
Chapter 1

Intr oduction

This thesisis concernedwith a classof nonintegrablesystemsfrom atomicphysics: atomsin

static,externalelectromagneticfields. Thesesystemspresenta challengenot foundin their integrable1

ornear-integrablecounterparts,suchasthehydrogenatomor thelow lying statesof atomsandmolecules.

To illustratethe difficulty with nonintegrablesystemsI wish to imaginea dialoguebetweena diligent

graduatestudentandheradvisor. Thegraduatestudenthasbeenhardat work in thelab takingphotoab-

sorptionspectraof an atomhaving a nonintegrableHamiltonian. After monthsof building electronics

andtweakinglasers,thegraduatestudenthasscansof a region of thespectrumwith anexcellentsignal

to noiseratio. Theadvisorentersthelab to seethenew results.

“Yes,I receivedyouremailandI wantedto seesomeof thespectrayou havetaken.”

“Of course,” repliesthegraduatestudent,asshepulls out thelab notebookcontainingthenewly

obtainedscans.“Here is theregion from 109,700to 109,900wavenumbers.At first I thoughtthespec-

trum wasall noise,but I have repeatedthe experimentover the samerangethreetimesandall of the

featuresarereproducible.”

Slightly skeptical,theadvisorputson his eyeglassesto takeacloserlook at thedifferentscans.

“Wow, they do look identical. I guessafter all of the work you have donethesemight be real

absorptionpeaks.”

Pleasedby heradvisor’sconfidence,thestudentreplies,“I think they are.”

It now becomesclearthat theadvisoris thinking aboutthephysicsof thespectrum.“You have
1 A quantumsystemwith h degreesof freedomis integrableif thereexist h independentoperators ijlk thatcommutewith the

Hamiltonianandwith eachother. This setof operatorsis sometimesreferredto asa “completesetof commutingobservables.”
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beendoingaliteraturesearchonthissystem,right?Whatdoweknow aboutthis largeabsorptionpeak?”

“Which one?”asksthestudent.

“This oneright herethatstandsout sostrongly. You would think this peakwouldshow up in the

lower resolutionexperimentsthathavebeenperformedpreviously.”

“Oh, yes,I did find this article thatmentionsa largepeakat thatenergy �m�m� at about109793.5

wavenumbers.”

Encouraged,theadvisorinquiresfurther, “well thenwhatdo we know aboutit?”

With a puzzledlook thestudenthesitates“well �m�J� uhh �J�m� it is at thatenergy there,andit’s that

high.”

“Well obviously, I canseethat,but whatelsedo we know?”

The studentknows that sheshouldsaysomething,so shestretches,“um �m�m� it is right next to

thosetwo peaks?”

Justasthestudentis beginningto doubtthereliability of bothherliteraturesearchandtheexper-

imentaldata,theadvisorgetsa light in his eyeandproclaims,

“Oh, of course,you areright, that’s all thereis to know aboutthatpeak.This systemis noninte-

grable!”

The point of this dialogueis to emphasizethat the only good quantumnumberof a strongly

nonintegrable,autonomoussystemis its energy. This is in contrastto anintegrableor partially integrable

system,which hasoneor moregoodquantumnumbersotherthantheenergy. It is well known [1] that

every goodquantumnumbercorrespondsto a symmetryof theHamiltonian.Eachtime a symmetryof

a systemis stronglybroken,thequantumnumberassociatedwith thesymmetryis no longerusefulfor

describingthe eigenstatesof the system. What is often not appreciatedis that the quantumnumbers

of an eigenstategive us an intuitive pictureof the physicsof the state. Given the quantumnumbers,

we immediatelyhave accessto information about the nodal structureof the wavefunctionand other

issuessuchasdegeneracies.Thus,quantumnumbersareoneof themainwaysthatwe “see” quantum

mechanicalstates.Themaindifficulty in nonintegrablesystemsis thenin our ability to gainanintuitive

pictureof thequantummechanics.
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Perhapsthebiggestadvancetowardsunderstandingthequantummechanicsof multi-dimensional,

nonintegrablesystemshasbeenthedevelopmentof semiclassicalapproximationsfor thesolutionsof the

Schrödingerequation.This is demonstratedin thefollowing brief historyof thestudyof atomsin strong

magneticfields,or diamagneticatoms.

