Chapter 2

Time independentscattering matrices and quantization

Much of atomicphysicsinvolvesscatteringprocessesTraditionally, scatteringnvolvesthe con-
tinuumstatesf particlesthatcollide atarelatve enegy £ > 0. However, thetoolsof scatteringheory
arealsousefulin treatingboundstatephysics.This chapterdescribeow scatteringheory andscatter
ing matricesin particular canbe extendedto treatthe bound(F < 0) andcontinuum(E > 0) statesof
anatomicelectronin externalelectromagnetifields.

Theuseof scatteringnethoddo unify boundandcontinuumphysicsis notnew. Quantum-defect
theorywasdeveloped,beginningin the 1950s,by Seaton85, 86, 87, 88] to describethe interactionof
anelectronwith apositiveion. Whentheinteractionof theelectronwith the positive ion is encapsulated
in a scattering(or .S) matrix, diversephenomenauchas photoabsorptionautoionization electron-ion
scatteringand dielectronicrecombinationof atomscan be treatedwithin the sameframewnork. The
S-matricesintroducedin this chapterand usedthroughoutthe following chaptersrely heavily on the
conceptandmethodsf quantum-defedheory Becausef this, | begin by reviewing therelevantparts
of quantum-defectheory A morethoroughintroductionto quantum-defectheorycanbe foundin a
numberof review articles[50, 68].

After therelevanttoolsof quantum-defedheoryhave beenintroduced,S-matricesfor thetreat-
mentof atomsin externalfields emege with a few simple extensions.The emphasisn this chapteris
on the basicdefinitionsandpropertiesof theseS-matricesandthe physicalpictureuponwhich they are
built. The detailsof haw the S-matricescanbe calculatedare delayeduntil later chapters.Oneof the

centralresultsof this thesisis the derivation of semiclassicahpproximationgor the S-matriceg(Ch. 5).
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However, unlessotherwisenoted,all of theformulasandderivationsin this chaptemwill be exactresults.
It is importantto shov how exact, quantummechanicakxpressiongor obsenablessuchasthe bound
stateenegiesandthephotoabsorptiogrosssectionof atomsin externalfieldscanbederivedin termsof
the S-matrices.Evenbeforesemiclassicahpproximationsareintroduced,muchphysicalinsight about
thesenonintegrablesystemscan be gainedby phrasingeverythingin termsof the S-matricesof this
chapter

Sectionl reviews the neededools of quantum-defectheory Section2 extendsthe resultsof
guantum-defectheoryto includethe effectsof externalfields appliedto the atom. Section3 concludes

with ashortdiscussiorof theresultsof Sec.2.

2.1  Quantum defecttheory

Quantum-defeaheory(QDT) reliesonmary of thesameconceptastraditionaltime-independent
scatteringheory[89]. Themostimportantof theses theasymptotiaregion. Whentwo particlescollide,
mostof thecomplicatecphysicsoccurswhentheparticlesarevery closeto eachother Typically, outside
this complicated‘interaction” region, the physicsbetweerthe particlessimplifiesgreatly For instance,
when an electroncollides with a positive ion, the complicatedmary body dynamicsbetweenthe ap-
proachingelectronand the particlescomprisingthe ion can be neglectedwhenthe electronis farther
thanabout10-20Bohrradii away. Beyondthis distancehelong-rangeslectron-ioninteractionis simply
a sphericallysymmetricCoulombpotential. The word “asymptotic” reflectsthe usualcaseof particles
colliding in the continuumwherethe physicssimplifiesasthe interparticleseparation- (alsocalledthe
fragmentatiorcoordinateYendsoff to infinity.

However, it is notnecessarjor thefragmentatiorcoordinatego approachnfinity to usethetools
of scatteringheory Rather scatteringheoryis usefulaslong asthe physicssimplifiesin someregion
of spacelt is this perspectie thatundegirdsthe succes®f QDT. Thatis, QDT useshefactthatwhen
an atomicelectronis in a highly excited boundstate,it spendsmostof its time far from the residual
ion in a pure Coulombpotential. Thus,in QDT two regions of spaceare identified. First, at small

distancegr < 10 a.u.)theelectroninteractsstronglywith the constituent®f theionic core.In thiscore
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regionthe complicatednteractionsetweerthe electronandtheionic core,including electron-electron
repulsionandthe Pauli exclusionprinciple,areimportant. Secondat largedistancegr > 10 a.u.)these
complicatedinteractionsare unimportantand the electronmovesin a pure Coulombpotential. This
constituteghe long-rangeor matching region Herethe full solutionsof the Schrédingerequationin
the coreregion are matchedo a simple form involving Coulombfunctions,channelfunctionsandthe

coreregion S-matrix S°°'.

