Chapter 1

Intr oduction

This thesisis concernedvith a classof nonintggrablesystemsrom atomic physics: atomsin
static,externalelectromagnetiields. Thesesystemgpresent challengenot foundin their integrablé
or nearintegrablecounterpartssuchasthehydrogeratomor thelow lying statesof atomsandmolecules.
To illustratethe difficulty with nonintegrablesystemd wish to imaginea dialoguebetweena diligent
graduatestudentandheradvisor The graduatestudenthasbeenhardat work in thelab taking photoab-
sorptionspectraof an atomhaving a nonintegrableHamiltonian. After monthsof building electronics
andtweakinglasersthe graduatestudenthasscansof a region of the spectrumwith anexcellentsignal
to noiseratio. Theadvisorentershelabto seethenew results.

“Yes,| recevedyour emailandl wantedto seesomeof the spectrayou have taken”

“Of coursé, repliesthe graduatestudentasshepulls out thelab notebookcontainingthe newly
obtainedscans.Here is theregion from 109,700to 109,900wavenumbersAt first | thoughtthe spec-
trum wasall noise,but | have repeatedhe experimentover the samerangethreetimesandall of the
featuresarereproducibl€.

Slightly skeptical,theadvisorputson his eyeglassedo take a closerlook atthedifferentscans.

“Wow, they do look identical. | guessafterall of the work you have donethesemight be real
absorptiorpeaks.

Pleasedy heradvisors confidencethe studentreplies,”l think they are”

It now becomeglearthatthe advisoris thinking aboutthe physicsof the spectrum.“Y ou have

1 A quantunsystemwith N degreesof freedomis integrableif thereexist N independenbperatorsa; thatcommutewith the
Hamiltonianandwith eachother This setof operatorss sometimeseferredto asa“completesetof commutingobserables.



beendoingaliteraturesearctonthis systemyight? Whatdo we know aboutthislargeabsorptiorpeak?”

“Which one?"asksthe student.

“This oneright herethatstandsout sostrongly You would think this peakwould shav upin the
lower resolutionexperimentghathave beenperformedpreviously”

“Oh, yes,| did find this article thatmentionsa large peakat thatenegy ... atabout109793.5
wavenumbers.

Encouragedthe advisorinquiresfurther, “well thenwhatdo we know aboutit?”

With apuzzlediook thestudenthesitateswell ... uhh... it is atthatenegy there,andit’ s that
high?”

“Well obviously, I canseethat,but whatelsedo we know?”

The studentknows that sheshouldsay something,so shestretches;um ... it is right next to
thosetwo peaks?”

Justasthe studenis beginningto doubtthereliability of bothherliteraturesearchandthe exper
imentaldata,theadvisorgetsalight in his eye andproclaims,

“Oh, of courseyou areright, that's all thereis to know aboutthat peak. This systemis noninte-
grable!”

The point of this dialogueis to emphasizehat the only good quantumnumberof a strongly
nonintgrable autonomousystenis its enegy. Thisis in contrasto anintegrableor partiallyintegrable
systemwhich hasoneor moregoodquantumnumberstherthanthe enegy. It is well known [1] that
every goodquantumnumbercorresponds$o a symmetryof the Hamiltonian. Eachtime a symmetryof
a systemis stronglybroken, the quantumnumberassociatedvith the symmetryis no longerusefulfor
describingthe eigenstate®f the system. What is often not appreciateds that the quantumnumbers
of an eigenstategive us an intuitive picture of the physicsof the state. Given the quantumnumbers,
we immediatelyhave accesdo information aboutthe nodal structureof the wavefunctionand other
issuessuchasdegeneraciesThus,quantumnumbersare oneof the mainwaysthatwe “see” quantum
mechanicaktates.The maindifficulty in nonintegrablesystemss thenin our ability to gainanintuitive

pictureof the quantummechanics.



Perhapshebiggestadwanceowardsunderstandin¢ghequantummechanic®f multi-dimensional,
nonintegrablesystemsasbeenthe developmenof semiclassicahpproximationgor the solutionsof the
Schrdédingeequation.Thisis demonstrateéh thefollowing brief history of the studyof atomsin strong

magnetidields,or diamagneti@atoms.