1.1 Historical background

At the beginning of the 20th century, the newly discoveredquantummechanicsdivergedfrom

classicalmechanics.As Einstein[2] andothersrealized,quantizationusingclassicaltrajectoriesquickly

raninto difficultiesin multidimensional,nonintegrablesystems.Theinvarianttori usedto quantizeinte-

grablesystemsbegin to breakdown asintegrability is lost. While theWKB [3] quantizationprocedure

for onedimensionalsystemsandthemultidimensionalextensionfor integrablesystems(EBK) [2, 4,5, 6]

hadlimited success,nosuchsemiclassicalquantizationprocedurecouldbefoundfor nonintegrablesys-

tems.

To someextent,thestatusof nonintegrablesystemsin quantummechanicsat thispoint in history

is not surprising. A similar impasseexisted for nonintegrableclassicalsystems.The difficulties for

the classicalcasewereelucidatedby the work of Henry Poincaré[7]. The issueat the time was the

predictionof the long time behavior of thesolarsystem.Poincaréshowed,to thedismayof many, that

all classicalperturbativeexpansionsof themotionof thesolarsystemcontainirremovablesingularities

dueto resonances.Without the benefitsof moderncomputationalpower, Poincare’s theoremshattered

theonly availablemethodof solution.At thelevel of bothquantummechanicsandclassicalmechanics,

progresson theunderstandingof nonintegrablesystemssloweddrasticallyfor aboutfifty years.

In the 1950sand 1960s,work by Kolmogorov [8], Arnol’d [9, 10] and Moser [11] began to

illuminatethenatureof classicalnonintegrability. Theresultsof theirwork, known astheKAM theorem

[12], givesadetailedaccountof exactlyhow theinvarianttori in phasespacebreakupassymmetriesare

broken. Also, beginningwith thework of EdwardLorenz[13], computersbeganto give dramaticnew

insightsinto thenatureof stronglynonintegrableclassicalsystems.Essentially, classicalchaoshasbeen

discovered.Thebreakupof invarianttori into finerandfinerphasespacestructurescouldnow bestudied
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in detail. It wasseenthattheinvariantstructuresin thephasespaceof chaoticsystems- periodicorbits-

occupiedinfinitesimallysmallvolumesof phasespace.This seemedincompatiblewith oneof themain

ideasof quantummechanics:thatphasespacevolumesarelimited by thefundamentalconstantn through

the Heisenberg uncertaintyprinciple. However, asclassicalchaoswasstudiedmorethoroughlyin the

1960sand1970s,it wasrealizedthatsemiclassicalquantizationof classicallychaoticsystemsmight be

possibleafterall. Themajorbreakthroughcamewith thework of Balian,Bloch andGutzwiller. Balian

andBloch[14, 15, 16, 17] showedthatoscillationsin thedensityof statesof electromagneticcavitiesand

quantumbilliards couldbeunderstoodin termsof classicalperiodicorbits. Gutzwiller [18, 19, 20, 21]

elaboratedon this ideathroughhis derivationof a “trace formula” for thequantumdensityof statesof

a smoothnonintegrableHamiltonian. With Gutzwiller’s derivation, classicalmechanicsreenteredthe

realmof quantummechanicsfor good.

Gutzwiller’s semiclassicaltraceformulafor thequantumdensityof statesintroduceda new way

of looking at thespectrumof Hamiltonianshaving chaoticclassicaldynamics.Excellentdiscussionsof

thetraceformulacanbefoundin [22, 23, 24]. In his approach,thedensityof statesis brokenup into a

smooth,averagepart )�o'�� + , andanoscillatingpart pq�o'_� + :
�$'�� + � rsp�'����L� r + � )�o'_� + �8pq�o'_� + � (1.1)