2.1.1  Energy normalized Coulomb functions

Beforethe S-matrix canbedefined thepropertieof the Coulombfunctionsmustbeoutlined. As
Seatomointsout[50], “the wholeof quantum-defedheoryhingesonaknowledgeof theirmathematical

properties. TherelevantSchrodingeequationfor thesesolutions,

2 dr? 2r2

( 1d> ll+1) %) u(r) = Bu(r), (2.1)

is that of anelectronin anattractve Coulombpotential,wherethe first derivative with respecto r has
beeneliminatedby the substitutiony(r) = wu(r)/r. This second-ordelinear equationfor the Coulomb
function u(r) hastwo linearly independensolutions,which canbe chosenin a numberof ways. The
choiceusedin this paper(f,, f5,;) follows thatof [68] andleadsto an S-matrix formulationof QDT.
For brevity, the explicit enegy and! dependencef thesefunctionswill often be omitted. Theseand
alternatepairsof linearly independenCoulombfunctionshave beenstudiedin depthby Seator{50] and
by Greeneetal. [90, 91].

More detailsof theseCoulombfunctionscanbefoundin theabove referenceshut afew of their
moreimportantpropertiesarementionechere. The pair (f+, f~) areenegy normalized andobey the
traveling-wave boundaryconditions(f*(r) = +ik(r) f*(r) in aWKB [24] approximation)ypical of
scatteringheory However, it shouldberealizedthatfor negative enegies,thetraveling wave boundary

conditionshold only in the classicallyallowed regions; thesefunctionsdiverge exponentiallyat both

1 Two solutionsareenegy normalizedif <fgl|f;5,l> =6(E — E).
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r — oo andr — 0 whenE < 0. TheWronskiansof thesefunctions,
— o+ — o4/ —/ o+ 2i
W[fl 2 [y ] = [ =100 = (2.2)
W 5] = WAL AT =0, (2.3)

will be usedthroughouthis work. Thewidely usedregularandirregular Coulombfunctiong of QDT
(f, ) arerelatedto the pair (f*, f~) by therelation f* = (—g + if)/+/2. Becausehis thesisdeals

primarily with highly excited Rydbeg statestheir zero-enegy form [92],
fE@) — £irHGE (VB (B —0), (2.4)

will be useful. Furthermorewhen! is “small” andr is “large” the asymptoticforms of the Hankel

functionsin Eq. (2.4) canbeused[93]:

HQ(llfl)(\/g) — eFIVESQHD-T) (larger). (2.5)

T 8r

The semiclassicabpproximationglevelopedin later chapterswill usetheseapproximateforms of the

Coulombfunctions.Next the otherdegreesof freedomareaddressed.

2.1.2 Channelfunctions

In guantum-defectheory all of the informationaboutthe ionic core andthe spin andangular
degreesof freedomof the Rydbeg electronis containedin channelfunctions. Thesedegreesof free-
domaretypically quantizedrom the startby expandingthe full wavefunctionin a discretesetof these
channefunctionsg;(€2). Then,in ary region,the N linearly independensolutions(labeledby «) of the
Schrddingeequationcanbewrittenin termsof thesechannefunctions[68] andthe multichannefadial

wavefunctionF;, (r):

Va(r, Q) = % 3 61 Fiar). 2.6)

The discreteindex i labelsthe states(or channelspf the ionic coreaswell asthe spin of the Rydbeg

electron. The continuouscoordinate? denoteghe angulardegreesof freedomof the electron. As an

2 This pair of Coulombfunctions( f, g) leadsto an alternatve form of QDT thatinvolves a real symmetric K -matrix rather
thana comple unitary S-matrix.
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example,in the alkali-metalatomsthe channelfunctionsare mostoften just the sphericalharmonics
Yim (0, ¢). Typically, the channefunctionsform a completeandorthonormalset. Whenthe expansion
of the wavefunction(2.6) is usedin the Schrédingerequationandthe resultingequationis projected
ontothe channefunctions,theradialwavefunctionF(r) (now written asa matrix) is foundto obey the

multichanneradial Schrédingeequation:

SE'(r) + (B~ V) E(r) =0, (2.7)

<1>j> : (2.8)

At atotal enegy E therearetwo qualitatively differenttypesof channels:openchannelsand

wherethe effective potentialmatrix is definedas:

-,

2

2—72 + V(T, Q)

Vij(r) = <‘I’z‘

closedchannelsTheith channeis openwhena Rydbeg electronin thatchannelkcanescapédo infinity
(F > E; where E; is the ionizationthresholdenegy for the ith channel). The ith channelis closed
whenthe electronin thatchannelis bound(£ < E;). In multichannelcontexts, the enegy in the ith
channelwill alwaysbe measuredvith respecto theionizationthresholdenegy F; in thatchannelso

thatquantitiessuchastheCoulombfunctions,]"ijE will befunctionsof £ — E;.

