
Chapter 2

Time independentscatteringmatricesand quantization

Much of atomicphysicsinvolvesscatteringprocesses.Traditionally, scatteringinvolvesthecon-

tinuumstatesof particlesthatcollide at a relativeenergy �²±©
 . However, thetoolsof scatteringtheory

arealsousefulin treatingboundstatephysics.Thischapterdescribeshow scatteringtheory, andscatter-

ing matricesin particular, canbeextendedto treatthebound( � � 
 ) andcontinuum( �³±�
 ) statesof

anatomicelectronin externalelectromagneticfields.

Theuseof scatteringmethodsto unify boundandcontinuumphysicsis notnew. Quantum-defect

theorywasdeveloped,beginning in the1950s,by Seaton[85, 86, 87, 88] to describethe interactionof

anelectronwith apositive ion. Whentheinteractionof theelectronwith thepositive ion is encapsulated

in a scattering(or
�

) matrix, diversephenomenasuchasphotoabsorption,autoionization,electron-ion

scatteringand dielectronicrecombinationof atomscan be treatedwithin the sameframework. The

�
-matricesintroducedin this chapterandusedthroughoutthe following chaptersrely heavily on the

conceptsandmethodsof quantum-defecttheory. Becauseof this, I begin by reviewing therelevantparts

of quantum-defecttheory. A morethoroughintroductionto quantum-defecttheorycanbe found in a

numberof review articles[50, 68].

After therelevanttoolsof quantum-defecttheoryhavebeenintroduced,
�

-matricesfor thetreat-

mentof atomsin externalfieldsemergewith a few simpleextensions.Theemphasisin this chapteris

on thebasicdefinitionsandpropertiesof these
�

-matricesandthephysicalpictureuponwhich they are

built. The detailsof how the
�

-matricescanbe calculatedaredelayeduntil later chapters.Oneof the

centralresultsof this thesisis thederivationof semiclassicalapproximationsfor the
�

-matrices(Ch.5).



16

However, unlessotherwisenoted,all of theformulasandderivationsin thischapterwill beexactresults.

It is importantto show how exact,quantummechanicalexpressionsfor observablessuchasthebound

stateenergiesandthephotoabsorptioncrosssectionof atomsin externalfieldscanbederivedin termsof

the
�

-matrices.Evenbeforesemiclassicalapproximationsareintroduced,muchphysicalinsightabout

thesenonintegrablesystemscan be gainedby phrasingeverything in termsof the
�

-matricesof this

chapter.

Section1 reviews the neededtools of quantum-defecttheory. Section2 extendsthe resultsof

quantum-defecttheoryto includetheeffectsof externalfieldsappliedto theatom.Section3 concludes

with a shortdiscussionof theresultsof Sec.2.

2.1 Quantum defecttheory

Quantum-defecttheory(QDT) reliesonmany of thesameconceptsastraditionaltime-independent

scatteringtheory[89]. Themostimportantof theseis theasymptoticregion. Whentwo particlescollide,

mostof thecomplicatedphysicsoccurswhentheparticlesareverycloseto eachother. Typically, outside

this complicated“interaction” region, thephysicsbetweentheparticlessimplifiesgreatly. For instance,

whenan electroncollideswith a positive ion, the complicatedmany body dynamicsbetweenthe ap-

proachingelectronand the particlescomprisingthe ion canbe neglectedwhen the electronis farther

thanabout10-20Bohrradii away. Beyondthisdistancethelong-rangeelectron-ioninteractionis simply

a sphericallysymmetricCoulombpotential.Theword “asymptotic” reflectstheusualcaseof particles

colliding in thecontinuumwherethephysicssimplifiesastheinterparticleseparation5 (alsocalledthe

fragmentationcoordinate)tendsoff to infinity.

However, it is notnecessaryfor thefragmentationcoordinateto approachinfinity to usethetools

of scatteringtheory. Rather, scatteringtheoryis usefulaslong asthephysicssimplifiesin someregion

of space.It is this perspective thatundergirdsthesuccessof QDT. Thatis, QDT usesthefactthatwhen

an atomicelectronis in a highly excited boundstate,it spendsmostof its time far from the residual

ion in a pure Coulombpotential. Thus, in QDT two regions of spaceare identified. First, at small

distances(5 � � 
 a.u.)theelectroninteractsstronglywith theconstituentsof theionic core.In thiscore
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regionthecomplicatedinteractionsbetweentheelectronandtheionic core,includingelectron-electron

repulsionandthePauli exclusionprinciple,areimportant.Second,at largedistances(5 ± � 
 a.u.)these

complicatedinteractionsare unimportantand the electronmoves in a pure Coulombpotential. This

constitutesthe long-rangeor matching region. Herethe full solutionsof the Schrödingerequationin

the coreregion arematchedto a simpleform involving Coulombfunctions,channelfunctionsandthe

coreregion
�

-matrix
� core.

2.1.1 Energy normalized Coulomb functions

Beforethe
�

-matrixcanbedefined,thepropertiesof theCoulombfunctionsmustbeoutlined.As

Seatonpointsout[50], “the wholeof quantum-defecttheoryhingesonaknowledgeof theirmathematical

properties.” TherelevantSchrödingerequationfor thesesolutions,

� �E
H MH 5 M � #´'�#*�

� +
E 5 M � �5 �,' 5 + �b���µ' 5 + � (2.1)

is thatof anelectronin anattractive Coulombpotential,wherethefirst derivative with respectto 5 has

beeneliminatedby thesubstitution¦(' 5 + �L�µ' 5 +�¶ 5 . This second-orderlinearequationfor theCoulomb

function �µ' 5 + hastwo linearly independentsolutions,which canbe chosenin a numberof ways. The

choiceusedin this paper( 
�·��¸ �m
 ���¸ ) follows thatof [68] andleadsto an
�

-matrix formulationof QDT.