Thefamoustraceformula,

pq�$'�� + � �
nPt uwv

x uqv
det'T)y uwv � � +{zm|�}

�
n � uwv '_� + �L@ uwv t E � (1.2)

givesa relationshipbetweentheoscillatingpartof thedensityof statespq�$'�� + andtheclassicalperiodic

orbitsof thesystemin thelimit
� uwv(~ n9� Theseperiodic orbits aresolutionsof theclassicalequations

of motionthatreturnto aninitial pointin phasespaceafteraperiod
x uwv . Ontheright sideof Eq.(1.2),the

properties(action
� uqvP� Maslov index @ uwv , andstability matrix )y uwv ) of thesepurelyclassicalorbitsare

seento provideall of theinformationaboutthequantummechanicaldensityof states.Theonly signature

of thequantumworld ontheright sideof Eq.(1.2)is theappearanceof theconstantn . Althoughasimilar

traceformulafor integrablesystemshasbeenderivedby Berry [25, 26], theresultof Gutzwiller applies

to chaoticsystemswheretheperiodicorbitsarewell isolatedin phasespace.
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Thephysicsin thetraceformula(1.2) is manifestedwhenthedeltafunctions p�'������ r + in the

exactdensityof states(1.1)aresmoothedoverusingsomeconvolutionfunctionof width \�� . Theresult-

ing smootheddensityof statesshows dramaticoscillationswith energy. Thegreatadvanceof the trace

formula (1.2) is to allow the interpretationof theseoscillationsin termsof theclassicalperiodicorbits

having
x uwvD� Mf�.��,� � Thus,entiresequencesof energy smoothedeigenstatesof nonintegrableHamilto-

nianscanbeinterpretedwith only a few classicalperiodicorbitsof thecorrespondingclassicalsystem.

This representsahugeimprovementover interpretingthedensityof statesby saying“this eigenstatehas

anenergy of �m�J� andit is next to this one,this oneandthis one.”

Atoms in external magneticfields representone of the most importantexamplesof this type

of analysis. The experimentsof Gartonand Tomkins [27, 28, 29] were the first to show interesting

new physicsin the spectraof diamagneticatoms. Their major discovery was that the nearthreshold

photoabsorptionspectraof atomsin strong(0-6 Tesla)magneticfieldsshow dramaticoscillationswith

energy, which are independentof the atombeingstudied. The large spacingof these“quasi-Landau”

resonancesgM n9c ( c is the magneticfields in a.u.), as Edmonds[30] and Starace[31] elucidated,is

relatedto aclassicalorbit of theRydberg electronhaving period Mg Mf��m� � Thisclassicalorbit, thequasi-

Landauorbit, beginsat thenucleus,travelsout perpendicularlyto themagneticfield andreturnsto the

nucleusafterdeflectingoff themagneticfield. It is ironic thattheobservationof theseglobaloscillations

dependedcritically onthepoorresolutionof theexperimentalspectrum;highresolutionspectrarecorded

later(see[32] for example),whenexperimentalmethodsimproved,show densesequencesof seemingly

randomabsorptionlines.

Soonthereafter, experimentandtheoryshowed that the quasi-Landauoscillationsweremerely

the tip of the iceberg. Higher resolutionexperimentson hydrogenin a ��� ��� Teslafield [33, 34, 35]

revealedthe contributionsof additional, longer period classicalorbits of the highly excited electron.

This experimentalwork by Welge’s groupin Bielefeld,Germany demonstratedthat thecontribution of

eachsuchorbit to thephotoabsorptioncrosssectioncouldbeextractedby takingtheFouriertransformof

theexperimentalspectrum.Theresultingrecurrencespectrum shows strongpeaksin thetime domain

at theperiodsof thesenewly uncoveredclassicalorbits.A quantitativetheoryof therecurrencespectrum
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wasfirst providedby Du andDelos2 [37, 38]. This theoryandits extensionsareknown asclosed-orbit

theory.