2.1.3  S-matricesin quantum-defecttheory

As earlypractitionerd85, 94] of QDT realized the mostimportantfeatureof theenegy normal-
izedCoulombfunctionsis thatthey allow theresultsof scatteringheoryto becontinuedbelow threshold
to negative enegies. Thework of QDT beginsafterthemultichanneradialwavefunctionF22"(r) in the
complicatedcoreregion hasbeendeterminechumerically In the matchingregion (» > 10 a.u.),this

functionis expresseas,

1
F_corer —
) = —

[f;r(T)Pia - f; (T)Qza} > (2.9)

wherethematricesP” and( encapsulatany non-Coulombighysicsof thecoreregion. Themultichan-

nel S-matrix state(now written asamatrix) M “°'(r) is simply alinearcombinatiorof thesenumerically
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determinedsolutions,

Lcore(T) :Ecore(T)Q 1 _ 1\/_ [f+( )ﬁcore_if(T)} , (2_10)

sothatthe S-matrixis just S = PQ ™~ ! This specificlinearcombinationof solutionsthen,senesto
definethe core-rgyion S-matrix. As long asthe S-matrix state(2.10)is usedin the Coulombregion no
approximationsaremade.For the caseof hydrogen(S®°" = 1) the S-matrix state(2.10)reducedo the
regular Coulombfunction f;(r). It isimportantto mentionthatat this point, only the physicalboundary
conditionsatr = 0 have beenimposedwhile theboundaryconditionatr = oo remainunspecifiedThe
key pointof QDT is thatbecaus¢heboundaryconditionsatr = oo arenotimposedthe S-matrixin Eq.
(2.10)variesslowly with enegy. In mostcasest canbe regardedasindependendf enegy overranges
of aboutl eV. All of therapid enegy dependencef physicalobsenablescomesfrom the propertiesof
the enegy normalizedCoulombfunctions. To illustrate how the boundaryconditionsatr = oc canbe

imposed) now sketchthederivationof thewell known modifiedRydbeg formula[95, 96],

1

By = ———
nl 2(”*/1/1)’

(2.11)

for theboundlevelsof analkali-metalatom. The u; arethe quantumdefectswhich vanishfor the “non-
defective” caseof hydrogen Thecore-raionscatteringmatrix S for analkali-metalatomis diagonal

in asphericakepresentatioandcanbewritten in termsof thesequantundefects:
SEore = gy i, (2.12)

Theboundaryconditionappropriatdor boundstateds imposedy equatingalinearcombination
of the wavefunctionof Eqg. (2.10)to alinear combinationof wavefunctionsthat decayexponentiallyas
r — oo. Thesingle-channellecayingsolutionis known asthe Whittaker Coulombfunction[68] Wg; (r)
andis written in termsof the pair (f*, f~) andthe Coulombphase3 = n(v — 1), wherev = 1//—2F

is the effective quanturmumber:

1

WEI(T‘) = m

[fai(r)e 26 — fm()]e -, (2.13)
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ThematchingequatiorbetweerEq. (2.10)andEg. (2.13),
Lcore(r)ﬁcore _ E(T)?LR, (2.14)

involvesundeterminectoeficients B and BER. In solving for the vectorsof coeficients Beore and
TR it is foundthattheall of the boundaryconditions(atbothr = 0 andr = oo) canbe satisfiedonly

whenthe condition,
det(1 — S°"2B(E)) — ), (2.15)

is true. When S = ¢27'# asfor analkali-metalatom,the Rydbeg formulaof Eq. (2.11)emegesas
thezerosof thisequation.For thepurpose®f thisthesis,| regardEq. (2.15)asthefundamentaéquation
giving the boundstatespectrumof the Rydbeq statesof anatom. In the following sectionthis equation
is generalizedo includethe effectsof a staticexternalelectromagnetidield appliedto the atom. This
analysisof theboundstatephysicsapplieswhenall of thechannelsreclosed.For channelgthatbecome
openasthe enepgy is increasedputgoing-wave boundaryconditionsat » = oc mustbe applied. The
formulasappropriateo this casecanbefoundin the standardDT literature but arenot providedin this
review.

To usethemethodsf QDT to treatatomsin externalelectromagnetifields,a difficulty mustbe
faced.Whena staticfield (magneticelectric,or a combinationof them)is appliedto anatom,thelong
rangesphericakymmetryis broken. Thelong rangepotentialof the electronthenbecomes,

1 2 p2
1,08
T 8

where B is the magneticfield in atomicunits (B(Teslg/2.35 x 10°) and F is the electricfield in the
sameunits (F'(V/m)/5.1423 x 10'1). It is clearthatthe externalfields destry the simplelong-range
Coulombphysicsthatallowedscatteringheoryto be usedbelow threshold . Thefollowing sectionshavs

how this difficulty canbe overcome.
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2.2 S-matricesfor atomsin extemal fields

As discusse@bove, the main physicalrequiremenfor usingscatteringheoryto treata problem
is thatthe motion simplifiesin someregion of space.The key pointis thatsucha region exists for an
atomicelectronin externalelectromagneti€ields. While externalfieldsdo destrg thelong-rangespher
ical symmetryof the Rydbeg electrons motion, the electronicphysicsremainssimple at intermediate
distanceg10 < r < 100 a.u.),evenin thepresencef strongexternalfields. In thisintermediateangeof
radii, boththe effectsof theionic coreandof the externalfieldscanbe neglected andagainthe Rydbeg
electronevolvesin a pure Coulombpotential. For example,in a 6 Telsamagneticfield at a distanceof
r = 100 a.u.,theratio of the diamagneticenegy to the Coulombenegy is approximatelyl0—%. This
featureof an atomicelectronin externalfields wasfirst recognizecby Clark and Taylor [70] and has
sincebeenusedin mosttheoreticaltreatmentsboth quantumandsemiclassicalof thesesystems.This
allows the methodsof QDT and scatteringtheoryto be extendedto the caseof a Hamiltonianthatis
nonintegrable.