For brevity, the explicit energy and # dependenceof thesefunctionswill often be omitted. Theseand

alternatepairsof linearly independentCoulombfunctionshavebeenstudiedin depthby Seaton[50] and

by Greeneet al. [90, 91].

More detailsof theseCoulombfunctionscanbefoundin theabovereferences,but a few of their

moreimportantpropertiesarementionedhere.Thepair ( 
 · �m
$� ) areenergy normalized1 andobey the

traveling-waveboundaryconditions( 
�¹$º¢' 5 + �¼»l!"½�' 5 + 
�¹�' 5 + in a WKB [24] approximation)typical of

scatteringtheory. However, it shouldberealizedthatfor negativeenergies,thetraveling waveboundary

conditionshold only in the classicallyallowed regions; thesefunctionsdiverge exponentiallyat both

1 Two solutionsareenergy normalizedif ¾f�*¿À9Á1Â �*¿À�ÃOÁÅÄ �dÆÇ���XÈ(�,ÉÅ� .
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5 C[° and5 Cª
 when � � 
 . TheWronskiansof thesefunctions,

W 
 �¸ �m
�·¸ � 
 �¸ 
�· º¸ �8
 � º¸ 
�·¸ � E.!t � (2.2)

W 
 �¸ �m
 �¸ � W 
 ·¸ �m
 ·¸ �U
9� (2.3)

will beusedthroughoutthis work. Thewidely usedregularandirregularCoulombfunctions2 of QDT

( 
���� ) arerelatedto the pair ( 
 · �m
$� + by the relation 
 ¹ �Ê'2�l�Ë»Ì!"
 +�¶ÎÍ E . Becausethis thesisdeals

primarily with highly excitedRydberg states,theirzero-energy form [92],


 ¹¸ ' 5 + �oC[»l! Í 5*ÏXÐ ¤ � M0ÑM ¸ · ¤ ' Í � 5 + '���Cª
 + � (2.4)

will be useful. Furthermore,when # is “small” and 5 is “large” the asymptoticforms of the Hankel

functionsin Eq. (2.4)canbeused[93]:

ÏXÐ ¤ � M0ÑM ¸ · ¤ ' Í � 5 + �ÒC Et Í � 5 - ¹GÓ ÐÕÔ Öw× ��ØÙ Ð M
¸ · ¤ Ñ �ÚØÛ Ñ ' large 5 + � (2.5)

The semiclassicalapproximationsdevelopedin later chapterswill usetheseapproximateforms of the

Coulombfunctions.Next theotherdegreesof freedomareaddressed.

2.1.2 Channel functions

In quantum-defecttheory, all of the informationaboutthe ionic coreandthe spin andangular

degreesof freedomof the Rydberg electronis containedin channelfunctions. Thesedegreesof free-

domaretypically quantizedfrom thestartby expandingthefull wavefunctionin a discretesetof these

channelfunctionsÜ Ó 'ÕÝ + . Then,in any region,the Þ linearly independentsolutions(labeledby � + of the

Schrödingerequationcanbewritten in termsof thesechannelfunctions[68] andthemultichannelradial

wavefunction ß ÓAà ' 5 + :
¦ à ' 5 �2Ý + �

�5 Ó Ü Ó 'OÝ
+ ß ÓAà ' 5 + � (2.6)

Thediscreteindex ! labelsthestates(or channels)of the ionic coreaswell asthespin of the Rydberg

electron. The continuouscoordinateÝ denotesthe angulardegreesof freedomof the electron. As an
2 This pair of Coulombfunctions ���ÎáÕâ�� leadsto analternative form of QDT that involvesa real symmetricã -matrix rather

thanacomplex unitary ä -matrix.
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example,in the alkali-metalatomsthe channelfunctionsaremostoften just the sphericalharmonics

å ¸�æ '�3.�JÜ + . Typically, thechannelfunctionsform a completeandorthonormalset. Whentheexpansion

of the wavefunction(2.6) is usedin the Schrödingerequationand the resultingequationis projected

ontothechannelfunctions,theradialwavefunction ß ' 5 + (now written asa matrix) is foundto obey the

multichannelradialSchrödingerequation:

�
E ß ºçº ' 5 + �L'_���8� + ß ' 5 + �U
9� (2.7)

wheretheeffectivepotentialmatrix is definedas:

� ÓAè ' 5 + � é Ó Fê ME 5 M �U�d' 5 �0Ý + é è � (2.8)

At a total energy � therearetwo qualitatively differenttypesof channels:openchannelsand

closedchannels.The ! th channelis openwhena Rydberg electronin thatchannelcanescapeto infinity