Closed-orbittheoryechoesmany of theideasof Gutzwiller’s traceformula(1.2). Like thetrace

formula for the densityof states,the photoabsorptioncrosssection @$'_� + in closed-orbittheory[38] is

written in termsof anaveragepart )@�'_� + andanoscillatingpart pP@$'�� + :
@$'_� + � )@$'�� + �8pP@$'�� + � (1.3)

Using semiclassicalwavefunctionsaway from the nucleus,Du andDelosshowed that the oscillating

partof thephotoabsorptioncrosssection3 canbewrittenasa sumover theclosedclassicalorbitsof the

atomicelectronin anexternalfield:

pP@$'�� + �U�.t M��9� � v � � v zm|�} � � v �L@ � v t E � ?PtV � '���� ��� + (1.4)

As in thetraceformula(1.2),thephaseof eachoscillatingtermis determinedby theclassicalaction
� � v

andMaslov index @ � v of eachclosedorbit. Theamplitude
� � v involvesbothpropertiesof theclassical

orbit of the electron(its classicalstability and initial andfinal polar angles)alongwith propertiesof

the initial quantumstateof the atom(dipole matrix elements).The closedorbits that determinethe

physicsof pP@$'_� + in a semiclassicalapproximationare classicaltrajectoriesof the Rydberg electron

thatarelaunchedradially outward from the nucleus,scatteroff the long rangeCoulombandmagnetic

field andthenreturnradially to the nucleus.Closedorbits, ratherthanperiodicorbits, arerelevant in

photoabsorptionexperimentsbecausetheinitial atomicstateis stronglylocalizednearthenucleus.

For light atomsin externalmagneticandelectricfields, closed-orbittheoryhasproven to be a

quantitative andelegantmethodof calculatingandinterpretingrecurrencespectra.Over the pasttwo

decades,multiple generationsof experimentshave measuredthe recurrencespectraof hydrogen[39],

lithium [40] andhelium[41, 42, 43, 44, 45] in strongmagneticfields.Almostuniversally, theagreement

of theseexperimentswith thepredictionsof closed-orbittheoryhasbeenspectacular;both the location

andamplitudeof recurrencepeaksarepredictedto within a few percent.In addition,the closedorbits
2 A similar treatmentwas developedsimultaneouslyby Bogomolny [36] althoughhis approachhasnot received as much

attention.
3 Practitionersof closed-orbittheoryoften usean oscillator-strengthdensity ��������� insteadof the atomicabsorptioncross

section.Thetwo arerelatedby theformula �����������"�� ¢¡����9�����¢£
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underlyingeachrecurrencepeakprovide a simple interpretationof the time domainphysics. Similar

agreementis shown in theStarkrecurrencespectraof theselight atomssubjectedto astaticelectricfield

[46, 47, 48, 49]. To achieve this level of agreementwith experiment,two extensionsof closed-orbit

theoryhavebeennecessary.

First, the effectsof a nonhydrogenicionic corehave beenincluded. Following quantum-defect

theory [50], the electron-coreinteractionsare characterizedby a set of energy independentquantum

defects.Whencombinedwith semiclassicalwavefunctionsaway from thecore[51, 38], thesequantum

defectspermit an extensionof closed-orbittheory to single-channelatoms. Suchresults,obtainedby

Dandoetal. [52, 53] andby Shaw andRobicheaux[52, 53, 54], predicttheemergenceof new recurrence

peaks,calledcore-scatteredrecurrences,whenthequantumdefectsareturnedon (seealso[55]). These

appearas a result of one primitive closedorbit of period
xl¤

scatteringinto anotherof period
x M to

producea new peakat thecombinedperiod
xl¤ � x M . For helium[56, 45] andlithium [40], experiments

haveconfirmedtheexistenceof thesenonclassicalcore-scatteredfeatures.

Second,artificial divergencesassociatedwith bifurcationsof closedorbitshavebeenregularized

to give a uniform semiclassicalapproximation[57, 58, 59]. As theexternalfield strengthor theenergy

of the Rydberg electronis increased,bifurcationsof the closedorbits occur [39]. Thesebifurcations

causewell known divergencesin the semiclassicalamplitude
� � v in Eq. (1.4) at the pointswherenew

orbitscomeinto existence. This effect is unphysicalastheexactquantumrecurrencespectrumis finite

everywhere.Delosandcoworkers[60, 61] haveusednormalform theoryto investigatethebasictypesof

bifurcationspresentin diamagneticatoms.Becauseeachtypeof bifurcationhasa differenttopologyin

phasespace,a general,uniform semiclassicaltheoryhasprovendifficult. In spiteof this,someprogress

hasbeenmade.GaoandDelos[62] have givena uniform approximationfor thebifurcationsof certain

