tion crosssection,Eq. (3.28). This is becausethe shortrangeparametersFH and
� core usedin thecross

sectionaretypically trivial (0 or 1) beyondthefirst few channels.For example,in Li thequantumdefects

are RGS÷��
�� V and R u ��
�� 
�V ; all othersaresmallerthan 
9� 
 � . As Harmin [83] hasshown, the “extra”

channelsin
� LR canbeeliminatedusingthetoolsof quantum-defecttheory. Thisis desirablebecausethe

wavefunctionin theseweaklyclosedchannelsbecomesexponentiallylargeat smalldistances.Labeling

theunwantedchannelsby thesubscript“x” (for extra) andthoseto bemaintainedby thesubscript“p”

(for physical),
� LR canbewritten in a partitionednotation,

� LR �
� LRuwu � LRu <
� LR< u � LR<G< � (4.22)

wherethetotal dimensionof
� LR is Þ v �>Þ u �UÞ < . Thephysicallong-range

�
-matrix

� LR
�
phys having

dimensionÞ u canbefoundin termsof thepartitionsof theraw
�

-matrix,Eq. (4.23):

� LR
�
phys � � LRuwu � � LRu < � � � LR<G< � ¤ � LR< u � (4.23)

Theadvantageof usingthis smaller
�

-matrix
� LR

�
phys is that it shows a weaker dependenceon

the matchingradius576 thanthe raw
�

-matrix
� LR. It is important,however, to notethatboth

� LR
�
phys

and
� LR give identicalphotoabsorptioncrosssectionswhenusedin Eq. (3.28). In addition,while both

these
�

-matricesdependweaklyon 5 6 , thetotalphotoabsorptioncrosssectionis foundto beindependent

of 5 6 . It is oftenusefulto studythe long-range
�

-matrix directly ratherthanthe total photoabsorption

crosssection.Whenthis typeof analysisis performed,it is moresensibleto use
� LR

�
phys which is nearly

independentof theradius5 6 . In fact,for theremainderof this thesis,I will alwaysuse
� LR

�
phys whenan

accuratequantum
�

-matrix is needed;thesuperscript“phys” will subsequentlybedropped.
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4.1.3 Scaledvariable
�

-matrices

Thissectionhasdescribedamethodfor calculatingthelong-range
�

-matrix for themotionof an

atomicelectronat energy � in a staticmagneticfield of strengthc . In mostcases,however, it is more

usefulto studythe physicsof suchanelectronusingthe scaledvariablesdiscussedin the Introduction

andAppendixA. In this approach,thecrosssectionand
�

-matricesarestudiedat a fixedscaledenergy

= ���(c�� Mwe0g asafunctionof thescaledmagneticfield %B�8EPt,cd� ¤ e0g . A simplevariabletransformation

of thenumericallycalculated
� LR '_�(�mc + givestheneededscaledvariable

�
-matrix

� LR ' = �_% + :
� LR ' = �_% + � � LR '_�8' = ��%�� + �JcL' = ��% +0+ � (4.24)

�]' = �_% + � = E.t%
M � �ñ!_E \]%% � (4.25)

c�' = �_% + � EPt%
g � (4.26)

This rescalinggeneratesa crosssection @ � i ' = ��% + and
�

-matrix
� LR ' = �_% + in the % domainthat has

beenpreconvolvedwith a Lorentzianof width \]% . I emphasizethatunlike otherquantummechanical

methods[75] of calculatingthe scaledphotoabsorptioncrosssection,no recastingof the Schrödinger

equationis neededin my approach;theenergy andmagneticfield of Eqs.(4.25)and(4.26)aresimply

usedin the & -matrix calculationsdescribedabove.

4.2 Recurrencesin the quantum ü -matrix

My choiceof usingscatteringmatricesto describethemotionof anatomicelectronin anexternal

magneticfield is basedon two importantpoints. First, the
�

-matrices
� LR and

� core containall of the

importantphysicsof theelectron.Second,afterthey havebeencalculated,these
�

-matricescanbeused

to gainphysicalinsightabouttheelectron’smotion. In this chapter, thenecessarydetailsfor calculating

thelong-range
�

-matrix
� LR ' = �_% + havebeengivenfor anatomin astaticexternalmagneticfield. In this

final section,calculationsof
� LR '1% + arepresentedthatimplementthisapproach.

Thecalculationspresentedherearegivenin termsof thescaledvariablesof AppendixA. Thus,

thescatteringmatrix
� LR '1% + hasbeencalculatedatafixedscaledenergy = asafunctionof the“energy”-



67

like scaledvariable% . In thespirit of closed-orbittheory, theseaccuratequantum
�

-matricesarethen

Fourier transformedinto thescaledactiondomain.The informationcontainedin theFourier transform

of the matrix element
� LR¸�¸ Ã 'A% + is bestpresentedin termsof the recurrencestrength&('*)�,+ . I definethe

recurrencestrength &('*)�,+ of some% -domainfunction 
$'A% + in the interval
� % ¤ �_% M � as the windowed

Fouriertransform:

&('*)�,+ � i Ù
i�� 
$'1% + - � Ó�
+0i - � Ð i � i % Ñ Ù e Ð M���Ñ H % � (4.27)

where p �³'1% ¤ �`% M +_¶ � and % 6 �³'A% ¤ �`% M +_¶ E . Thewindowing function
�G]�� '_�('1%²�X% 6 + M ¶ 'OE9p +0+ is

usedto eliminateartificial sidepeaksin therecurrencestrength.Notethatmy definitionof &('*)�,+ involves

theabsolutevalueof theFourier transformratherthanabsolutevaluesquaredassomeresearchersuse.