( �ë±ë� Ó where � Ó is the ionizationthresholdenergy for the ! th channel). The ! th channelis closed

whenthe electronin that channelis bound( � � � Ó ). In multichannelcontexts, the energy in the ! th
channelwill alwaysbemeasuredwith respectto the ionizationthresholdenergy � Ó in thatchannel,so

thatquantitiessuchastheCoulombfunctions 
 ¹Ó will befunctionsof �b�8� Ó .
2.1.3

�
-matrices in quantum-defecttheory

As earlypractitioners[85, 94] of QDT realized,themostimportantfeatureof theenergy normal-

izedCoulombfunctionsis thatthey allow theresultsof scatteringtheoryto becontinuedbelow threshold

to negativeenergies.Thework of QDT beginsafterthemultichannelradialwavefunctionß coreÓAà ' 5 + in the

complicatedcoreregion hasbeendeterminednumerically. In the matchingregion (5 ± � 
 a.u.), this

functionis expressedas,

ß coreÓìà ' 5 + � �
! Í E 
�·Ó ' 5 +�í Óìà �8
 �Ó ' 5 +�î ÓAà � (2.9)

wherethematrices
í

and
î

encapsulateany non-Coulombicphysicsof thecoreregion. Themultichan-

nel
�

-matrixstate(now writtenasamatrix)
y core' 5 + is simplyalinearcombinationof thesenumerically
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determinedsolutions,

y core' 5 + ��ß core' 5 +�î � ¤ � �
! Í E 
 · ' 5 +_� core �L
 � ' 5 + � (2.10)

sothat the
�

-matrix is just
� core � í î � ¤ . This specificlinearcombinationof solutions,then,servesto

definethecore-region
�

-matrix. As long asthe
�

-matrix state(2.10)is usedin theCoulombregion no

approximationsaremade.For thecaseof hydrogen(
� core � � ) the

�
-matrix state(2.10)reducesto the

regularCoulombfunction 
 Ó ' 5 + . It is importantto mentionthatat this point,only thephysicalboundary

conditionsat 5 �8
 havebeenimposed,while theboundaryconditionat 5 �>° remainunspecified.The

key pointof QDT is thatbecausetheboundaryconditionsat 5 ��° arenot imposed,the
�

-matrix in Eq.

(2.10)variesslowly with energy. In mostcasesit canberegardedasindependentof energy over ranges

of about1 eV. All of therapidenergy dependenceof physicalobservablescomesfrom thepropertiesof

theenergy normalizedCoulombfunctions.To illustratehow theboundaryconditionsat 5 �³° canbe

imposed,I now sketchthederivationof thewell known modifiedRydberg formula[95, 96],

� r ¸ �ï� �
E�'Aðñ�DR ¸ + � (2.11)

for theboundlevelsof analkali-metalatom.The R ¸ arethequantumdefectswhich vanishfor the“non-

defective” caseof hydrogen.Thecore-regionscatteringmatrix
� core for analkali-metalatomis diagonal

in a sphericalrepresentationandcanbewritten in termsof thesequantumdefects:

� core¸�¸ Ã ��p ¸�¸ Ã - Mw� ÓAò�ó � (2.12)

Theboundaryconditionappropriatefor boundstatesis imposedby equatingalinearcombination

of thewavefunctionof Eq. (2.10)to a linearcombinationof wavefunctionsthatdecayexponentiallyas

5 C[° . Thesingle-channeldecayingsolutionis known astheWhittakerCoulombfunction[68] ô �$¸ ' 5 +
andis written in termsof thepair ( 
 · , 
$� ) andtheCoulombphaseõL�Ìt�'_ö(�U# + , where ö÷� � ¶ Í ��E9�
is theeffectivequantumnumber:

ô �$¸ ' 5 + � �
! Í E 
 ���¸ ' 5 + - M Óìø �L
 ·��¸ ' 5 + - � ÓAø � (2.13)
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ThematchingequationbetweenEq.(2.10)andEq.(2.13),

y core' 5 + � C c core ��ô ' 5 + � C c LR � (2.14)

involvesundeterminedcoefficients c core¸ and c LR¸ . In solving for thevectorsof coefficients
� C c core and

� C c LR, it is foundthattheall of theboundaryconditions(atboth 5 �8
 and5 �>° ) canbesatisfiedonly

whenthecondition,

det' � � � core- M Óìø Ð � Ñ + �<
�� (2.15)

is true. When
� core �²- Mw� Óìò , asfor analkali-metalatom,theRydberg formulaof Eq. (2.11)emergesas

thezerosof thisequation.For thepurposesof this thesis,I regardEq. (2.15)asthefundamentalequation

giving theboundstatespectrumof theRydberg statesof anatom.In thefollowing sectionthis equation

is generalizedto includetheeffectsof a staticexternalelectromagneticfield appliedto theatom. This

analysisof theboundstatephysicsapplieswhenall of thechannelsareclosed.For channelsthatbecome

openasthe energy is increased,outgoing-wave boundaryconditionsat 5 �¨° mustbe applied. The

formulasappropriateto thiscasecanbefoundin thestandardQDT literature,but arenotprovidedin this

review.

To usethemethodsof QDT to treatatomsin externalelectromagneticfields,adifficulty mustbe

faced.Whena staticfield (magnetic,electric,or a combinationof them)is appliedto anatom,thelong

rangesphericalsymmetryis broken.Thelong rangepotentialof theelectronthenbecomes,

�³�>� �5 ��ù M c M� �8ß:ú�� (2.16)

where c is the magneticfield in atomicunits ( c�' Tesla
+�¶ E�� ?���� � 
�® + and ß is the electricfield in the

sameunits ( ß�'�� ¶ � +�¶ �9� � V�E�?û� � 
 ¤q¤ + . It is clearthat theexternalfieldsdestroy thesimplelong-range

Coulombphysicsthatallowedscatteringtheoryto beusedbelow threshold.Thefollowing sectionshows

how thisdifficulty canbeovercome.
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2.2 ü -matrices for atomsin external fields