classesof orbits in an external electric field; thoseparallel to the field, the “uphill” and “downhill”

orbits. Usingtheseresults,Shaw andRobicheaux[54] have giventhemostpromisinggeneralizationof

closed-orbittheoryto date,whichincorporatesbothbifurcationsandcore-scatteringfor Starkrecurrence

spectra.Thevalidity of their formulationhasbeenverifiedby accuratequantumcalculationsandarecent

experiment[49]. For the caseof atomsin magneticfields, the only work on a uniform semiclassical
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treatmenthasbeenby Main and Wunner[63]. While suggestive, their approachcontainsadditional

unphysicaldivergencesbelow the bifurcationpointsthat mustbe dealtwith (i.e. canceledby handor

ignored). Additionally, their theory hasnot yet beentestedcritically. Thus, while therehave been

somespectacularsuccessesin regularizingbifurcationsin closed-orbittheory, muchwork remainsto be

performedin this area.For themostpart,however, theinclusionof core-scatteringandbifurcationsinto

closed-orbittheoryenablesthepredictionof recurrencespectraof light atoms.

Heavier atoms,however, have proven difficult for closed-orbittheory. Thus far, the success

of closed-orbittheoryhasbeenlimited to atomswith at most two nonzeroquantumdefects. Recent

experimentson barium[64, 65, 66] andargon[67] in electricfieldsshow dramaticdifferencesfrom the

predictionsof closed-orbittheory. Evenwhenthe core-scatteringeffectsdescribedabove areincluded

for theseatoms,agreementremainsdismal. Furthermore,it appearsthat thepresenceof threenonzero

quantumdefects(asin rubidium)causestheexpansionsof Dandoet al. [53] andShaw andRobicheaux

[54], which work beautifully for helium and lithium, to diverge. Thus, the presenceof multichannel

ionic coresandmultiple ionizationthresholdsseemto presenta fundamentaldifficulty for semiclassical

approaches.

Thedifficulty thenis theshortrangeinteractionbetweentheRydbergelectronandamultichannel

positive ion. This is somewhat ironic giventhe successof multichannelquantum-defecttheory[68] in

treatingthis physics.Sinceits introductionby Seaton[50] in the 1950s,multichannelquantum-defect

theory (MQDT) hasbecomeoneof the mainstaysof modernatomic theory. In MQDT, the quantum

defectsaregeneralizedinto ashort-rangescatteringmatrix
� core, which fully characterizesthescattering

of theRydberg electronfrom theionic core.Themultiple ionizationthresholdsandinelasticelectron-ion

scatteringcharacteristicof complex atomsareall handledaccuratelyandelegantlyin this fully quantum-

mechanicalapproach.However, becauseMQDT requiresasimplelong rangepotential,a new approach

mustbefoundwhenexternalfieldsdestroy thesimplicity of theelectron’smotionfar from thenucleus.

Thus, thereexists a dilemmain the theory of atomsin static, external magneticand electric

fields.While semiclassicalmethods,suchasclosed-orbittheory, provideanefficientandelegantwayof

treatingthemotionof aRydberg electronfarfrom thenucleus,they fail whentheelectronis within afew
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Bohr radii of the ionic coreof a multichannelatom. On theotherhand,quantum-defecttheoryhandles

this short rangephysicswithout difficulty - but only when the long rangephysicsis integrable. An

understandingof multichannelatomsin nonintegrableconfigurationsof externalelectricandmagnetic

fields requiresthat both the short rangeand long rangephysicsof the Rydberg electronare treated

accurately.