With this in mind, this thesisis foundedon the following physicalpicture. The quantumstateof
a highly excitedatomicelectronin the presencef externalfields canbe picturedasatime-independent
scatteringprocessln this processtheelectronscattersmultiple timesoff of theionic coreandthelong-
rangefields (Coulomband external), eachtime returningto the simple Coulombicregion. All of the
informationaboutthesescatteringeventsis containedn two scatteringnatrices:a coreregion scattering
matrix S°°"® anda nontrivial long-rangescatteringmatrix S'R. It is importantto remembethateachS-
matrix elementis a quantummechanicabmplitudeto scatteroff the coreor long-rangeregion a single
time. The remainderof this chapterandthe next shavs how thesetwo S-matricescontrol the most
interestingphysicsof atomsin externalelectromagnetifields.

At this pointit is usefulto summarizehe propertiesof thethreebasicregionsin whichanatomic
electronin externalfields moves. Figure 2.1 providesa graphicalrepresentatiomf this partitioning of

configurationspace.

(1) Coreregion (r < 10 a.u.): Here, complicatedinteractionssuch asthe electron-electrome-
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Long-Range Region

Core Region

i

Matching sphere (r=10-100 a.u.)

r=infinity

Figure 2.1: The variousregions of configurationspacein which a Rydbeg electronin external elec-
tromagnetidields travelsareshavn. The coreregion (r < 10 a.u.),matchingregion (10 < r < 100

a.u.),andthelong-rangeregion (» > 100) areshavn asconcentricsphericakhells.Usingthe matching
region as“home base”the electronscattersitherinward off theionic core (shavn asafilled circle at

thecenter) or outwardoff thelong rangeCoulombandexternalfield potentials. Eachof thesescattering
processess encapsulateth a scatteringnatrix.
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pulsionandthe Pauli exclusion principle dominatethe physicsof the Rydbeg electron. The
externalfields canbeignoredin this region. As in standardQDT, the physicsin this region is

encapsulateth anenegy independenscatteringmatrix S°'°.

(2) Matchingregion (10 < r < 100 a.u.): Here, the Rydbeg electronseesonly a spherically
symmetricCoulombpotential.l call it thematchingregion becauseolutionsfrom the coreand
long-rangeregionsarematchedn this regionto “ S-matrix states. Thus,this region functions

muchlike anasymptoticregionin traditionalscatteringheory

(3) Long-rangeregion (100 < r < 10* a.u.): Here,the sphericallysymmetricCoulombpotential

~

andtheexternalelectromagnetitieldscompeteon anequalfooting. Dependingon whatconfig-
urationof externalfields areapplied,the physicscanbe integrable(electricand Coulombfield
only) or noninteggrable(Coulombfield plus magneticfield or magneticandelectricfields). In
eithercase the Hamiltonianis not separablén the samecoordinatesystemasthe coreregion,

if atall. Thephysicsin this regionis encapsulateth a long-rangescatteringmatrix S'R.

The exact boundarieshetweentheseregions are somevhat flexible and dependon factorssuchasthe
total enegy, externalfield strengthsanddetailsof theionic core. Theimportantpointis thatthe physics

is qualitatively differentin eachregion.

Althoughthisthesisfocuseson boundstatephysicsonefurthercomplicationthatemegesabove
thresholddeseresmentionhere.Abovetheionizationthreshold afourthregionis identifiedbeyondr =
10*. Here,the Coulombfield hashecomearlessimportant,andtheexternalfieldsdominatethe physics.
Again, the detailsof the physicshere are determinedby the configurationof external fields that are
applied.For the caseof anexternalmagnetidield, the electronmovesoutin decoupled_andauchannels
alongthe directionof the magneticfield. For an appliedelectricfield, the electronapproachefinity
asanoutgoingwave in paraboliccoordinatesFor the casef parallelor crossecelectricandmagnetic

fields,the physicsis morecomplicatedatinfinity, but nonethelesss still approximatelyintegrable.
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2.2.1 S-matrix states