As discussedabove,themainphysicalrequirementfor usingscatteringtheoryto treataproblem

is that the motion simplifiesin someregion of space.The key point is that sucha region exists for an

atomicelectronin externalelectromagneticfields.While externalfieldsdodestroy thelong-rangespher-

ical symmetryof the Rydberg electron’s motion, theelectronicphysicsremainssimpleat intermediate

distances(
� 
 � 5 � � 
�
 a.u.),evenin thepresenceof strongexternalfields.In thisintermediaterangeof

radii, boththeeffectsof theionic coreandof theexternalfieldscanbeneglected,andagaintheRydberg

electronevolvesin a pureCoulombpotential.For example,in a 6 Telsamagneticfield at a distanceof

5 � � 
�
 a.u.,the ratio of the diamagneticenergy to the Coulombenergy is approximately
� 
{� / � This

featureof an atomicelectronin externalfields wasfirst recognizedby Clark andTaylor [70] andhas

sincebeenusedin mosttheoreticaltreatments,bothquantumandsemiclassical,of thesesystems.This

allows the methodsof QDT andscatteringtheoryto be extendedto the caseof a Hamiltonianthat is

nonintegrable.

With this in mind, this thesisis foundedon thefollowing physicalpicture.Thequantumstateof

a highly excitedatomicelectronin thepresenceof externalfieldscanbepicturedasa time-independent

scatteringprocess.In this process,theelectronscattersmultiple timesoff of theionic coreandthelong-

rangefields (Coulombandexternal),eachtime returningto the simpleCoulombicregion. All of the

informationaboutthesescatteringeventsis containedin two scatteringmatrices:acoreregionscattering

matrix
� core anda nontrivial long-rangescatteringmatrix

� LR. It is importantto rememberthateach
�

-

matrix elementis a quantummechanicalamplitudeto scatteroff thecoreor long-rangeregion a single

time. The remainderof this chapterand the next shows how thesetwo
�

-matricescontrol the most

interestingphysicsof atomsin externalelectromagneticfields.

At thispoint it is usefulto summarizethepropertiesof thethreebasicregionsin whichanatomic

electronin externalfields moves. Figure2.1 providesa graphicalrepresentationof this partitioningof

configurationspace.

(1) Core region (5 � � 
 a.u.): Here, complicatedinteractionssuchas the electron-electronre-
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Long-Range Region

Core Region

r=infinity

Matching sphere (r=10-100 a.u.)

Figure2.1: The variousregionsof configurationspacein which a Rydberg electronin externalelec-
tromagneticfields travelsareshown. The coreregion (5 � � 
 a.u.),matchingregion (

� 
 � 5 � � 
�

a.u.),andthelong-rangeregion (5 ± � 
�
 ) areshown asconcentricsphericalshells.Usingthematching
region as“home base”the electronscatterseitherinwardoff the ionic core(shown asa filled circle at
thecenter),or outwardoff thelongrangeCoulombandexternalfield potentials.Eachof thesescattering
processesis encapsulatedin a scatteringmatrix.
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pulsionandthe Pauli exclusionprinciple dominatethe physicsof the Rydberg electron. The

externalfieldscanbe ignoredin this region. As in standardQDT, thephysicsin this region is

encapsulatedin anenergy independentscatteringmatrix
� core.

(2) Matching region (
� 
 � 5 � � 
�
 a.u.): Here, the Rydberg electronseesonly a spherically

symmetricCoulombpotential.I call it thematchingregionbecausesolutionsfrom thecoreand

long-rangeregionsarematchedin this region to “
�

-matrix states.” Thus,this region functions

muchlikeanasymptoticregion in traditionalscatteringtheory.

(3) Long-rangeregion (
� 
�
 � 5 � � 
 / a.u.): Here,thesphericallysymmetricCoulombpotential

andtheexternalelectromagneticfieldscompeteonanequalfooting. Dependingonwhatconfig-

urationof externalfieldsareapplied,thephysicscanbe integrable(electricandCoulombfield

only) or nonintegrable(Coulombfield plus magneticfield or magneticandelectricfields). In

eithercase,theHamiltonianis not separablein thesamecoordinatesystemasthecoreregion,

if at all. Thephysicsin this region is encapsulatedin a long-rangescatteringmatrix
� LR.

The exact boundariesbetweentheseregionsaresomewhat flexible anddependon factorssuchasthe

totalenergy, externalfield strengthsanddetailsof theionic core.Theimportantpoint is thatthephysics

is qualitatively differentin eachregion.

Althoughthis thesisfocusesonboundstatephysics,onefurthercomplicationthatemergesabove

thresholddeservesmentionhere.Abovetheionizationthreshold,afourthregionis identifiedbeyond5 �
� 
 / . Here,theCoulombfield hasbecomefar lessimportant,andtheexternalfieldsdominatethephysics.