Oneway out of thedifficulties(core-scattering,bifurcations)involvedin semiclassicalapproxi-

mationsis to solve theSchrödingerequationexactly. This approachhasbeentakenby a numberof re-

searchers[69, 70, 71, 72, 73, 74] andis importantto mention.Thesemethods,which involvelargescale

quantum-mechanicalcalculations,haveprogressedthrougha combinationof increasedcomputerpower

andefficient algorithmsfor solvingtheSchrödingerequation.Typically, a variationalapproachsuchas

& -matrix theory, alongwith anexpansionof thewavefunctionin abasisset(B-splines,Sturmians,finite

elements),is usedto convert themultidimensionalSchrödingerequationto a matrix diagonalizationor

elseto thesolutionof an inhomogeneouslinearsystemof equations.Accuraterecurrencespectrahave

beencalculatedfor atomsin strongmagneticfields (1-10000Tesla)usingthesetechniquesandshow

excellentagreementwith experiments[32, 43, 44]. Successfulapplicationsto dateincludea numberof

singlechannelatomsin magneticfields,suchasthealkali-metalatoms[71, 74, 72, 75], andBa andSr

[71, 76, 77] at their lowestthresholds.Similar calculationshavebeenperformedfor multichannelatoms

moleculesin electricfields[78, 79, 80, 81, 82] usingthemethodsof Harmin[83] andFano[84]. Here,

thelong rangephysicsis simplerthanthemagneticfield casebecausemotionof theRydberg electronin

thecombinedCoulombandelectricfieldsis separablein paraboliccoordinates.

While thesefully quantummechanicalapproachesaccuratelypredict the recurrencespectraof

many atomsin externalmagneticandelectricfields,theirusefulnessremainslimited. Unlikeclosed-orbit

theory, exactquantumcalculationsstruggleto yieldphysicalinsightinto thespectrathey provide. Wecan

predict thespectra,but thedevelopmentof qualitativeunderstandingis difficult or seeminglyimpossible

using fully quantumapproaches.For integrablesystems,this difficulty is overcomeby labeling the

quantumstateswith quantumnumbers.However, asI have emphasizedin this Introduction,quantum

numberother than“energy” areuselessin stronglynonintegrablesystemssuchasatomsin magnetic
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fields. Thus,asexperimentsbegin to probemultichannelatomsin externalfields, interpretationof the

photoabsorptionspectraremainsthe mostdifficult issue. Examplesof this difficulty areprovided by

recentexperimentson Ba [65, 66] andAr [67] in electricfields,wheresimplefeaturesin therecurrence

spectraremainuninterpretedto a largedegree.

1.2 Outline of the results

In this thesisI developaunifiedtheoryof complex atomsin externalelectricandmagneticfields.

Using the ideasandmethodsfrom bothmultichannelquantum-defecttheoryandclosed-orbittheory, I

describea completepictureof the photoabsorptionprocess.In sucha process,the atomicelectronis

movedfrom an initial state ¥ ¦ 6�§ at energy � 6 to a final state ¥ ¦l4 § having energy �¨�Z� 6 �©n � � after

absorbingaphotonof frequency � . Determiningthefinal statewavefunction¥ ¦l4 § , is themaintaskin any

calculationof thephotoabsorptioncrosssection. In this thesis,I obtainthis final statein a roundabout

manner. As quantum-defecttheoryshows,all of theinformationcontainedin thequantumstate¥ ¦l4 § can

berepackagedinto oneor morescatteringmatrices.This reformulationof theelectron’sfinal stateleads

to asimplephysicalpictureof theelectron’smotion.Becauseeveryderivationandformulacontainedin

this thesisrelieson this physicalpicture,it is usefulto presentthepicturehere:

Thestatereachedby anatomicelectronin aphotoabsorptionexperimentis acombinationof two

time-independentscatteringprocesses.In the first, the electronis launchedoutward from the nucleus,

scattersoff the long rangefields, and thenreturnsto the nucleus. In the second,the electrontravels

inwardto scatteroff theresidualionic core.

Chapters2 and3 presentthis physicalpictureanda mathematicaldescriptionthatappliesto any

atomin any configurationof staticexternalelectricandmagneticfields. After reviewing the important

elementsof quantum-defecttheory, I introducetwo scattering(or
�

) matrices:one for the scattering

of the electronoff the long rangefields
� LR, andanotherfor the short rangeelectron-corescattering

� core. Thesetwo scatteringmatricescompletelydeterminethe Rydberg electron’s boundstateenergy

eigenvalues.I derivebothaquantizationconditionanda normalizationconditionfor theboundstatesin

termsof the
�

-matrices.The result is a completelygeneralmethodfor quantizingmultichannelatoms
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in externalfields.Connectionswith previoustreatmentssuchasHarmin’s theoryof theStarkeffect,and

Bogomolny’ssemiclassicalquantizationschemeareelucidated.

