Appendix B

ASH CODE EQUATIONS — DETAILED DERIVATIONS

This appendix supplements Chapter 4 by providing detailed derivations of the
equations presented therein. In the following section, we perform a formal scale analysis
on the fully compressible fluid equations in order to determine the anelastic momentum
and energy equations listed in §4.2.3. We then in §B.2 derive the energy conservation
equations given in §4.2.4. Lastly, in §B.3 we incorporate the streamfunction formal-
ism presented in §4.2.5 into the anelastic evolution equations, replacing them with the

evolution equations listed in §4.2.5.

B.1 ANELASTIC FLUID EQUATIONS

We now apply the scaling outlined in §4.2.3 to the fully compressible fluid equa-
tions (4.2)—(4.4) to obtain the set of anelastic equations (4.23)—(4.33), where each of
the boxed equations in §B.1.2—§B.1.4 which follow correspond to one of the anelastic
equations listed in §4.2.3. The derivations presented here follow Gilman & Glatzmaier

(1981).

B.1.1 Order in € of All Dependent Variables

As stated in §4.2.3, we express the four thermodynamic state variables as the

sum of a spherically symmetric mean quantity and a fluctuating quantity, as in equa-
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tion (4.21) of §4.2.3:

ptotal(ra 97 ¢7 t) ]5(7“) + p(’l", 97 ¢a t)v

Ptotal (T7 97 ¢7 t)

p(r) + p(r, 8, ¢,1),
(B.1)

A~

Ttotal(ra 97 ¢7 t) T(T) + T(’I", 97 ¢a t)?

Stotal(T7 97 ¢7 t)

Note that in these equations we have altered the notation used in equation (4.21) by

S(r) + s(r,0,0,t).

removing the primes from all fluctuating quantities.

The perturbations to the state variables result from convective motions driven by
the superadiabatic stratification of the layer, which is characterized by the parameter
e defined in equation (4.12). We therefore assume for i is of order € for any quantity
f in equation (B.1), with the anelastic approximation valid when ¢ < 1. To filter out
sound waves, we assume

0
5 =0, (B.2)
as in equation (4.22) of §4.2.3.

Before performing the scale separation on the compressible fluid equations, we
must first determine the order in € of all variables and operators present. We examine
variables other than the thermodynamic state variables in the remainder of this section.
A summary of these results is provided in Table B.1.

It is important to note that the fluid velocity w is of order e%, as suggested by
equation (4.14). The main reason for this scaling is that since the kinetic energy of the
motions is extracted from the stratification, we have %UQ ~ ¢ and therefore u ~ €3.
Given a representative length scale A, and velocity u, the time scale dt on which the
convection modifies the stratification is thus on the order of At = \%)] ~ e*%, causing
time derivatives to scale as T €.

The heuristic arguments presented above also apply to the diffusivity coefficients.

Since we expect the eddy dissipation scale to be set by the scale of the convection, we
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Table B.1: Order in € for all quantities and operators appearing in the fully compressible
fluid equations.

‘ Order in € ‘ Quantities ‘ Operators ‘
60 ﬁ7 ﬁu T7 <§7 9, é V7 V'7 V x
1 0
€2 U, Veff, Ks, Qv € a
el p,p, T, s (none)

1 e .
2. Similar scaling arguments also

find that veg =~ Apu, and thus veg ~ e% since u ~ €
hold for k, and kg.

In the following subsections, we substitute the scaling given in equation (B.1)
into the compressible fluid equations and derive the anelastic equations. As stated in

§4.2.3, the diffusivities veg, kK, and kg are assumed to be functions of p only, while the

parameters v and ¢, are assumed constant throughout the domain.

B.1.2 Derivation of the Anelastic Mass Continuity Equation

By substituting equations (B.1) into the mass continuity equation (4.2), we obtain

0
9P LV (pu)+ V- (pu) = 0. (B.3)
ot —_—— —\—

vanishes ~e€ % ~e€ %

As indicated, the time derivative of p vanishes by equation (B.2). Retaining the highest-

ordered term yields the anelastic mass continuity equation,

V- (pu) = 0. (B.4)
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Derivation of the Anelastic Momentum Equations

definition of D, equation (4.5), we obtain

0|5

By substituting equations (B.1) into the momentum equation (4.3), and using the
at "

(u- V) } V(G p) — (54 P9 P+ 20+ p)(u X )

9 L2+ e [e - (9wl | >

After expanding and grouping according to their order in €, we obtain
ou

&

~el

+ﬁ(u-V)u+p8—? +p(u-V)u+Vp+ pg#

0
~e

:2p“(uxﬂ)—Vp—pgf+V-{2,5ueff [g—%(v-u)é}}

~el

(B.6)
+2p(u X Q)+ V- {preﬁ [g— é(V-u)é]}.