Now, usingthis matchingregion (10 < r < 100 a.u.) like anasymptoticregion in traditional
scatteringheory scatteringnatricesfor anatomicelectronin externalfieldsareintroduced.As before,
all but theradialdegreeof freedomwill beexpandedn asetof channefunctions®; (). LikebothQDT
andtraditionalscatteringheory the S-matricesaredefinedby writing down particularlinearcombina-
tions of solutionsof the Schrddingelequation the “.S-matrix states, in the matchingregion. However,
now therearetwo S-matrix states.Thefirst, M “'(r), is relatedto the numericallydeterminedsolution
F°°"(r) regularat » = 0 anddetermineshe core-rgjion S-matrix 5. The second MR (r), is re-
latedto the numericalIydeterminedsolutionE'-R(r) having physicalboundaryconditionsatr = oo and

determineghe long-rangeS-matrix S'R. In termsof the Coulombfunctionsandthe S-matricesthese

solutionsare:
MCOFE(T) % [i+ (r)ﬁcore o if (T)} , (217)
MR = LQ [f~ (S - f+(r)] . (2.18)
1

Theseforms of the solutionsare only valid in the Coulombmatchingregion (10 < » < 100 a.u.).
While it may seemthattheseS-matrix statesare “just anothersetof linearly independensolutionsof
the Schrédingeequatior, their usefulneswill be demonstratethroughouthis thesisasthey areused
to derive anumberof importantresults.

A numberof propertiesof theseS-matricesareworth mentioning.By comparingthelong-range
S-matrix stateM R (r) (2.18)with the Whittaker Coulombfunction (2.13)it is seerthatthelong-range
S-matrix with no externalfields is simply the diagonalmatrix S'}(E) = ¢?8(E) - Thus, unlike the
coreregion S-matrix, the long-rangeS-matrix dependsstrongly on the enegy. When externalfields
are appliedthis strongenegy dependenceemains,but §"R(E) becomesion-diagonabecausef the
broken sphericalsymmetryin the long-rangeregion. As in standardscatteringheory both of theseS-
matricesareunitaryandhave finite dimensioratagivenenegy F ontherealaxis. Thedimensiornof the
S-matricesis determinedoy the numberof locally openchannelsn the matchingregion. For analkali-

metalatom,this numbercanbe estimatedy the maximumclassicallyallowedangularmomentuni ata
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radiusrg someavherein the matchingregion

1 1
lmax = 27”8 (E + _> - 5- (2'19)

To
As statedabove, thetwo S-matricesS®® and SR determinethe mostinterestingpropertiesof
atomic Rydbeg statesin externalfields. The first suchpropertythat | investigateis the boundstate

enegiesof the Rydbeg electron.

2.2.2  Quantization using S-matrices

The highly excited eigenstatesf a nonintegrableHamiltonianarecharacterizetby globalchaos
in the classicaldomainanda lack of good quantumnumbersin the quantumdomain. Becausemuch
of our intuition aboutquantumeigenstateselies on the existenceof good quantumnumbers physical
insightaboutthe eigenstatess moredifficult to gainin a nonintegrablesystem.Someof the traditional
methodsof quantization(separatiorof variables perturbatiortheory)fail completelyfor nonintegrable
systemsOthers suchasvariationalmethodsstruggleto give ary insightaboutthe highly excited states
they provide. Becausef this, it is desirableo have amethodof quantizatiorthatis ableto give physical
insightaswell asaccuratesigervalues.

Herel presentanalternatve to thetraditionalmethodsof quantizationpnethatinvolvesthetwo

scatteringnatricesS®"® andS'?(E). Theresultderivedbelaw,
det[1 — S°°S*(E)] =0, (2.20)

wasfirst suggestetby Aymaretal [68], but nothingwasknown atthetime aboutthe detailsof thelong-
rangeS-matrix whenexternalfieldsareappliedto the atom. Thesedetailsturn out to bevery significant
as ary physicalinsight containedin Eq. (2.20) must be provided by the S-matricesthemseles. A
detaileddiscussiorof the physicscontainedin S'® is delayeduntil Chs.4 and5 wherel shov how
to calculatethis S-matrix using accuratequantumcalculationsand semiclassicahpproximations.As
expected this condition (2.20)is identicalto that of QDT (2.15)with the matrix 22 replacedby the
long rangescatteringmatrix S-R. Although the derivation of Eq. (2.20)is not difficult, | recordthe

detailshereassomeof theintermediataesultswill be usefullateron.
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To derive the quantizationcondition (2.20),1 constructthe linear combinationof solutionsthat
satisfiesthe physicalboundaryconditionsat both» = 0 andr = oo. Becauseéhe S-matrix states
M°®°"®(r) and MR (r) in Egs.(2.17) and (2.18) satisfy the neededboundaryconditionsat » = 0 and
r = oo respectrely, the physicalsolutionin the matchingregion mustbe a linear combinationof either
of thesesolutions. The physicallinear combinations(ﬂ>core and E’LR) arewritten in termsof the S-

matrix statesEqs.(2.17)and(2.18),andyet undetermineaxpansioncoeficients B¢ and BLR:

E’core(r) _ Mcore(r)ﬁcore: % [_+ (T)ﬁcoreiif (r)] g core (2.21)
E’LR(T) _ MLR(T)ﬁLR _ % M_(T)S'R —f’(r)] ?LR' (2_22)

Thesetwo physicalsolutionsmustbe identical. Thus,equatingEq. (2.21)to Eq. (2.22) somavherein

thematchingregion (7 ©¢(ro) = 7 "R(r()) yieldsanequatiorfor the coeficients BR,
[l . ﬁcoreﬁLR (E)] ?LR =0, (2.23)
alongwith atwo equationgelating B ®' and BR:

FLR — 7§COI‘G§COFE (224)

?core _ _§LR(E)§LR_ (2.25)

A nontrivial solutionof theseequationg2.23andeither2.24or 2.25)existsata givenenegy E only if

thefollowing conditionis satisfied:
det[1 — SR (E)] = 0. (2.26)

Thezerosof thisequatiorgivetheboundenegy levels E,, of theatomicelectrorboundto amultichannel
positiveion in the presencef externalfields. In theseformulasl have explicitly written outthe enegy
dependencef the long-rangeS-matrix §"R(E) to emphasizehat it variesrapidly asthe enepy is
changed Theenegy dependencesf the otherquantities suchas S°°', aremuchwealer andcanoften
beneglected.Additionally, it shouldbekeptin mindthatﬁLR(E) is astrongfunctionof theexternalfield
strengthsB and F', whereasS°" doesnot dependn theseparameterfor thecomparatiely weakfields

(B < 100 Tesla)underconsideratiorhere. As long asexactquantummechanicalS-matricesareused,
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the quantizationcondition (2.26) is exact. More importantly whena semiclassicahpproximationfor
SR is used Eq. (2.26) becomesa semiclassicatjuantizatiorconditionfor nonintegrable, multichannel
atoms.

A numberof researcher$77, 97, 98, 99, 1000 have given quantizationconditionssimilar to
Eq. (2.26). This body of researchshows that the quantizationformula (2.26) representa completely
generalmethodfor quantizingmultidimensional nonintggrablesystems. The only assumptiorl have
madein its derivationis thatat someradius(in the matchingregion), the effectsof both theionic core
andthe externalfields on the electroncanbe neglected. Works by Prosen99] andalsoRouvinezand
Smilansky [100] show thatthis assumptioris not strictly necessarandl outlinetheir approacthere.To
guantizea nonintegrableHamiltonianof d spatialdimensionsconfigurationspaceis divided into two
volumesV, andV},, whichareseparatedy ad — 1 dimensionaburface.This surface,calledthe surface
of section,is equivalentto a configurationspaceversionof the classicakurfaceof sectionintroducedby
Poincaréto reducethe dynamicsof an autonomouddamiltoniansystem(2d-dimensionaphasespace)
to thatof adiscretemapof the surfaceontoitself. This surfaceof sectionis thenusedto defineS-matrix
statessimilar to Egs. (2.17) and (2.18), alongwith S-matricesS® and S® for the two volumes. Their

[99, 100 quantizatiorcondition,
det[1 — SY(B)S"(E)] =0, (2.27)

is identicalto theonel have dervedhereandshons the generahatureof this approach.
However, the first formulationto usea Poincarésurfaceof sectionto quantizea nonintggrable
Hamiltonianis Bogomolry’s T-matrix method[97]. In this breakthroughwork, Bogomolry deriveda

semiclassicafjuantizatiorcondition,
det[L -~ T(E)] = 0, (2.28)

for nonintegrablesystemsn termsof the “transfermatrix” T'( F), which iteratesa quantizedversionof
thePoincarémap.In hiswork, thematrix T'(E) is definedonly semiclassicallyandis showvn to befinite
andunitaryin thelimit # — 0. Rouvinezand Smilansky [100] have showvn thatT'(F) is equalto the

productS3(E)SP(E) in the samelimit.
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Theseworks elucidatesomeinsightful propertiesof quantizationconditionswritten asa secular
determinantnvolving finite, unitary S-matrices. A few of thesepropertiesare presentecherefor the
casestudiedin this thesis,namely an atomicelectronin externalfields. As Bogomolry demonstrates,
becausehe S-matricesarefinite andunitary, the seculardeterminantgg. (2.26),canbeidentifiedasa

dynamical(or Selbeg) zetafunction[101, 102 {,(E):
(s(E) = det[1 — S*SR(E)] . (2.29)

It is calleda zetafunction becauseét shareamary interestingpropertieswith the well known Riemann
zetafunction [103] ((s) alongtheline s = 1/2 + it. An excellentdiscussionof theseremarkable
connectioncanbefoundin the text of BrackandBhaduri[24]. Two suchpropertieshat(,(FE) shares

with the Riemanrezetafunctionarethe existenceof afunctionalequation,
G(B) = NP (B), (2.30)
andthe socalledRiemann-Sigelrelation,
C(E) = G(E) + "N E)G*(E). (2.31)
Thequantity N (E) is themeannumberof stateswith enegy lessthan £, whichis simply