1.1  Historical background

At the beginning of the 20th century the newly discoveredquantummechanicgdivergedfrom
classicaimechanicsAs Einstein[2] andothersrealized quantizatiorusingclassicakrajectorieguickly
raninto difficultiesin multidimensionalnponintegrablesystemsTheinvarianttori usedto quantizeinte-
grablesystemdegin to breakdown asintegrability is lost. While the WKB [3] quantizationprocedure
for onedimensionakystemsandthemultidimensionakxtensiorfor integrablesystemgEBK) [2, 4, 5, 6]
hadlimited successno suchsemiclassicafjuantizatiomprocedurecouldbefoundfor nonintegrablesys-
tems.

To someextent,the statusof nonintegrablesystemsn quantummechanicat this pointin history
is not surprising. A similar impasseexisted for noninteggrable classicalsystems. The difficulties for
the classicalcasewere elucidatedby the work of Henry Poincaré[7]. The issueat the time wasthe
predictionof the long time behaior of the solarsystem.Poincaréshaved, to the dismayof mary, that
all classicalperturbatve expansionsof the motion of the solarsystemcontainirremovablesingularities
dueto resonancesWithout the benefitsof moderncomputationapower, Poincares theoremshattered
the only availablemethodof solution. At thelevel of bothquantummechanicandclassicaimechanics,
progresontheunderstandingf nonintegrablesystemssloweddrasticallyfor aboutfifty years.

In the 1950sand 1960s,work by Kolmogoror [8], Arnol'd [9, 10] and Moser [11] beganto
illuminatethenatureof classicahonintegrability. Theresultsof theirwork, known asthe KAM theorem
[12], givesadetailedaccounif exactly how theinvarianttori in phasespacebreakup assymmetriesare
broken. Also, beginningwith thework of Edward Lorenz[13], computersbeganto give dramaticnew
insightsinto the natureof stronglynoninteyrableclassicakystemsEssentiallyclassicachaoshasbeen

discovered.Thebreakupof invarianttori into finer andfiner phasespacestructuresouldnow bestudied



in detall. It wasseerthattheinvariantstructuresn the phasespaceof chaoticsystems periodicorbits-
occupiedinfinitesimally smallvolumesof phasespace.This seemedncompatiblewith oneof the main
ideasof quantummechanicsthatphasespacevolumesarelimited by thefundamentatonstant: through
the Heisenbeg uncertaintyprinciple. However, asclassicalchaoswas studiedmorethoroughlyin the
1960sand1970s,it wasrealizedthatsemiclassicatjuantizatiorof classicallychaoticsystemanight be
possibleafterall. The majorbreakthrougtcamewith the work of Balian, Bloch andGutzwiller. Balian
andBloch[14, 15, 16, 17] shavedthatoscillationsn thedensityof statesf electromagneticavitiesand
guantumbilliards could be understoodn termsof classicalperiodicorbits. Gutzwiller [18, 19, 20, 21]
elaboratecn this ideathroughhis derivation of a “trace formula” for the quantumdensityof statesof
a smoothnonintggrable Hamiltonian. With Gutzwiller's derivation, classicalmechanicgeenteredhe
realmof quantummechanicgor good.

Gutzwiller’'s semiclassicairaceformulafor the quantumdensityof statesntroduceda newv way
of looking at the spectrumof Hamiltonianshaving chaoticclassicaldynamics.Excellentdiscussion®f
thetraceformulacanbefoundin [22, 23, 24]. In his approachthe densityof statess brokenupinto a

smooth,averagepartj(F), andanoscillatingpartdg(F):

g(E) =Y 8(E — E,) = §(E) + dg(E). (1.2)
Thefamoudraceformula,
dg(E) = = Z I cos <%SPO(E) - Upog> , (1.2)

hm po W/de'(]\;[po — 1)