In Ch. 3 a relationshipbetweenthe
�

-matricesand the total photoabsorptioncrosssectionis

derived. Ratherthanfocusingon the infinite resolutionspectra,I smoothover thedetailsof individual

absorptionlines andexplore the energy-smoothedspectruminstead.This approachis inspiredby the

resultsof closed-orbittheory, andshows that an exact quantummechanicalgeneralizationof closed-

orbit theorycanbe derived in termsof
�

-matrices. In addition,the resultalsoconnectswith familiar

formulasof quantum-defecttheory. Thefinal formula for thephotoabsorptioncrosssection,while still

anexactquantum-mechanicalresult,containsmuchof thephysicalinsightof semiclassicalmethodslike

closed-orbittheory. Again, I emphasizethattheresultsof Chs.2 and3 arecompletelygeneral,applying

to any atomin any configurationof externalelectromagneticfields. Beginning with Ch. 4, however, I

specializeto thecaseof singlechannelatomsin externalmagneticfields.While multichannelatomscan,

in principle,beincludedinto my formulationof thephotoabsorptionprocess,anumberof subtlefeatures

aboutsinglechannelatomsmustbeunderstoodfirst.

Chapters4 and5 give thedetailsof how the long-rangescatteringmatrix
� LR canbecalculated

in a either a fully quantummechanicalor semiclassicalframework. First, In Ch. 4, the methodsof

variational& -matrix theoryareextendedto calculateanaccuratequantum
� LR. While thesecalculations

arebasedon familiar techniquesin atomic theory, a few extensionsareneeded.The mostsignificant

of theseis theanalyticcontinuationof the long-range
�

-matrix to complex energies. This is neededto

producetheenergy smoothedcrosssectionof Ch. 3 andcanbeaccomplishedwithin theframework of

& -matrixtheorywithoutdifficulty. I endCh.4 by presentingcalculationsfor anatomin astaticmagnetic

field that implementthemethodsof thechapter. Thesecalculationsshow that the long-range
�

-matrix

canbeanalyzedin thespirit of closed-orbittheoryby takingtheFouriertransform,or recurrencestrength,

of its matrix elements.This allows thedetectionof nonclassicalpaths,or ghostorbits,of theelectronas

it scattersoff thelong-rangefields.

In Ch. 5, I introducesemiclassicalapproximationsinto my
�

-matrix theoryof photoabsorption.

More specifically, I usea semiclassicalGreen’s function to derive a semiclassicallong-range
�

-matrix
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for the motion of an atomicelectronin a staticmagneticfield. By writing
� LR asmatrix elementsof

an energy domainGreen’s function, a versatileapproachfor deriving semiclassicalapproximationsto

the
�

-matrix is achieved. This treatmentallows a detailedstudyof how the closed-orbitsareselected

to contribute to the recurrencespectra.The generalityof my methodis demonstratedas it is usedto

treata numberof specialcaseswherethe primitive semiclassicalapproximationfails, suchasnearthe

bifurcationsof closedorbits. My resultsboth reproduceandextendtheusualtreatmentof closed-orbit

theory.

Chapter6 usesthesemiclassical
�

-matricesof Ch.5 andthepreconvolvedphotoabsorptioncross

sectionof Ch.3 to developasemiclassicaltheoryfor thephotoabsorptionrate.After thefailureof anaive

approachto thesemiclassicalapproximationis outlined,I useaccuratequantum
�

-matricesto uncover

animportantrelationshipbetweencore-scatteredorbits,andothernonclassicalorbitscalledghostorbits.

When this relationshipis put into mathematicalterms,an improved, resummedsemiclassicaltheory

canbedeveloped.In contrastto previoussemiclassicaltheoriesfor nonhydrogenicatoms,my resultis

generallyconvergentwhenmorethanonequantumdefectis large. After deriving the final result,it is

appliedto anumberof testcases,includinglithium andrubidiumin anexternalmagneticfield.

Atomic units ( -L�ª�«�;n�� �
, ¬U� � ?{N ) will be usedthroughoutthis dissertationunless

otherwisestated.Oneatomicunit of magneticfield is equalto E9� ?��­� � 
�® Tesla.