This choiceaccentuatessmallerfeaturesin the recurrencestrengththatarediminishedwhenthe result

of theFouriertransformationin Eq. (4.27)is squared.

First, calculationsof the long-range
�

-matrix
� LR 'A% + at a scaledenergy of = �Ê��
��1N arepre-

sented.At thisscaledenergy, theclassicaldynamicsaremostlyregular(seeFig A.1, AppendixA). This

resultsin relatively few quantumpathscontributingto thelong-range
�

-matrix. By plottingtheelements

of
� LR in boththe % domain(Fig. 4.3)andin theFourierdomain(Fig. 4.4) themostimportantquantum

mechanicalpathsof theelectroncanbe“seen.” First,Fig. 4.3shows therealpartof thematrix element

� LR6q6 (w) asafunctionof thescaledfield % . Thismatrixelementshowsoscillationswith % , indicatingthat

a few featuresin thescaledactiondomainarecontrollingthelong-range
�

-matrix. Thecalculationspre-

sentedin Fig.4.4confirmthepresenceof theshortactioncontributionsto the
�

-matrix. Here,theFourier

transforms(recurrencestrengths)of the quantities&�- � LR6q6 'A% + , &�- � LRMqM 'A% + and &�- � LR/q/ '1% + over

therange% � � 
�
(�X��
�
 areshown. All of thesematrix elementsshow strongrecurrencesat thesame

scaledactions. This shows that the samequantumamplitudescontribute to eachelementof
� LR at a

given scaledenergy. Of courseat this point, without borrowing the insightsof closedorbit theory, it

would difficult to understandexactly to what the recurrencesin the matrix
� LR correspond.The im-

portantpoint of theseaccuratequantumcalculationsis that the physicsof the long-range
�

-matrix is

controlledby a few featuresin the scaledactiondomain. The mostthat canbe saidwithout invoking
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Figure4.3: The real part of an elementof
� LR is shown asa function of the scaledfield % . Here,a

low angularmomentumpiece &�- � LR6q6 'A% + of the long range
�

-matrix is plottedat a scaledenergy of= �ª��
��1N , wherethe classicalmotion is mostly regular. This matrix element,andthe othersin
� LR,

provide a completedescriptionof the electron’s motion asit scattersoff the long-rangeCoulomband
diamagneticpotential. This matrix elementwascalculatedusing the variational & -matrix methodof
this chapter, andhasbeenpreconvolvedwith a width \�%s�>
�� � in the % domain.Themostimportant
featureof this figureis thatthematrix elementoscillateswith % . High frequency oscillationshavebeen
smoothedout with thepreconvolutiontechnique,leaving only thelargestscaleoscillationsvisible. As a
Fourier transformof this matrix elementshows (seeFig. 4.4, panel(c)), theseoscillationsaredueto a
few quantummechanicalpathsof theelectronhaving shortscaledactions.The

�
-matrix shown hereis

for an �K�<
 , evenparity electron.
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Figure4.4: The Fourier transformsor recurrencestrengths( &(' )�l+ , Eq. (4.27)) of individual elements
of the long range

�
-matrix areshown. As in Fig. 4.3, a scaledenergy of = � ��
9�ON is usedhere. The

recurrencestrengthof thematrix elementplottedin Fig. 4.3( &�- � LR606 '1% + ) is shown in thelowerpanel
(c). Themiddlepanel(b) andupperpanel(a)give therecurrencestrengthfor higherangularmomentum
elements( &�- � LR/q/ 'A% + and &�- � LRMqM 'A% + respectively) of the samelong range

�
-matrix. All three

matrix elementsexhibit the samesharppeaksin the scaledaction domain,with only the amplitudes
varyingwith theangularmomentum.Thesemiclassicalmethodsof thefollowing chaptercorrelatemost
of theserecurrencepeakswith classicalclosedorbits of the electron. For instance,the shortestaction
recurrencepeakin this graph,labeled & ¤ , correspondsto the quasi-Landauorbit observed in the first
experimentsby Gartonand Tomkins [27]. The next longestaction peak( � ¤ ) is correlatedwith the
electron’smotionparallelto themagneticfield. Thecontributionsof harmonics,or repetitions,of these
two short actionpathsarealsoseen. Becausetheseare recurrencestrengthsof an accuratequantum�

-matrix, someof the recurrencepeaksarenonclassical.More specifically, the peakslabeledwith the
letter“g” - for ghost- havenoradially returningclassicalclosedorbitsassociatedwith them.Again, the�

-matrix shown is for an �;�8
 , evenparityelectron.
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the ideasof closed-orbittheoryis this: becausethe
�

-matrix elementsarequantummechanicalampli-

tudesfor theelectronto scatteroff thelong-rangepotential,therecurrencepeaksin theelementsof
� LR

correspondto differentquantummechanicalpathsthat the electronhastaken in its scatteringprocess.