givesarelationshipbetweerthe oscillating partof the densityof statesig(E) andthe classicalperiodic
orbits of the systemin thelimit .S, > h. Theseperiodic orbits aresolutionsof the classicakequations
of motionthatreturnto aninitial pointin phasespaceafteraperiod;,,. Ontherightsideof Eq.(1.2),the
propertiegaction S,,, Maslov index o,,, andstability matrix Mpo) of thesepurely classicalorbits are
seento provide all of theinformationaboutthequantummechanicatiensityof states.Theonly signature
of thequantunmworld ontheright sideof Eq.(1.2)is theappearancef theconstant.. Althoughasimilar
traceformulafor integrablesystemshasbeenderivedby Berry [25, 26], theresultof Gutzwiller applies

to chaoticsystemsavherethe periodicorbitsarewell isolatedin phasespace.



The physicsin the traceformula (1.2) is manifestedvhenthe deltafunctionsé(E — E,,) in the
exactdensityof stateq1.1)aresmoothedverusingsomecorvolutionfunctionof width A E. Theresult-
ing smootheddensityof statesshavs dramaticoscillationswith enegy. The greatadvanceof thetrace
formula(1.2) is to allow the interpretationof theseoscillationsin termsof the classicalperiodicorbits
having Tp,, < ZAL;’. Thus, entire sequencesf enegy smoothedeigenstatesf nonintegrableHamilto-
nianscanbe interpretedwith only a few classicalperiodicorbits of the correspondinglassicalsystem.
This represents hugeimprovementover interpretingthe densityof statesy saying“this eigenstatdas
anenepy of ... andit is next to this one,this oneandthis one’

Atoms in external magneticfields represenbne of the mostimportantexamplesof this type
of analysis. The experimentsof Gartonand Tomkins[27, 28, 29] were the first to show interesting
new physicsin the spectraof diamagneticatoms. Their major discovery was that the nearthreshold
photoabsorptiospectraof atomsin strong(0-6 Tesla)magneticfields shov dramaticoscillationswith
enegy, which areindependenbf the atom being studied. The large spacingof these“quasi-Landau”
resonance% hB (B is the magneticfields in a.u.),as Edmonds[30] and Starace[31] elucidated,is
relatedto a classicalbrbit of the Rydbeqg electronhaving period% (,f—g) . This classicabrbit, thequasi-
Landauorbit, begins at the nucleus travels out perpendicularlyto the magneticfield andreturnsto the
nucleusafterdeflectingoff themagnetidield. It is ironic thatthe obsenationof theseglobal oscillations
dependedritically onthepoorresolutionof theexperimentakpectrumhigh resolutionspectraecorded
later (see[32] for example),whenexperimentamethodsmproved,shav densesequencesf seemingly
randomabsorptioriines.

Soonthereafter experimentandtheory shoved that the quasi-Landawscillationswere merely
the tip of the icebeg. Higher resolutionexperimentson hydrogenin a 5.96 Teslafield [33, 34, 35]
revealedthe contributions of additional,longer period classicalorbits of the highly excited electron.
This experimentalwork by Welge's groupin Bielefeld, Germaly demonstratethatthe contribution of
eachsuchorbitto thephotoabsorptionrosssectioncouldbeextractedoy takingthe Fouriertransformof
the experimentakpectrum.Theresultingrecurrencespectrum shows strongpeaksin the time domain

attheperiodsof thesenewly uncoveredclassicabrbits. A quantitatve theoryof therecurrencespectrum



wasfirst providedby Du andDelog’ [37, 38]. Thistheoryandits extensionsareknown asclosed-orbit
theory.