Again, the detailsof the physicshereare determinedby the configurationof external fields that are

applied.For thecaseof anexternalmagneticfield, theelectronmovesout in decoupledLandauchannels

alongthedirectionof the magneticfield. For an appliedelectricfield, the electronapproachesinfinity

asanoutgoingwave in paraboliccoordinates.For thecasesof parallelor crossedelectricandmagnetic

fields,thephysicsis morecomplicatedat infinity, but nonethelessis still approximatelyintegrable.
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2.2.1
�

-matrix states

Now, usingthis matchingregion (
� 
 � 5 � � 
�
 a.u.) like an asymptoticregion in traditional

scatteringtheory, scatteringmatricesfor anatomicelectronin externalfieldsareintroduced.As before,

all but theradialdegreeof freedomwill beexpandedin asetof channelfunctionsé Ó 'OÝ + . LikebothQDT

andtraditionalscatteringtheory, the
�

-matricesaredefinedby writing down particularlinearcombina-

tionsof solutionsof theSchrödingerequation,the“
�

-matrix states,” in thematchingregion. However,

now therearetwo
�

-matrix states.Thefirst,
y core' 5 + , is relatedto thenumericallydeterminedsolution

ß core' 5 + regular at 5 �³
 anddeterminesthe core-region
�

-matrix
� core. The second,

y LR ' 5 + , is re-

latedto thenumericallydeterminedsolution ß LR ' 5 + having physicalboundaryconditionsat 5 �ï° and

determinesthe long-range
�

-matrix
� LR. In termsof the Coulombfunctionsandthe

�
-matricesthese

solutionsare:

y core' 5 + � �
! Í E 
 · ' 5 +_� core �8
 � ' 5 + � (2.17)

y LR ' 5 + � �
! Í E 
 � ' 5 +_� LR �8
 · ' 5 + � (2.18)

Theseforms of the solutionsare only valid in the Coulombmatchingregion (
� 
 � 5 � � 
�
 a.u.).

While it may seemthat these
�

-matrix statesare“just anothersetof linearly independentsolutionsof

theSchrödingerequation,” their usefulnesswill bedemonstratedthroughoutthis thesisasthey areused

to derivea numberof importantresults.

A numberof propertiesof these
�

-matricesareworth mentioning.By comparingthelong-range

�
-matrix state

y LR ' 5 + (2.18)with theWhittakerCoulombfunction(2.13)it is seenthatthelong-range

�
-matrix with no externalfields is simply the diagonalmatrix

� LR '�� + �ý- M ÓAø Ð � Ñ . Thus, unlike the

core region
�

-matrix, the long-range
�

-matrix dependsstronglyon the energy. Whenexternalfields

areappliedthis strongenergy dependenceremains,but
� LR '�� + becomesnon-diagonalbecauseof the

brokensphericalsymmetryin the long-rangeregion. As in standardscatteringtheory, bothof these
�

-

matricesareunitaryandhavefinite dimensionatagivenenergy � ontherealaxis.Thedimensionof the

�
-matricesis determinedby thenumberof locally openchannelsin thematchingregion. For analkali-

metalatom,thisnumbercanbeestimatedby themaximumclassicallyallowedangularmomentum# ata
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radius576 somewherein thematchingregion

# max � E 5 M6 �ï� �5Ç6 � �E � (2.19)

As statedabove, the two
�

-matrices
� core and

� LR determinethemostinterestingpropertiesof

atomicRydberg statesin externalfields. The first suchpropertythat I investigateis the boundstate

energiesof theRydberg electron.

2.2.2 Quantization using
�

-matrices

Thehighly excitedeigenstatesof a nonintegrableHamiltonianarecharacterizedby globalchaos

in the classicaldomainanda lack of goodquantumnumbersin the quantumdomain. Becausemuch

of our intuition aboutquantumeigenstatesrelieson the existenceof goodquantumnumbers,physical

insightabouttheeigenstatesis moredifficult to gainin a nonintegrablesystem.Someof thetraditional

methodsof quantization(separationof variables,perturbationtheory)fail completelyfor nonintegrable

systems.Others,suchasvariationalmethods,struggleto giveany insightaboutthehighly excitedstates

they provide. Becauseof this, it is desirableto haveamethodof quantizationthatis ableto givephysical

insightaswell asaccurateeigenvalues.

HereI presentanalternative to thetraditionalmethodsof quantization;onethatinvolvesthetwo

scatteringmatrices
� core and

� LR '_� + . Theresultderivedbelow,

det
� � � core� LR '_� + �<
�� (2.20)

wasfirst suggestedby Aymaretal. [68], but nothingwasknown at thetimeaboutthedetailsof thelong-

range
�

-matrixwhenexternalfieldsareappliedto theatom.Thesedetailsturnout to beverysignificant

as any physical insight containedin Eq. (2.20) must be provided by the
�

-matricesthemselves. A

detaileddiscussionof the physicscontainedin
� LR is delayeduntil Chs.4 and5 whereI show how

to calculatethis
�

-matrix usingaccuratequantumcalculationsandsemiclassicalapproximations.As

expected,this condition(2.20) is identical to that of QDT (2.15)with the matrix - M ÓAø replacedby the

long rangescatteringmatrix
� LR. Although the derivation of Eq. (2.20) is not difficult, I recordthe

detailshereassomeof theintermediateresultswill beusefullateron.
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To derive the quantizationcondition(2.20), I constructthe linear combinationof solutionsthat

satisfiesthe physicalboundaryconditionsat both 5 �ë
 and 5 �þ° . Becausethe
�

-matrix states

y core' 5 + and
y LR ' 5 + in Eqs.(2.17) and(2.18)satisfy the neededboundaryconditionsat 5 �^
 and

5 �²° respectively, thephysicalsolutionin thematchingregion mustbea linearcombinationof either

of thesesolutions. The physicallinear combinations(
� C¦ core and

� C ¦ LR) arewritten in termsof the
�

-

matrix states,Eqs.(2.17)and(2.18),andyetundeterminedexpansioncoefficients c coreÓ and c LRÓ :

� C ¦ core' 5 + � y core' 5 + � C c core � �
! Í E 
 · ' 5 +�� core �L
 � ' 5 + � C c core (2.21)