N€2

The mean momentum equation consists of the terms scaling as €’, of which only the
7-component remains,

op
— + pg = 0. B.7
5y T P9 (B.7)
The first-order (e!) terms give the fluctuating momentum equation,
Ou . . R R
pa:2p(uXQ)—p(u-V)u—Vp—pgr—FV-g, (B.8)
where the anelastic viscous stress tensor 2 is defined
- . 1
D — 2 e~ (V- w)g] (.9)
B.14 Derivation of the Anelastic Energy Equation

By substituting equations (B.1) into the energy equation (4.4), and using the
definition of ®, equation (4.6), we obtain

G 0@+ 1) |2 )0
) (B.10)
- _V'Qeﬁ+2(ﬁ+p) [g:g_g(v'u)2:| )
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where the anelastic heat flux §.4 is defined

Got = —Frpcy V(T +T) — kspTV (5 + 5). (B.11)

In the above equation, we have explicitly included the contributions to the diffusive
transport of internal energy by the fluctuating temperature and entropy gradients. Sim-
ilarly, we also keep the fluctuating entropy gradient in the advection term, so that the

anelastic energy equation becomes

~ 0 A A
1% ==V -G — pT(u- V)(5+5) + &, (B.12)

where the anelastic viscous heating term d is defined

A

=2 |e:e—=(V-u)|. (B.13)

W =

Note that we have used the anelastic stress tensor 2 as defined in equation (B.9).

B.1.5 Derivation of the Anelastic Equations of State

Substituting equations (B.1) into the equation of state (4.10) yields

pp="""c,(p+p)(T +T). (B.14)

p="—— el (B.15)

while the first-order terms are

p=""c, (T +T), (B.16)

or after dividing by equation (B.15) we arrive at

=13
I
™I
+
N~

(B.17)




170
Substituting equations (B.1) into the entropy equation (4.11) yields

1
5+s=c¢ [; In(p + p) — In(p + p)] , (B.18)

= ¢, [% <1np+1n [1+§D—<lnﬁ+m [1+%D]. (B.19)

Since

1S

<<1and‘

™1

‘ < 1, we can use the series representation of In(1 + z),

2?2
ln(l—l—x):x—?—i—?—---, valid for —1 <o < 1.

(B.20)
Keeping only the highest-order term in the series, we obtain

1
§+s=c¢p [— (lnﬁ—kz—?) - <1nﬁ+g>].
Y p p

(B.21)
The zeroth-order terms are

1
5=cp <—ln]§—lnﬁ>,
v

which after taking a radial derivative become

s _ . (Ldp _1dp
dr P\ p o ’

(B.22)

(B.23)

while the first-order terms give

(B.24)

B.2 ANELASTIC EQUATION ENERGETICS

B.2.1 Derivation of the Kinetic Energy Conservation Equation

The equation describing the conservation of kinetic energy density & =

2

is formed by taking u- each term in the anelastic momentum equation (B.8),
Ou R . ) .
Par =2p(u X Q) —p(u-V)u—-Vp—pg#+V-.D.

(B.25)
Starting with the time-derivative term, we have

. Ou 0 (pu-u o0&y,
* — = — = — B.2
P ot ~ ot < 2 ) ot (B-26)
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where we have made use of the fact that =0.

9p
ot

The Coriolis term,
2pu - (u X Q) =0, (B.27)

vanishes since it acts perpendicular to the motion and thus cannot perform any work.

The inertial term is

pu-(u-Viul =V- ['u, <ﬁu2' u)} . (B.28)

This relation is most easily verified by using the following vector identity,

V-(fA)=A-(Vf)+ f(V-A), (B.29)

to expand V - [u <puu>} =V. K&) u-u], and showing that it equals pu -

2 2
(- V)ul:
V. K%)uu] = %[V(uu)]—i— %(uu)V(ﬁu) (B.30)
vanishes by equation (B.4)
=pu-ju X (VXu)+pu-[(u-V)u]. (B.31)
vanishes

Note that this derivation shows that the inertial term can be written as the divergence
of the kinetic energy flux.