Closed-orbitheoryechoesnary of theideasof Gutzwiller’s traceformula(1.2). Like thetrace
formulafor the densityof statesthe photoabsorptiorosssections(E) in closed-orbitheory[38] is

written in termsof anaverageparts (E) andanoscillatingpartdo (E):
o(E) = 6(E) + 60(E). (1.3)

Using semiclassicalvavefunctionsaway from the nucleus,Du and Delos shaved that the oscillating
partof the photoabsorptiorrosssectiorf canbewritten asa sumover the closedclassicalbrbits of the

atomicelectronin anexternalfield:

§o(F) = 8raw %; Aeo COS <SCO — Ucog + %{) . (aw) (1.4)
As in thetraceformula(1.2),the phaseof eachoscillatingtermis determinedy theclassicakctionS,,
andMaslov index o, of eachclosedorbit. TheamplitudeA., involvesboth propertiesof the classical
orbit of the electron(its classicalstability andinitial andfinal polar angles)alongwith propertiesof
the initial quantumstateof the atom (dipole matrix elements). The closedorbits that determinethe
physicsof éc(E) in a semiclassicabpproximationare classicaltrajectoriesof the Rydbeg electron
thatarelaunchedradially outward from the nucleus scatteroff the long rangeCoulomband magnetic
field andthenreturnradially to the nucleus. Closedorbits, ratherthan periodic orbits, arerelevantin
photoabsorptiomxperimentsbecauseheinitial atomicstateis stronglylocalizednearthe nucleus.

For light atomsin externalmagneticand electricfields, closed-orbittheory hasprovento be a
guantitatve and elegantmethodof calculatingand interpretingrecurrencespectra. Over the pasttwo
decadesmultiple generation®of experimentshave measuredhe recurrencespectraof hydrogen[39],
lithium [40] andhelium[41, 42, 43, 44, 45] in strongmagnetidields. AlImostuniversally theagreement

of theseexperimentswith the predictionsof closed-orbitheoryhasbeenspectacularboththelocation

andamplitudeof recurrencepeaksare predictedto within a few percent.In addition,the closedorbits

2 A similar treatmentwas developedsimultaneouslyby Bogomolry [36] althoughhis approachhas not receved as much
attention.

3 Practitionersof closed-orbittheory often usean oscillatorstrengthdensity D f (E) insteadof the atomic absorptioncross
section.Thetwo arerelatedby theformulac(E) = 272aD f(E).



underlyingeachrecurrencepeakprovide a simpleinterpretationof the time domainphysics. Similar

agreemenis shavn in the Starkrecurrencespectraof thesdight atomssubjectedo a staticelectricfield

[46, 47, 48, 49]. To achieve this level of agreementvith experiment,two extensionsof closed-orbit
theoryhave beennecessary

First, the effectsof a nonhydrogenidonic core have beenincluded. Following quantum-defect
theory[50], the electron-coreinteractionsare characterizedy a setof enegy independentjuantum
defects.Whencombinedwith semiclassicalvavefunctionsaway from the core[51, 38], thesequantum
defectspermit an extensionof closed-orbittheoryto single-channeatoms. Suchresults,obtainedby
Dandoetal. [52, 53] andby Shav andRobicheaux52, 53, 54], predicttheemegenceof new recurrence
peaks calledcore-scatteredecurrenceswhenthe quantumdefectsareturnedon (seealso[55]). These
appearas a result of one primitive closedorbit of period 7T} scatteringinto anotherof period 7, to
producea new peakat thecombinedperiodT; + 75. For helium[56, 45] andlithium [40], experiments
have confirmedthe existenceof thesenonclassicatore-scattereteatures.

Secondartificial divergencesassociateavith bifurcationsof closedorbits have beenregularized
to give a uniform semiclassicahpproximation57, 58, 59]. As the externalfield strengthor the enegy
of the Rydbeq electronis increasedpifurcationsof the closedorbits occur[39]. Thesebifurcations
causewell known divergencesn the semiclassicahmplitude A, in Eq. (1.4) at the pointswherenewn
orbitscomeinto existence. This effectis unphysicalasthe exactquantumrecurrencespectrurnis finite
everywhere Delosandcoworkers[60, 61] have usednormalform theoryto investigatehebasictypesof
bifurcationspresenin diamagneti@atoms.Becauseachtype of bifurcationhasa differenttopologyin
phasespacea generaluniform semiclassicatheoryhasprovendifficult. In spiteof this, someprogress
hasbeenmade.GaoandDelos[62] have givena uniform approximatiorfor the bifurcationsof certain
classesof orbits in an external electricfield; thoseparallelto the field, the “uphill” and “downhill”
orbits. Usingtheseresults,Shav andRobicheaux54] have giventhe mostpromisinggeneralizatiorof
closed-orbitheoryto date whichincorporatedothbifurcationsandcore-scatterindor Starkrecurrence
spectraThevalidity of theirformulationhasbeenverifiedby accurateguantumcalculationsandarecent