� C ¦ LR ' 5 + � y LR ' 5 + � C c LR � �
! Í E 
 � ' 5 +�� LR �L
 · ' 5 + � C c LR � (2.22)

Thesetwo physicalsolutionsmustbe identical. Thus,equatingEq. (2.21) to Eq. (2.22)somewherein

thematchingregion (
� C ¦ core' 5 6 + � � C ¦ LR ' 5 6 + ) yieldsanequationfor thecoefficients

� C c LR,

� � � core� LR '_� + � C c LR �U
�� (2.23)

alongwith a two equationsrelating
� C c core and

� C c LR:

� C c LR � � � core� C c core (2.24)

� C c core � � � LR '_� + � C c LR � (2.25)

A nontrivial solutionof theseequations(2.23andeither2.24or 2.25)existsat a givenenergy � only if

thefollowing conditionis satisfied:

det
� � � core� LR '�� + �8
9� (2.26)

Thezerosof thisequationgivetheboundenergy levels � r of theatomicelectronboundto amultichannel

positive ion in thepresenceof externalfields. In theseformulasI have explicitly written out theenergy

dependenceof the long-range
�

-matrix
� LR '_� + to emphasizethat it variesrapidly as the energy is

changed.Theenergy dependencesof theotherquantities,suchas
� core, aremuchweaker andcanoften

beneglected.Additionally, it shouldbekeptin mindthat
� LR '_� + is astrongfunctionof theexternalfield

strengthsc and ß , whereas
� core doesnotdependontheseparametersfor thecomparatively weakfields

( c � � 
�
 Tesla)underconsiderationhere.As long asexactquantummechanical
�

-matricesareused,
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the quantizationcondition(2.26) is exact. More importantly, whena semiclassicalapproximationfor

� LR is used,Eq. (2.26)becomesa semiclassicalquantizationconditionfor nonintegrable,multichannel

atoms.

A numberof researchers[77, 97, 98, 99, 100] have given quantizationconditionssimilar to

Eq. (2.26). This body of researchshows that the quantizationformula (2.26) representsa completely

generalmethodfor quantizingmultidimensional,nonintegrablesystems.The only assumptionI have

madein its derivation is thatat someradius(in thematchingregion), theeffectsof both the ionic core

andthe externalfieldson the electroncanbeneglected.Works by Prosen[99] andalsoRouvinezand

Smilansky [100] show thatthisassumptionis notstrictly necessaryandI outlinetheirapproachhere.To

quantizea nonintegrableHamiltonianof
H

spatialdimensions,configurationspaceis divided into two

volumes��ÿ and ��� , whichareseparatedby a
H � � dimensionalsurface.Thissurface,calledthesurface

of section,is equivalentto aconfigurationspaceversionof theclassicalsurfaceof sectionintroducedby

Poincaréto reducethe dynamicsof an autonomousHamiltoniansystem(E H -dimensionalphasespace)

to thatof adiscretemapof thesurfaceontoitself. Thissurfaceof sectionis thenusedto define
�

-matrix

statessimilar to Eqs.(2.17)and(2.18),alongwith
�

-matrices
� a and

� b for the two volumes. Their

[99, 100] quantizationcondition,

det
� � � a '_� +�� b '_� + �8
9� (2.27)

is identicalto theoneI havederivedhereandshows thegeneralnatureof this approach.

However, the first formulationto usea Poincarésurfaceof sectionto quantizea nonintegrable

Hamiltonianis Bogomolny’s
x

-matrix method[97]. In this breakthroughwork, Bogomolny deriveda

semiclassicalquantizationcondition,

det
� � � x '�� +�� �8
9� (2.28)

for nonintegrablesystemsin termsof the“transfermatrix”
x '_� + , which iteratesa quantizedversionof

thePoincarémap.In his work, thematrix
x '�� + is definedonly semiclassicallyandis shown to befinite

andunitary in the limit n8C 
 . RouvinezandSmilansky [100] have shown that
x '�� + is equalto the

product
� a '�� +�� b '�� + in thesamelimit.
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Theseworkselucidatesomeinsightful propertiesof quantizationconditionswritten asa secular

determinantinvolving finite, unitary
�

-matrices. A few of thesepropertiesarepresentedherefor the

casestudiedin this thesis,namely, anatomicelectronin externalfields. As Bogomolny demonstrates,

becausethe
�

-matricesarefinite andunitary, theseculardeterminant,Eq. (2.26),canbeidentifiedasa

dynamical(or Selberg) zetafunction[101, 102] �0S.'�� + :
� S '_� + � det

� � � core� LR '�� + � (2.29)

It is calleda zetafunctionbecauseit sharesmany interestingpropertieswith thewell known Riemann

zetafunction [103] �Î'�� + along the line ��� � ¶ Eû�L!	� . An excellent discussionof theseremarkable

connectionscanbefoundin thetext of BrackandBhaduri[24]. Two suchpropertiesthat �qS.'�� + shares

with theRiemannzetafunctionaretheexistenceof a functionalequation,

� S '�� + ��- Mf� Ó�
� Ð � Ñ ��
S '�� + � (2.30)

andthesocalledRiemann-Siegel relation,

� S '_� + ����'�� + �8- Mw� Ó�
� Ð � Ñ � 
 '_� + � (2.31)

Thequantity )ÞX'�� + is themeannumberof stateswith energy lessthan � , which is simply