The remaining terms are simply
u-Vp—i—pgu-ﬁ—i—u-(V-’f)). (B.32)

Collecting terms, we obtain the kinetic energy conservation equation listed as

equation (4.34) of Chapter 4,

%:—u-Vp—PQU-eru-(V-Q)—V-[u(pu' )} (B.33)

ot
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B.2.2 Derivation of the Internal Energy Conservation Equation

Since the time derivatives of p and T are zero, the equation describing the time

dependence of internal energy density £ = ﬁTs is the anelastic internal energy equa-

tion (B.12),

0 . e . .

5 = V- gog— pT(u-V)(§+s)+ P, (B.34)
where the time derivative term ﬁT% has been replaced by %(ﬁfs) = 8;;.

Additional insight may be gained by rewriting the inertial term as follows:

—pT(u-V)s
T ~-1
= —cppT(u- V) [T_LB]
T v D
L VI ~-1Vp Tdl . ~—1pdp.
= —cppTu —— = = — =
Yy P T%dr v pdr

X 6T dT dp
:—cppu-VT—l—u-Vp—i-cpur%%—urgd—f
. L1 1ds ~vy—1dp P
= ¢, V- (pT A v4 T === 4 Lk
Cp (p U) +u p+cpu7‘p |:Cp d?“ + ’Yﬁ d’l”:| urﬁ

. o d$ T p|dp

= =6V (PTw) - VpunpT o+, [? - 5] ar

dp ds
:—ch-(ﬁTu)+u-Vp—uTg—p+ urﬁT—S
pdr dr

= 0, higher order

dp
dr

= —¢, V- (pTu) +u-Vp+u.pg

where u, = u- 7, and where the mean equations (B.7), (B.15), and (B.23) as well as the
dynamic equations of state (B.17) and (B.24) have been used throughout. Using this
form of the inertial term, we obtain the internal energy conservation equation listed as

equation (4.35) of Chapter 4,

0 . " R <
5 =V Ggt+u-Vp+pgu- 7 —V . (c,plu)+ o. (B.35)
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B.2.3 Derivation of the Total Energy Conservation Equation

Adding together the energy conservation equations (B.33) and (B.35) yields the

total energy equation (4.36) of Chapter 4,

w _-Vv. (ug) 4V [u (ﬁu2-u>] +V e Geg— V- (cppTu).| (B.36)

In the above equation, the viscous energy source term V - <u . 2) is arrived at
by combining the diffusion terms in equations (B.33) and (B.35), which we now show

using indicial notation in Cartesian coordinates.

~ o 8DZ‘]‘ Guz . 8 o A
u-(V-g)+¢_uz%+pma—%_%j(umw)_v-<u-2), (B.37)
where the we have used the equality
Ou; [ Ou; 1 Ou;
Dii— =2pvegt |€55=— — =(V cu)=—0;; B.38
]833]' prett _ejf)xj 3( U)a%] ]:| ( )
[ 1 ou;
= 2ﬁl/eﬁ €ij€ij — —(V . u)2 since —u&] =V-u (B39)
L 3 é)xj
[ 1
=2pven |e: e~ (V> U)Q} (B.40)
=&, (B.41)

Going from equation (B.38) to (B.39) is achieved by using the fact that the doubly

contracted tensor product of a symmetric tensor and an antisymmetric tensor is zero.

. . 1 Guz 8uj
Since the strain rate tensor e;; = 513 + 3

T X

i

its Cartesian representation), the product a—eij is equal to the product of e;; and the
x

J

) is symmetric (as can be seen from

ou;
symmetric part of —, which is simply €ij-

Ox;
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B.3 THE NUMERICAL EVOLUTION EQUATIONS

We now proceed to derive equations (4.38)—(4.40) of Chapter 4.

B.3.1 Streamfunction Formalism

Any vector A for which V + A = 0 can be decomposed into poloidal and toroidal

streamfunctions W and Z, respectively:
A=V X (VXW#)+V XZ#, (B.42)
such that V - A = 0 is identically satisfied at all times. Because
V- (pu) =0, (B.43)
by equation (B.4), we may write
pu=V X (VXW#)+V X Z#. (B.44)

The scalar quantities W and Z are the poloidal and toroidal streamfunctions for the
mass flux, and it is equations describing the evolution of these quantities (along with p
and s) that are solved by the ASH code. We outline the derivations of these equations

in Table B.2, while presenting detailed derivations in §B.3.4-§B.3.7.