~ dy g
N(E) = [ GEsre - 1) (2.32)

for d degreesof freedom.In generalthe G(E) in Eq. (2.31)canbewritten asafinite sumover tracesof
powersof thematrix S°°"¢$'R | $35P or 7" . By nomeanss this discussiorof thedynamicalkzetafunction
complete;rathermy goal hasbeento sketchthe relationshipbetweermy work andthat of others. The
one new aspectof my work thathasnot beennotedin the literaturethusfar is that functionssuchas
det[1 — S°"®S'R(E)] have the properties,Eqgs. (2.30) and (2.31), of a dynamicalzetafunction even
whenexactquantummechanicalS-matricesareused.Previously, the dynamicalzetafunction hasonly
beenusedin the contet of semiclassicahpproximations.Thus,| proposethatwhenexact S-matrices

areused Eq. (2.29)represents quantum-mechanicaketafunction.
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Onefinal relationshig100] expresseshedensityof states,
9(B) =) §(E—-E,), (2.33)
in termsof the zetafunction, Eq. (2.29),andthe meandensityof statesj(E) = %

g(E) =g(E) — Lim % Indet [1 — S°°S"R(E)]. (2.34)

™

This relationshipshaws that the matrix [1 — §°°’e§LR(E)] controlsthe oscillating part of the

densityof statesNow | show thatthis matrix alsocontrolsthe normalizationof the boundstates.

2.2.3  Normalization

At a boundstateenegy F, the physicalwavefunction E’E(r) takesthe form of the S-matrix
statesEq. (2.21) or (2.22),in the matchingregion. A studyof the normalizationof thesestatesgives
furtherinsightinto the physicsof the boundstatesof the Rydbeg electron.The normalizationcondition
derivedhereis similar to thatof Aymar etal. [68], andusesthe methodgivenin Greeng90]. As with
the quantizationcondition(2.26),animportantfeatureof the normalizationconditionis thatit depends
only on the matrix [1 — §°°’6§LR] . The beginning point of the derivationis the familiar normalization

condition,writtenin termsof the muItichanneradiaIwavefunctionE)E (r) (eitherEq.2.210r 2.22):

/dr
0

Integrals (or sums)over the angularand spin degreesof freedomare not presentoecausehe channel

E’E(r)f = 1. (2.35)

functionsareassumedo beorthonormal At first glanceit appearshatthisintegralrequireshe physical
wavefunctionat all radii. A well known trick of QDT usesGreens theoremto corvert the volume
integral to a surfaceintegral in the matchingregion [90]. This is advantageoudecauseghe S-matrix

forms,Eqs.(2.21)or (2.22),0f ﬁE(r) canthenbeused.Thetransformatiorto a surfaceintegral,

b .
Jim /a dr 4 (r) ¢ g(r) (2.36)

. 1 —, — b
= gy WWWM 7r),

b
| arTLn T e
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involvesthe Wronskian,

¥ g, (2.37)

evaluatedat the endpoints|a, b] of theintegrationrange. This formulais derived by first writing down

the Schrédingeequationdor ?E andﬂ)g,:

%E’};JF(E—VWE = 0 (2.38)
%E)g’, + 0L (E-V) = 0 (2.39)

Left multiplying Eq. (2.38) by E’E andright multiplying Eq. (2.39) by E)E subtractingthe two and
usingGreens theoremon the resultgivesEq. (2.36). To useEq. (2.36)to normalizethe wave function

(2.35)therangeof integrationis brokenup into two integrals,

[Tar[Feof = [Ca [pEeof + [ o [wEe) (2.40)

‘2
ro

wheretheintermediateaadiusrg is chosernto be somavherein the matchingregion. WhenEqg. (2.36)is

usedfor eachtermontheright sideof Eq. (2.40),thenormalizationconditionfor aboundstateatenegy

E,, becomes:
1 1 77 corex —7’core . T7LRx LR
1= lm YN (W { (1), V&, (7“0)} w { z (ro): ¥, (To)]) : (2.41)

To obtainthisresultonemustusethefactthewavefunctionsﬁ%’y’be and@"ﬁi vanishatr = 0 andr = oo
respectiely. Becauser is in the matchingregion, the S-matrix forms of E’c‘”e (2.21)and@’LR (2.22)

canbeusedin Eq. (2.41)alongwith Eq. (2.24), BR = — S F'core 10 give:

1= E,IEI}E ﬁ?corer (Wl _ ﬁcorefw2§core> ﬁcore, (2.42)
1 _ _

W, = =W [f 8 rh st s g ] (2.43)
1 . o

Wy, = —sW|fL 8™ () = fp.fp SFE) 11 ] (2.44)

The matricesW, andW, canthenbe simplified usingthe definition of the Wronskian(2.37) andthe