experiment[49]. For the caseof atomsin magneticfields, the only work on a uniform semiclassical



treatmenthasbeenby Main and Wunner[63]. While suggestie, their approachcontainsadditional
unphysicaldivergenceselown the bifurcation pointsthat mustbe dealtwith (i.e. canceledoy handor
ignored). Additionally, their theory hasnot yet beentestedcritically. Thus, while there have been
somespectaculasuccessem regularizingbifurcationsin closed-orbitheory muchwork remainsto be
performedn this area.For the mostpart, hawever, theinclusionof core-scatteringndbifurcationsinto
closed-orbitheoryenableghe predictionof recurrencespectraof light atoms.

Heavier atoms, however, have proven difficult for closed-orbittheory Thusfar, the success
of closed-orbittheory hasbeenlimited to atomswith at mosttwo nonzeroquantumdefects. Recent
experimentson barium([64, 65, 66] andargon[67] in electricfields shov dramaticdifferencedfrom the
predictionsof closed-orbittheory Evenwhenthe core-scatteringffectsdescribedabove areincluded
for theseatoms,agreementemainsdismal. Furthermorejt appearghatthe presencef threenonzero
guantumdefects(asin rubidium) causeshe expansion®f Dandoetal. [53] andShav andRobicheaux
[54], which work beautifully for helium and lithium, to diverge. Thus,the presenceof multichannel
ionic coresandmultiple ionizationthresholdseemto present fundamentadifficulty for semiclassical
approaches.

Thedifficulty thenis theshortrangeinteractionbetweerthe Rydbeg electronandamultichannel
positive ion. This is somavhatironic giventhe succes®f multichannelquantum-defectheory[68] in
treatingthis physics. Sinceits introductionby Seator[50] in the 1950s,multichannelquantum-defect
theory (MQDT) hasbecomeone of the mainstaysof modernatomictheory In MQDT, the quantum
defectsaregeneralizednto ashort-rangescatteringnatrix S°°', which fully characterizethescattering
of theRydbeqg electronfrom theionic core. Themultipleionizationthresholdsndinelasticelectron-ion
scatteringcharacteristiof comple< atomsareall handledaccuratelyandelegantlyin this fully quantum-
mechanicahpproachHowever, becauséMQDT requiresa simplelong rangepotential,a new approach
mustbe foundwhenexternalfieldsdestrqg the simplicity of the electrons motionfar from the nucleus.

Thus, there exists a dilemmain the theory of atomsin static, external magneticand electric
fields. While semiclassicamethodssuchasclosed-orbitheory provide anefficientandelegantway of

treatingthemotionof aRydbeg electronfarfrom thenucleusthey fail whentheelectronis within afew



Bohr radii of theionic coreof a multichannelatom. On the otherhand,quantum-defedtheoryhandles
this shortrangephysicswithout difficulty - but only whenthe long rangephysicsis integrable. An
understandin@f multichannelatomsin nonintegrableconfigurationsof externalelectricand magnetic
fields requiresthat both the shortrangeand long rangephysicsof the Rydbeg electronare treated
accurately