1.3 Scaledvariable recurrencespectroscopy

Oneof the mostsignificanttechniquesin the studyof atomsin externalelectricandmagnetic

fields is theuseof so-calledscaledvariables.BecauseI will usethesescaledvariablesthroughoutthis

thesis,theirmainfeaturesaresummarizedhere.A detaileddescriptionfor thecaseof hydrogenin static

magneticfield canbefoundin AppendixA.

In standardspectroscopy, crosssectionsaremeasuredor calculatedasafunctionof theenergy � .

Whenanexternalelectromagneticfield is appliedto thesystemunderconsideration,thefield strengthis

typically heldconstantwhile theenergy is varied. In this Introduction,I have describedhow theglobal

featuresin the energy domaincrosssection @$'_� + canbe extractedby Fourier transformingthe cross
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sectionto the time domain. The resultingrecurrencespectra@$' x + shows peaksat the periods
x�¯

of

certainclassicalorbitsof thesystem.Themaindifficulty with this approachis thattheclassicalperiods

dependon theenergy
x$¯ � x�¯ '�� + . Thus,eventhoughtheFouriertransformedspectrumshowspeaksat

theperiods
x�¯ � thepeaksaresomewhatwashedout by theenergy varyingtimescalesof thesystem.

A beautifulalternative to this approachwasfirst introducedby Welge’s groupandhasbecome

known asscaledvariable recurrencespectroscopy. Here,insteadof varyingonly theenergy � while

recordingthe spectrum,both the energy � andmagneticfield c arevaried,while holding the scaled

energy = �>�(c � Mwe0g fixed. Theresultingphotoabsorptioncrosssection@$'1% + becomesa functionof the

scaledmagneticfield %^�LEPt,c�� ¤ e0g . Theadvantageof this approachis thattheclassicalperiods
x ¯

are

replacedby thescaledactions )� ¯ of theclassicaltrajectories,whichdependonly on thescaledenergy = .
Thiscanbeseenin thethoroughexplorationof thescalingpropertiesof theclassicalHamiltonianfound

in AppendixA.

It is alsoseenthat theFourierdomainof the variable% is the scaledaction )� . Thus,whenthe

scaledcrosssection@$'A% + is Fourier transformed,theresultingscaledrecurrencespectrum@$'9)��+ shows

sharppeaksat thescaledactions )� ¯ of theclassicalorbits.Becausethescaledactionsthemselvesdonot

dependon % , a cleanFourier transformationcanbe obtainedanddetailedstudiesof the scaledaction

domainphysicscanbeperformed.In addition,only a singlesetof classicalorbits (a singlevalueof = )
needsto beconsideredwheninterpretingor calculatingtherecurrencespectrum@$'9)�l+ .

Otherthanin the first few experimentson atomsin magneticfields thesescaledvariableshave

beenusedalmostexclusively ratherthanthephysicalenergyandmagneticfield strength( �(�Jc ). I follow

this usageof scaledvariablesin this thesis.For thereaderunfamiliar with scaledvariablesI offer a few

rulesof thumb for thinking aboutthe “scaled” physicsof an atomicelectronin an externalmagnetic

field. First, the scaledenergy = is completelyresponsiblefor determiningthe qualitative featuresof

theelectron’smotion.As = increasesfrom �:° to zero,boththeclassicalandquantumHamiltoniansgo

from beingfully integrable(only aCoulombpotential)to beingstronglynonintegrablein two dimensions

(Coulomb+ magneticfield). Second,thescaledmagneticfield % functionsasthe“energy”-lik evariable

whenthe photoabsorptioncrosssectionis measured.The readeris encouragedto ignorethe fact that
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% is calledthe “scaledmagneticfield” whenattemptingto gain insight aboutthe qualitative meaning

of the scaledvariables. Third, the scaledaction )� becomesthe “time”-lik e variableusedto analyze

the recurrencespectrum.Thesegeneralideasshouldeasethe transitionto thinking in termsof scaled

variables.AppendixA canbeconsultedfor amoretechnicaldiscussionof scaledvariables.