B.3.2 Streamfunction Identities

In this section, we list some identities used in the upcoming sections. Expanding
the vector cross products from equation (B.42) in spherical polar coordinates, the three

components of pu are found to be

R 2 . [10*°W 1 07 4 1 oW 10Z7] ;
- _ -z 4 - = S - B.4
P (VLW) T [7“ orob + rsin @ 0¢ 0 rsin@ ord¢ r 00 ¢ (B.45)

while the curl of pu is

2 2
VXp”u:—(ViZ)f‘—i—[ L0 (8—+Vi>w+1az] 0

- 2 - z
rsinf 0¢ \ Or r Orol (B.46)
2 1 9%z

19 (0 _, ]
* [;% (ﬁ +VJ‘> W rsin@@r@qﬁ] ¢




Table B.2: Strategy employed to obtain the ASH code evolution equations.
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Apply this| to this to obtain the derived as
operator |equation | evolution equation for in equation
0
7 (B.8) a(viW) §B.3.4 | (B.123)
0 9 OW
0
7-Vx | (B8) a(viZ) §B.3.6 | (B.140)
0s
[none] (B.12) o §B.3.7 | (B.144)

In the above two expressions, we have used the horizontal Laplacian operator,

1 0 0 1 0?
2 .
_ _- H— S B4
Vi r2sin 6 00 <sm 89) * r2sin? § 0¢?’ (B-47)
defined such that the total Laplacian operator is
10 0
2 2 2
= —=— — . B.4
v r2 Or (T 87“) V1 (B.48)

The horizontal Laplacian operator commutes with radial derivatives in the following

—
(5:72) 000 = V2 (5= 2) 100.0), (5.9
(5591) 100.0) =¥ (5= 22+ 2) 1r0.6), (B.50)
(55%1) fr0.00 =V (o -S4 - B fr0e. @

B.3.3 Components of the Divergence of the Viscous Stress Tensor

In this section, we evaluate the components of the anelastic viscous stress tensor,

V. 2, in preparation for their use in §B.3.4-§B.3.7.
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B.3.3.1 Preliminaries

The anelastic stress tensor is

. 1
D = 2pv [e - §(V -u) 5} by equation (B.9)
P P
=2v |pe — §(V . u)é}

— 2 -[)g— %(V-([)u) —u-Vﬁ)g]

=2v |pe + gﬁur 5} , since V - (pu) = 0 by equation (B.4) (B.52)

where [ is defined below in equation (B.56) and where we have dropped the “eff”
subscript from veg, hereafter using v instead. To evaluate V . 2, we will need the

individual components of the tensor pe in spherical polar coordinates,

A A(pur)

PErr = 7 — Bpuy

100 1,

Peae—;T ;pura

.1 0(pug) 1. cosf

Peos = Tsing 0 | rt T reme P 553
10w B 11 Opu) |
Pero =5 ar 9 PO 9 PO T 5 50
1w 10us) B 1

Pere = 9 sing 0P +§ or TPl T 5 Ple

. 1 0(pugy) cos@ 1 9(pug)

Peos = 5. 99 _2rsin0pu¢+2rsin9 0¢

where we have again used the definition of 3 given in equation (B.56) below. It will also

prove useful to have handy the expression for V - (pu) = 0,

1 0(r?puy) 1 O(sinf puyp) 1 O(pugy)
2 or +7“sin9 00 rsing  9¢ =0, (B.54)

which vanishes by equation (B.4). Finally, we define the following functions of r,

_dlnu

dr

e (B.55)

and

dlnp
= . B.56
b dr ( )
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B.3.3.2 Radial Component

For any tensor Z, the radial component of its divergence is

1 9(r*T,,) L d(sin 6 7,9) L 0Ty Tog + Tpe

P (V-I) = 2 Or 7 sin 0 00 rsinf O¢ r (B.57)
N ) N——

In this section, we evaluate equation (B.57) for T = 2 using the definition of 2 given
in equation (B.52) along with the strain rate tensor components of equation (B.53).