Wronskiansof ii givenin Egs.(2.2) and(2.3). Finally, thelimit £’ — E,, is takenusingl’Hospital’s
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rule. After somealgebraandusingEqg. (2.23),thefinal form of the normalizationconditionreads:
1= i?LRTii (1 . ScoreSLR) E’LR (2.45)
2w de >~ — = ' '

As in the quantizationcondition, the matrix (1 — §°°’6§LR) controlsthe normalizationof the bound
states. As Harmin’s work [83] on the Stark effect demonstratespjormalizationconstantsuchasthis
matrix arecloselyrelatedto thedensityof stateof thephysicalsystem.Thisis consistentvith Eq.(2.34)
that relatesthe quantumdensity of statesto this matrix. In addition, in the next chapterthe matrix
(1 S°°regtR) - appearssa “density of stategmatrix” in the atomicphotoabsorptiogrosssection.
Alternatively, asAymar et al. [68] pointout, the normalizationcondition(2.45)canbe expressed

in termsof the Hermitiantime delaymatriceq104] for the coreandlong-rangeregions:

Qcore(LR) _ iScore(LR) dﬁcore(LR)T .

Q e (2.46)

Theresult,

1= %?'—RT (waef _ QLR) BIR,

shaws that the normalizationof the boundstatesinvolvesa sort of balancebetweerthe physicaltime

scalegencapsulateth QLR andQ“*") in the coreandlong-rangeregions.

2.3 Discussion

In the previoussection jdeasfrom scatteringheoryandQDT wereusedto studyRydbeg states
of atomsin staticexternalelectromagneti€ields. The following pictureof the electrons motionunder
girdsthisapproachthe stateof the Rydbeg electronis picturedasatime-independergcatteringorocess
wherethe electronscattersepeatediyoff thecoreandlong-rangeegionseachtime returningto aradius
in the “matchingregion” whereit seesa pure Coulombpotential. The S-matrix statesEqs.(2.17)and
(2.18), formalizethis ideaby introducingtwo unitary S-matricesS®"® and S'R. UsingtheseS-matrix
stated have deriveda quantizationcondition(2.20)anda normalizationcondition(2.45)for thebound
statesof the Rydbeg electron.Thesetwo equationswhich arethe mainresultsof this chapterbegin to

shaw thatthe mostimportantphysicsof the electronis containedn thematrix (1 — S°°%S'F) .
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This approactof dividing configurationspacento two regionsanddefiningan S-matrix for each
region is advantageou$or a numberof reasonsFirst, S-matricesareideally suitedto semiclassicahp-
proximations.In Ch.5 | derive suchanapproximatiorfor thelong-rangeS-matrix usinga semiclassical
Greens function. Semiclassicall,yﬁ"R is written asa sumover classicalorbits, closed-orbitsthat are
launchedoutwardfrom a spheran the matchingregion, scatternoff thelong-rangefieldsandthenreturn
to the sphereaftertime T'. | shav thatthe classicalaction S, (notto be confusedwith the matrix S'%)

of eachsuchorbit contributesto the phaseof the S-matrixin theform (seeEq. (5.39)):
SR(E Z Ay eorE (2.47)

The matrix A; of eachorbit dependson the stability, Maslov index, andinitial andfinal anglesof the
orbit. While the resultsof this chaptercan be written in termsof either K-matricesor R-matrices,
the semiclassicahpproximationgor thesematricesareneedlesshcumbersomeomparedo thatof the
S-matrix (2.47).

Second,S-matricesgive importantphysicalinsight not availablein otherapproachesThis can
be seenby looking at the traceof the time delay matrix for the long-rangeregion in a semiclassical
approximation A substitutiorof thesemiclassicalorm of SR, Eq. (2.47),into thedefinitionof thetime

delaymatrix, Eq. (2.46),gives,

LR}
T (Q"(E)) = (SLRdS ) ZTk o, (2.48)

whereT,(E) = dsk denotesthe period of the kth classicalorbit anda, = Tr(AkA ) is a number
indicatingthe relative importanceof the orbit. This shaws thatthe S-matrix S'R givesdirectaccesgo
thetime domainphysicsof the Rydbeg electron.Chs.4 and5 shav thatthe quantitatve detailsof this
time domainphysicsin S'R canbe extractedby FouriertransformingS“?(F) into thetime domain.
Third, andfinally, dividing configurationspaceinto two regionsleadsto an efficient approach.
Oncethe long-rangeS-matrix hasbeencalculatedfor a given configurationof externalfields, the ob-
senablesof mary differentatomsin that configurationof fields canbe calculatedby simply usingthe

S°°"® appropriateto eachatom.
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Of coursethebestargumentor formulatingthetheoryin termsof S-matriceds theirusefulness.
This chapterhasbegunto build a casefor this viewpoint by shaving thatthe S-matricesS™? and 5"
determingheboundstatephysicsof anatomicelectronin thepresencef anexternalelectricor magnetic
field. In thenext chapteyl continuealongtheselines,exploring therelationshipbetweerthe S-matrices

andthe atomicphotoabsorptiolgrosssection.