)ÞX'�� + � H a�� H a��
'ÕEPt�n + a�� '��b� Ï ' F� � F� +0+ (2.32)

for
H

degreesof freedom.In general,the ��'_� + in Eq.(2.31)canbewrittenasafinite sumover tracesof

powersof thematrix
� core� LR,

� a � b or
x

. By nomeansis thisdiscussionof thedynamicalzetafunction

complete;rathermy goalhasbeento sketchthe relationshipbetweenmy work andthatof others.The

onenew aspectof my work that hasnot beennotedin the literaturethusfar is that functionssuchas

det
� � � core� LR '_� + have the properties,Eqs.(2.30) and(2.31), of a dynamicalzetafunction even

whenexactquantummechanical
�

-matricesareused.Previously, thedynamicalzetafunctionhasonly

beenusedin the context of semiclassicalapproximations.Thus,I proposethatwhenexact
�

-matrices

areused,Eq. (2.29)representsa quantum-mechanicalzetafunction.
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Onefinal relationship[100] expressesthedensityof states,

�o'_� + � r p�'_���8� r + � (2.33)

in termsof thezetafunction,Eq. (2.29),andthemeandensityof states)�$'�� + � a 
� Ð � Ña � �

�$'�� + � )�Ò'_� + � �
t Im

HH � ��������� � � � core� LR '�� + � (2.34)

This relationshipshows that the matrix
� � � core� LR '�� + controlsthe oscillatingpart of the

densityof states.Now I show thatthis matrixalsocontrolsthenormalizationof theboundstates.

2.2.3 Normalization

At a boundstateenergy � , the physicalwavefunction
� C¦ � ' 5 + takesthe form of the

�
-matrix

states,Eq. (2.21)or (2.22), in the matchingregion. A studyof the normalizationof thesestatesgives

furtherinsightinto thephysicsof theboundstatesof theRydberg electron.Thenormalizationcondition

derivedhereis similar to thatof Aymaret al. [68], andusesthemethodgivenin Greene[90]. As with

thequantizationcondition(2.26),an importantfeatureof thenormalizationconditionis that it depends

only on the matrix
� � � core� LR . Thebeginningpoint of thederivation is the familiar normalization

condition,written in termsof themultichannelradialwavefunction
� C ¦ � ' 5 + (eitherEq.2.21or 2.22):

 
6 d5 � C ¦ � ' 5 + M � � � (2.35)

Integrals(or sums)over the angularandspin degreesof freedomarenot presentbecausethe channel

functionsareassumedto beorthonormal.At first glanceit appearsthatthis integralrequiresthephysical

wavefunctionat all radii. A well known trick of QDT usesGreen’s theoremto convert the volume

integral to a surfaceintegral in the matchingregion [90]. This is advantageousbecausethe
�

-matrix

forms,Eqs.(2.21)or (2.22),of
� C¦ � ' 5 + canthenbeused.Thetransformationto a surfaceintegral,

�
ÿ H 5 � C ¦ I � ' 5 + � C ¦ � ' 5 + � ��!�"� Ã # � �

ÿ H 5 � C ¦ I � Ã ' 5 + � C ¦ � ' 5 + (2.36)

� ��!�"� Ã # � �
E{'�� º �L� + W � C ¦ 
� Ã � � C ¦ � �ÿ �
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involvestheWronskian,

W
� C ¦ 
� Ã � � C ¦ � � � C ¦ I � Ã H �ÅC¦ �H 5 � H � C ¦ I � ÃH 5 � C ¦ � � (2.37)

evaluatedat theendpoints
� ����$ � of the integrationrange.This formula is derivedby first writing down

theSchrödingerequationsfor
� C ¦ � and

� C ¦ I � Ã :
�
E � C ¦ º º� �L'_�b�8� + � C¦ � � 
 (2.38)�

E � C¦ I º º� Ã � � C ¦ I � Ã '2� º �L� + � 
9� (2.39)

Left multiplying Eq. (2.38)by
� C ¦ I � Ã andright multiplying Eq. (2.39)by

� C ¦ � , subtractingthe two and

usingGreen’s theoremon theresultgivesEq. (2.36). To useEq. (2.36)to normalizethewave function

(2.35)therangeof integrationis brokenup into two integrals,

 
6 H 5 � C ¦ � ' 5 + M � ×�%6 H 5 � C ¦ core� ' 5 + M �  

×&%
H 5 � C ¦ LR� ' 5 + M � (2.40)

wheretheintermediateradius576 is chosento besomewherein thematchingregion. WhenEq.(2.36)is

usedfor eachtermontheright sideof Eq.(2.40),thenormalizationconditionfor aboundstateatenergy

� r becomes:

� � ��!'"� Ã # � �
ET'´� º �L� r + W

� C¦ core
� Ã ' 5 6 + � � C ¦ core�)( ' 5 6 + � W
� C ¦ LR 
� Ã ' 5 6 + � � C ¦ LR�*( ' 5 6 + � (2.41)

To obtainthisresultonemustusethefactthewavefunctions
� C ¦ core�*( and

� C ¦ LR�*( vanishat 5 �U
 and5 �ï°
respectively. Because5 6 is in thematchingregion, the

�
-matrix formsof

� C ¦ core (2.21)and
� C ¦ LR (2.22)

canbeusedin Eq. (2.41)alongwith Eq. (2.24),
� C c LR �ï� � core� C c core, to give:

� � �'!�"� Ã # �*( �
E{'�� º �L� r + � C c coreI W ¤ � � coreI WM � core � C c core� (2.42)

W
¤ � � �E W 
 �� Ã � core
 �8
 · � Ã´�J
 · �*( � core �8
 ��*( � (2.43)

WM � � �E W 
 · � Ã � LR 
 '�� º + �8
 �� Ã �m
 ��*( � LR '�� r + �L
 · �*( � (2.44)