Oneway out of the difficulties (core-scatteringhifurcations)involvedin semiclassicahpproxi-
mationsis to solve the Schrédingerequationexactly. This approacthasbeentaken by a numberof re-
searcher§s9, 70, 71, 72, 73, 74] andis importantto mention. Thesemethodswhichinvolve largescale
guantum-mechanicahlculationshave progressedhrougha combinationof increasedcomputempower
andefficient algorithmsfor solvingthe Schrédingeequation.Typically, a variationalapproactsuchas
R-matrixtheory alongwith anexpansionof thewavefunctionin abasisset(B-splines,Sturmiansfinite
elements)js usedto corvertthe multidimensionalSchrédingerequationto a matrix diagonalizatioror
elseto the solutionof aninhomogeneouBnear systemof equations.Accuraterecurrencespectrahave
beencalculatedfor atomsin strongmagneticfields (1-10000Tesla)usingthesetechniquesand shav
excellentagreementvith experimentg32, 43, 44]. Successfuapplicationgo dateincludea numberof
singlechannelatomsin magneticfields, suchasthe alkali-metalatoms[71, 74, 72, 75], andBa and Sr
[71, 76, 77] attheirlowestthresholds Similar calculationshave beenperformedor multichannelatoms
moleculesn electricfields[78, 79, 80, 81, 82] usingthe methodsof Harmin [83] andFano[84]. Here,
thelong rangephysicsis simplerthanthe magnetidield casebecausenotionof the Rydbeg electronin
thecombinedCoulombandelectricfieldsis separablén paraboliccoordinates.

While thesefully quantummechanicabpproachesccuratelypredictthe recurrencespectraof
mary atomsin externalmagnetiandelectricfields, theirusefulnessemaindimited. Unlike closed-orbit
theory exactquantuncalculationsstruggleto yield physicalinsightinto thespectrahey provide. We can
predict thespectrabut thedevelopmenbf qualitative understandingg difficult or seeminglyimpossible
using fully quantumapproaches.For integrable systems this difficulty is overcomeby labeling the
guantumstateswith quantumnumbers.However, as| have emphasizedn this Introduction,quantum

numberotherthan“eneigy” are uselessn strongly nonintegrablesystemssuchas atomsin magnetic



10

fields. Thus,asexperimentshegin to probemultichannelatomsin externalfields, interpretationof the
photoabsorptiorspectraremainsthe most difficult issue. Examplesof this difficulty are provided by
recentexperimentson Ba [65, 66] andAr [67] in electricfields,wheresimplefeaturesn therecurrence

spectraemainuninterpretedo alargedegree.

1.2 Outline of the results

In thisthesisl developaunifiedtheoryof complex atomsin externalelectricandmagnetidields.
Using the ideasand methodsfrom both multichannelquantum-defectheoryandclosed-orbittheory |
describea completepicture of the photoabsorptiorprocess.In sucha processthe atomicelectronis
movedfrom aninitial state|i,) atenegy E, to afinal state|y)s) having enegy E = Ey + hw, after
absorbingaphotonof frequeng w. Determiningthefinal statewavefunction|y ¢ ), is themaintaskin ary
calculationof the photoabsorptiorcrosssection. In this thesis,| obtainthis final statein a roundabout
manner As quantum-defedheoryshows, all of theinformationcontainedn thequanturrstate|¢) can
berepackageihto oneor morescatteringmatrices.This reformulationof theelectrons final stateleads
to asimplephysicalpictureof the electrons motion. Becausevery derivationandformulacontainedn
this thesisrelieson this physicalpicture,it is usefulto presenthe picturehere:

Thesstatereachedy anatomicelectronin a photoabsorptiomexperimentis acombinationof two
time-independenscatteringprocessesin the first, the electronis launchedoutward from the nucleus,
scattersoff the long rangefields, and thenreturnsto the nucleus. In the second the electrontravels
inwardto scatteroff theresidualionic core.

Chapter® and3 presenthis physicalpictureanda mathematicatlescriptionthatappliesto ary
atomin arny configurationof staticexternalelectricandmagneticfields. After reviewing the important
elementsof quantum-defectheory | introducetwo scattering(or .S) matrices: onefor the scattering
of the electronoff the long rangefields S'R, and anotherfor the shortrangeelectron-corescattering
S, Thesetwo scatteringmatricescompletelydeterminethe Rydbeg electrons boundstateenegy
eigervalues.| derive botha quantizatiorconditionanda normalizationconditionfor the boundstatesn

termsof the S-matrices.Theresultis a completelygeneralmethodfor quantizingmultichannelatoms
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in externalfields. Connectionsvith previoustreatmentsuchasHarmin's theoryof the Starkeffect,and
Bogomolry’s semiclassicatjuantizatiorschemeareelucidated.