Thesemiclassicalapproximationsof thefollowing chapter(Ch. 5) will link thesequantumpathsto the

chaoticclassicalclosedorbitsof theelectron.

Itis alsointerestingto seehow therecurrencestructuresin the long-range
�

-matrix evolve with

thescaledenergy = . In theclassicalmotionof theelectron,thisparametercontrolswhetherthedynamics

areregular ( = � ��
�� � ) or chaotic( = C 
 ). Figure4.5 shows the recurrencestrengthof the quantity

&�- � LR/q/ 'A% + at sevenscaledenergiesrangingfrom = �²��
9� �­C©�²��
�� ? . At thelower scaledenergies,

the recurrencestrengthis dominatedby two shortactionquantumpaths(labeled & ¤ and � ¤ after the

closedorbits they represent)andtheir harmonics.As thescaledenergy increases,additionalrecurrence

peaksappear. This proliferation of recurrencepeaksis one of the manifestationsof the underlying

classicalchaos.

Oneof the main advantagesof having accuratequantumscatteringmatricesto analyzeis that

nonclassicalpathscanbe detectedandstudied.A recurrencepeakis nonclassicalif thereis no classi-

cal closedorbit availableto explain the recurrence.In the literature,thesenonclassicalfeaturesin the

recurrencestrengthareoften calledghostorbits. The mostcommonplaceto seetheir presenceis just

below thescaledenergieswherenew closedorbitsbifurcate.Then,theghostorbitscanbeviewedasthe

electrontunnelinginto analmostallowedclassicaltrajectory. In bothFigs.4.4 and4.5, I have marked

thenonclassicalfeatureswith theletter“g” - for ghost.Of course,theonly way to distinguishbetweena

realorbit anda ghostorbit is to performa searchfor classicalclosedorbits.Theresultsof sucha search

is given in AppendixB for scaledenergiesfrom = �^��
9� VXC	
9� 
 . After the classicalsearchhasbeen

completed,any recurrencepeaksin thequantum
�

-matrix
� LR having nocorrespondingclosedorbit can

belabeledasaghostorbit.

This chapterhasshown that it is possibleto calculateandstudyaccuratelong-range
�

-matrices

� LR for the motion of an atomicelectronin an externalmagneticfield. While the techniquesfor cal-

culatingthis
�

-matrix arefamiliar toolsof atomictheory, theuseof complex energiesto accomplisha
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Figure 4.5: Recurrencestrengthsof the matrix element &T-.' � LR/0/ '1% +2+ are plotted for multiple scaled
energies. This shows how therecurrencepeaks(eachassociatedwith onequantumpath)evolve asthe
classicaldynamicsof theelectronmakeatransitionfrom beingregular( = ����
9� � ) to chaotic( = �ï��
�� ? ).
Althoughtherecurrencestrengthshown hereis from anaccuratevariational & -matrixquantumcalcula-
tion, thesignaturesof theunderlyingclassicalchaoscanbeseenin the increasednumberof recurrence
peaksat higherscaledenergies. Semiclassicalapproximationscorrelatemostof the recurrencepeaks
in this figure with classicalclosedorbits of the electron. The threeshortestactionpeaksare labeled
with theclosedorbit to which they correspond.AppendixB givesinformationabouttheseclosedorbits.
Nonclassicalrecurrencepeaksthat arenot relatedto any closedorbit aremarked with the letter “g” -
for ghost. The numberson the vertical axis give the valuesof the scaledenergy for eachscan. The
recurrencestrengthshavebeenscaledto allow multiple scaledenergiesto beshown on thesamegraph.
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preconvolutionof the
�

-matrix is novel. In addition,usingscaledvariablesalongwith ideasfrom closed-

orbit theory, therecurrencesin thelong-range
�

-matrixcanbestudied.Thisanalysisallowsthedetection

of nonclassical,or ghost,orbits that contribute to the long rangephysics. In Ch. 6, it will be seenthat

theseghostorbitsplayacritical role in thesemiclassicalphotoabsorptioncrosssection.I emphasizethat

in previousquantumcalculations,only therecurrencesof total photoabsorptioncrosssectionhave been

studied.My formula for the photoabsorptioncrosssectionshows that the crosssectionis complicated

by multiple scatteringsof theelectronoff thelong-rangeandcoreregions.Beingableto directly study

thelong-range
�

-matrixallowsrecurrencesto bestudiedwithout thecomplicationsof themultiplescat-

teringeventthatmakeup thecrosssection.Thefull interpretationof therecurrences,however, relieson

theintroductionof semiclassicalapproximationsto thelong-range
�

-matrix. Thenext chapterdevelops

suchapproximationsagain,for anatomicelectronin anexternalmagneticfield.