The matricesW
¤

andWM canthenbe simplified usingthe definition of the Wronskian(2.37)andthe

Wronskiansof 
 ¹ givenin Eqs.(2.2) and(2.3). Finally, thelimit � º C � r is takenusingl’Hospital’s
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rule. After somealgebra,andusingEq.(2.23),thefinal form of thenormalizationconditionreads:

� � �
EPt � C c LRI HH � ! � � � core� LR � C c LR � (2.45)

As in the quantizationcondition, the matrix
� � � core� LR controlsthe normalizationof the bound

states.As Harmin’s work [83] on the Starkeffect demonstrates,normalizationconstantssuchasthis

matrixarecloselyrelatedto thedensityof statesof thephysicalsystem.Thisis consistentwith Eq.(2.34)

that relatesthe quantumdensityof statesto this matrix. In addition, in the next chapterthe matrix

� � � core� LR � ¤ appearsasa “densityof statesmatrix” in theatomicphotoabsorptioncrosssection.

Alternatively, asAymaretal. [68] pointout, thenormalizationcondition(2.45)canbeexpressed

in termsof theHermitiantimedelaymatrices[104] for thecoreandlong-rangeregions:

î coreÐ LRÑ �<! � coreÐ LRÑ H � coreÐ LRÑ IH � � (2.46)

Theresult,

� � �
E.t � C c LRI î coreI � î LR � C c LR �

shows that the normalizationof the boundstatesinvolvesa sort of balancebetweenthe physicaltime

scales(encapsulatedin
î LR and

î core) in thecoreandlong-rangeregions.

2.3 Discussion

In theprevioussection,ideasfrom scatteringtheoryandQDT wereusedto studyRydberg states

of atomsin staticexternalelectromagneticfields. Thefollowing pictureof theelectron’smotionunder-

girdsthisapproach:thestateof theRydbergelectronis picturedasatime-independentscatteringprocess

wheretheelectronscattersrepeatedlyoff thecoreandlong-rangeregionseachtimereturningto aradius

in the“matchingregion” whereit seesa pureCoulombpotential.The
�

-matrix states,Eqs.(2.17)and

(2.18),formalizethis ideaby introducingtwo unitary
�

-matrices
� core and

� LR. Using these
�

-matrix

statesI have deriveda quantizationcondition(2.20)anda normalizationcondition(2.45)for thebound

statesof theRydberg electron.Thesetwo equations,which arethemainresultsof this chapter, begin to

show thatthemostimportantphysicsof theelectronis containedin thematrix
� � � core� LR �
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Thisapproachof dividing configurationspaceinto two regionsanddefiningan
�

-matrix for each

region is advantageousfor a numberof reasons.First,
�

-matricesareideally suitedto semiclassicalap-

proximations.In Ch.5 I derivesuchanapproximationfor thelong-range
�

-matrixusingasemiclassical

Green’s function. Semiclassically,
� LR is written asa sumover classicalorbits, closed-orbits,that are

launchedoutwardfrom a spherein thematchingregion,scatteroff thelong-rangefieldsandthenreturn

to thesphereafter time
x

. I show that theclassicalaction
� ¯

(not to beconfusedwith thematrix
� LR)

of eachsuchorbit contributesto thephaseof the
�

-matrix in theform (seeEq.(5.39)):

� LR '�� + � ¯ � ¯ - Ó�+�, Ð � Ñ � (2.47)

The matrix
� Ó of eachorbit dependson the stability, Maslov index, andinitial andfinal anglesof the

orbit. While the resultsof this chaptercan be written in termsof either - -matricesor & -matrices,

thesemiclassicalapproximationsfor thesematricesareneedlesslycumbersomecomparedto thatof the

�
-matrix (2.47).

Second,
�

-matricesgive importantphysicalinsightnot availablein otherapproaches.This can

be seenby looking at the traceof the time delaymatrix for the long-rangeregion in a semiclassical

approximation.A substitutionof thesemiclassicalform of
� LR � Eq.(2.47),into thedefinitionof thetime

delaymatrix,Eq. (2.46),gives,

Tr
î LR '�� + � Tr ! � LR

H � LRIH � � ¯ x$¯ '_� + � ¯ � (2.48)

where
x ¯ '_� + � a +�,a � denotesthe periodof the ½ th classicalorbit and � ¯ � Tr ' � ¯ � I ¯ + is a number

indicatingthe relative importanceof theorbit. This shows that the
�

-matrix
� LR givesdirectaccessto

thetime domainphysicsof theRydberg electron.Chs.4 and5 show that thequantitativedetailsof this

timedomainphysicsin
� LR canbeextractedby Fouriertransforming

� LR '�� + into thetimedomain.

Third, andfinally, dividing configurationspaceinto two regionsleadsto an efficient approach.

Oncethe long-range
�

-matrix hasbeencalculatedfor a given configurationof externalfields, the ob-

servablesof many differentatomsin that configurationof fields canbe calculatedby simply usingthe

� core appropriateto eachatom.
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Of course,thebestargumentfor formulatingthetheoryin termsof
�

-matricesis theirusefulness.

This chapterhasbegunto build a casefor this viewpoint by showing that the
�

-matrices
� LR and

� core

determinetheboundstatephysicsof anatomicelectronin thepresenceof anexternalelectricor magnetic

field. In thenext chapter, I continuealongtheselines,exploring therelationshipbetweenthe
�

-matrices

andtheatomicphotoabsorptioncrosssection.