Starting with the first term, we have

——[(M—ﬁ )
]+

B ] 214

2

r or

B d(puy) 5 200 [ ,0(pu,)] 4wB0(ripu,) 4vdp .
B QVQ[ or 37 T ar |” " or 3r2  or 3 ar’" (B-58)
The second term is
1 0 10(pug) B . 1, 1 9(puy)
~ rsinf o0 [sm& 2 <2 or g PO 9, P10 * 2r 00
v 0. J(pug) . 1. 19(puy)
~ rsinf 00 [8111«9 < or Bpug e Y.
_ Vg 1 A(sinf pug) | 1/5 J(sin b puyp) L o sin@a(pur) ’
Or |rsinf 00 7 sin 0 00 r2sin 6 06 00
(B.59)
while the third term is
10 1L oGu)  10(uy) B 1
_Tsin98¢ [2V <2rsin¢9 0o +2 or g 1o ™ gp P
v 0 1 O(puy) = O(pug) 1
~ rsinf 0¢ [r sinf  J¢ + ar Bpug pu¢
o1 1 9(puy) v P(pur)  vB 9(pug)
— . B.
Y or [7“ sinf  d¢ * r2sin?f 02 rsinf O¢ (B.60)
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The last term is

19(puyg) 1 0(pug) 2. cosf 20 .
._ [7‘ 00 +rsin9 0o +rpur+rsin9pue+ 3 P

B _2V [ 1 9(sinf puy) 1 0(puy) v . p .

r |rsing 00 rsind O¢ 2 plir = ?pur
2v [ 1 9(r?pu,) v v .
== |:7“_2 5| = 5z Pur = 5 Pur by equation (B.54)
2v [0(puy) 2. 4v | v
T | Tar TP Tt T
_ 2v0(puy) 41/5
~r  Or i
———— H,_/

To evaluate 7 - [V . 2 =|1|+|2|+[3|+[4] by equation (B.57), we combine

(B.61)

pieces from equations (B.58)—(B.61) as indicated in the following expressions:

1 8(Sin 0 ﬁuQ) 1 8(,5U¢)
1 2 4b | = — 1 4
e+ (20] 4 [30] 4 [1b] = v | Xm0l 2 ] 4 [
_— [ ! a(rap“T ] +[1c]+[4b] by equation (B.54)
72
_ v3 a(’l” pur)
32 or +4p]
vBO(pur) 2vp
=_2F _ P s, 1[4
3 Or 3 7 +
vBOGu) 2P
St U VAot B.62
3 67" r puT’? ( 6 )
J(sin 6 puy) 1 0(pug)
1 2 = 1
b +[2a]+[3a] = Yor [rsm@ 00 rsinf 0¢ +
B o [10(r?pu,) )
=—va [ET + by equation (B.54)
P (pur)  20(puy) | 2,
=v [ 92 + T o + ﬁpuT] , (B.63)
+[3b]=vV2 (pu,) by equation (B.47). (B.64)

The remaining terms are unchanged:

G(pur) 20 . 4v dﬁ 2v d(puy)
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Combining equations (B.62)—(B.65) and grouping by derivatives of pu,, we obtain

P [VQ] :V{82(ﬁur) N [2a_§+§] A(pur)

Oor? 3 r or
(B.66)
4o  4dg 25
2 _— — o —
+[vl 3 3dr r +r]pur}

The last step is to eliminate the radial mass flux pu, in favor of the streamfunction
W by substituting pu, = —V2 W, by equation (B.45). Using the commutation identities

of equations (B.49) and (B.50), equation (B.66) thus becomes

N PwW 8\ oW
~ o 2 o _~ e
[0 ot { s (a5) 5
(B.67)
daff 4o 408 40
2 _— e —_— e —_— e — —_
* (VJ‘ 3 r  39dr 3r W
B.3.3.3 Polar Component
For any tensor Z, the polar component of its divergence is
~ 1 8(7‘27;«9) 1 8(sin 0 %9) 1 87—9(25 7;,9 cos
0 - T)=— — — Tss -
(V-I) r2  Or * rsin 0 00 * rsinf 0¢ r rsing %
—_—— N ——
(B.68)

In this section, we evaluate (B.68) for Z = 2 using the definition of 2 given in equation
(B.52) along with the strain rate tensor components of equation (B.53). Starting with

the first term, we have

0
. = —— <r2 2u ,567«9) <2a +-4+2— > perg)
B o
2

1. 10(pu 7“):|

— %apery + v ( 2 s 2.0 |1 2pwa) _ -

T arepe Ty ar) |2 or 2 P T o T 58

B ) o 2\ ,. s 92 L1

= 2va peyg — v [ﬂ (5 + ;) (pug) + -~ ﬂw} +v (8 5 8r> (Pua)