In Ch. 3 arelationshipbetweenthe S-matricesand the total photoabsorptiorcrosssectionis
derived. Ratherthanfocusingon the infinite resolutionspectra)l smoothover the detailsof individual
absorptionlines and explore the enegy-smoothedspectruminstead. This approachs inspiredby the
resultsof closed-orbittheory and shows that an exact quantummechanicalgeneralizatiorof closed-
orbit theory canbe derived in termsof S-matrices. In addition, the resultalso connectswith familiar
formulasof quantum-defectheory Thefinal formulafor the photoabsorptiorrosssection,while still
anexactquantum-mechanicatsult,containamuchof thephysicalinsightof semiclassicainethoddik e
closed-orbitheory Again,| emphasiz¢hattheresultsof Chs.2 and3 arecompletelygeneralapplying
to ary atomin ary configurationof external electromagnetidields. Beginningwith Ch. 4, however, |
specializeo the caseof singlechannebtomsin externalmagnetidields. While multichanneltomscan,
in principle,beincludedinto my formulationof the photoabsorptioprocessa numberof subtlefeatures
aboutsinglechannelatomsmustbe understoodirst.

Chapterst and5 give the detailsof how the long-rangescatteringmatrix S'R canbe calculated
in a eithera fully quantummechanicalor semiclassicaframework. First, In Ch. 4, the methodsof
variational R-matrixtheoryareextendedo calculateanaccurateguantums'R. While thesecalculations
are basedon familiar techniquesn atomictheory a few extensionsare needed.The mostsignificant
of theseis the analyticcontinuationof the long-rangeS-matrix to complex enegies. This is neededo
producethe enegy smoothecdcrosssectionof Ch. 3 andcanbe accomplishedvithin the frameawork of
R-matrixtheorywithoutdifficulty. | endCh. 4 by presentingalculationdor anatomin astaticmagnetic
field thatimplementthe methodsof the chapter Thesecalculationsshav thatthe long-rangeS-matrix
canbeanalyzedn thespirit of closed-orbitheoryby takingthe Fouriertransformor recurrencestrength,
of its matrix elementsThis allows the detectionof nonclassicapaths,or ghostorbits, of theelectronas
it scatteroff thelong-rangefields.

In Ch. 5, | introducesemiclassicahpproximationsnto my S-matrix theoryof photoabsorption.

More specifically | usea semiclassicaGreens functionto derive a semiclassicalong-rangeS-matrix
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for the motion of an atomic electronin a staticmagneticfield. By writing S'R asmatrix elementsof
an enegy domainGreens function, a versatileapproachfor deriving semiclassicahpproximationgo
the S-matrix is achieved. This treatmentallows a detailedstudy of how the closed-orbitsare selected
to contribute to the recurrencespectra. The generalityof my methodis demonstratedsit is usedto
treata numberof specialcasesvherethe primitive semiclassicahpproximationfails, suchasnearthe
bifurcationsof closedorbits. My resultsboth reproduceand extendthe usualtreatmenif closed-orbit
theory

Chaptei6 usesghesemiclassicab-matricesof Ch.5 andthe precomwolvedphotoabsorptiocross
sectionof Ch.3to developasemiclassicaheoryfor thephotoabsorptionate. After thefailureof anave
approacho the semiclassicaapproximations outlined,| useaccuratequantumsS-matricesto uncover
animportantrelationshipbetweercore-scatteredrbits,andothernonclassicabrbits calledghostorbits.
When this relationshipis put into mathematicaterms, an improved, resummedsemiclassicatheory
canbe developed.In contrastto previous semiclassicatheoriesfor nonhydrogeni@atoms,my resultis
generallycorvergentwhenmore thanone quantumdefectis large. After deriving thefinal result, it is
appliedto anumberof testcasesincludinglithium andrubidiumin anexternalmagneticfield.

Atomic units(e = m = h = 1, ¢ = 137) will be usedthroughoutthis dissertationunless

otherwisestated.Oneatomicunit of magnetidield is equalto 2.35 x 10° Tesla.

1.3  Scaledvariable recurrencespectroscopy

One of the mostsignificanttechniquedn the study of atomsin external electricand magnetic
fieldsis the useof so-calledscaledvariables.Becausd will usethesescaledvariablesthroughouthis
thesis their mainfeaturesaresummarizedere.A detaileddescriptionfor the caseof hydrogenin static
magnetidield canbefoundin AppendixA.

In standardspectroscop crosssectionsaremeasurear calculatecasafunctionof theenegy E.
Whenanexternalelectromagnetifield is appliedto the systemunderconsiderationthefield strengthis
typically held constantvhile the enegy is varied. In this Introduction,l have describechow the global

featuresin the enegy domaincrosssections(E) canbe extractedby Fourier transformingthe cross
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sectionto the time domain. The resultingrecurrencespectras(7') shavs peaksat the periodsT}, of

certainclassicalorbits of the system.The maindifficulty with this approachis thatthe classicalperiods
dependntheenegy T, = Tx(E). Thus,eventhoughthe Fouriertransformedspectrunshows peaksat
theperiodsTy, the peaksaresomeavhatwashecbut by the enegy varyingtimescale®of the system.

A beautifulalternatve to this approachwasfirst introducedby Welge's groupandhasbecome
known asscaledvariable recurrencespectroscopy Here,insteadof varyingonly theenegy £ while
recordingthe spectrumboth the enegy £ and magneticfield B are varied, while holding the scaled
enegy e = FB~%/3 fixed. Theresultingphotoabsorptiomrosssections (w) becomes functionof the
scaledmagnetidield w = 2r B~1/3. Theadwantageof this approachs thatthe classicaperiodsT}, are
replacedby the scaledactionsS), of theclassicalrajectorieswhich depencbnly onthescaledeneny e.
This canbeseenin thethoroughexplorationof the scalingpropertiesof the classicaHamiltonianfound
in AppendixA.

It is alsoseenthatthe Fourier domainof the variablew is the scaledactionS. Thus,whenthe
scaledcrosssections (w) is Fourier transformedthe resultingscaledrecurrencespectrumo (S) shavs
sharppeaksatthescaledactionsS), of the classicabrbits. Becausehescaledactionsthemselesdo not
dependon w, a cleanFourier transformationcan be obtainedand detailedstudiesof the scaledaction
domainphysicscanbe performed.In addition,only a singlesetof classicalorbits (a singlevalueof ¢)
needso be consideredvheninterpretingor calculatingthe recurrencespectrums (S).

Otherthanin the first few experimentson atomsin magneticfields thesescaledvariableshave
beenusedalmostexclusively ratherthanthephysicalenegy andmagnetidield strength( £, B). | follow
this usageof scaledvariablesin this thesis.For the reademunfamiliar with scaledvariables offer afew
rulesof thumb for thinking aboutthe “scaled” physicsof an atomic electronin an external magnetic
field. First, the scaledenepy e is completelyresponsiblefor determiningthe qualitative featuresof
theelectrons motion. As e increase$rom —oo to zero,boththe classicalndquantumHamiltoniansgo
from beingfully integrable(only aCoulombpotential)to beingstronglynonintegrablein two dimensions

(Coulomb+ magnetidield). Secondthe scaledmagnetidield w functionsasthe “energy”-lik e variable

whenthe photoabsorptiortrosssectionis measured.The readeris encouragedo ignorethe factthat
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w is calledthe “scaledmagneticfield” whenattemptingto gaininsight aboutthe qualitatve meaning
of the scaledvariables. Third, the scaledaction S becomeshe “time™-lik e variableusedto analyze
the recurrencespectrum. Thesegeneralideasshouldeasethe transitionto thinking in termsof scaled

variables AppendixA canbeconsultedor amoretechnicaldiscussiorof scaledvariables.