1

_|_K 8_2_1_1& (A ) _iA
r | \ordd roo plir 2 P
——

(B.69)
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The second term is

2v 0 | . 10(pug) 1 . B .
= an 0 - - r Y r
rsin 0 90 [Sm <7“ oo Tyt

”
v 0 [. ,0(pup) 2v O(sinf pu,) 2vp I(sinb pu,)
_ 9 B.
"2 50 90 [Sme 90 | T Zsm0 a0 Srsng a9 (570
while the third term is
. 1 .
_ v 0 [10(pug) _ cosb Py + — 9(puy)
rsinf 0o |r 00 rsin 6 rsing  0¢
_, 1 0?*(pug) __cosf O(puy) 1 0?%(puy)
r2sinf 90 0¢ r2sin26 0¢ r2sin26 0¢?
vo [ 1 ug) . 1 )
= —— . B.71
r 00 [7‘ sinf  d¢ + r2sin?26 O¢? ( )
The last two terms are
_ v Ouo) V0 plg — 2 pug+ Apur) (B.72)
r Or r 2 200
—_—— N——— —— N
and
2vcosf O(pug) 2vcosf 2vcos?f 2vfcosf
— - Ay i ikl B.73
r2sin?6 O¢ 2sing r2sin® 6 PU6 ~ 3 sing ( )

To evaluate 6 - {V . 2} =|1|+|2|+|3]|+|4]+|5] by equation (B.68), we combine

pieces from equations (B.69)—(B.73) as indicated in the following expressions:

a(p . 1. 1 9(pu,
:Va|: (g:fe) —ﬂpw—;puwr; (gz )}, (B.74)

[10]-+ (2] [1b]+ (5] = v | 22900 - 20000 0y - 2050, (i1

3r 00 or dr
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2
[1c]+ == +[3b]+[4a] = vV*(puy), (B.76)
2
]+ 2 G = L2 v ] e, (BT
2 r 00 r2sin” 0
=0
2v .
++:_mpu97 (B.78)
_ 2_7/8(/3“7“)
+ - 7‘2 89 ’ (B79)
along with
_ 2vcosf I(puy)
 r2sin?6 99 (B.80)

which is left unchanged. Combining equations (B.74)—(B.80) and regrouping, we obtain

3 [9-8] =] T+ o 2 2] 20

00

3

2cosf O(puy) a df 30 1 .
Trene oo |PTE T @ T T g P

(B.81)

The polar component will be used in combination with the azimuthal component in

§B.3.3.5 and §B.3.3.6.

B.3.3.4 Azimuthal Component

For any tensor Z, the azimuthal component of its divergence is

5 1 9(r°T,4) 10Ty 1 0Ty T,y 2cosf
(V-T) == - Tos -

¢-(v-I) r2  Or +'r 00  rsinf 9¢ + r +'rsin9 b¢

—_————— N — ~ ——

—_——

In this section, we evaluate equation (B.82) for Z = 2 using the definition of 2 given

(B.82)

in equation (B.52) along with the strain rate tensor components of equation (B.53).
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Starting with the first term, we have

) A
[1]= ﬁ8—<r2 2w pem) =v <2a tot 2@) (Perg)

L 4 ON[ 1 0Gu) 10Guy) B 1
_2yap€r¢+V< +2 >|:2rsin9 0 +2 or 2pu 2?”pu¢

or
. 8 2\, dp 2 10\,
= 2va peyy — v [ﬂ <§ + ;) (pug) + . pu¢] +v <87‘2 + ;g) (pug)
(B.83)
N v 9? 1 0 (u )_1 R
rsinf \ Or E)gb r 0¢ 2 P
——

The second term is

18(pu¢) cosf 1 9(puy)
2]= = pug e e
r 8«9 00 rsin 6 rsinf 0¢
v 8_2_(:059g (pug) + v n v 0?2 _cos@i (us)
“2\002 " smeae ) Y T a2 P T 120 \ 9006  sindag ) U
————
(B.84)
while the third term is
v 0 1 O(pug) 1 cos9 ) I6;
_rsin08¢ rsind 0o r Pt rgng P Ty A
/A ~ A~
_ 2V2 9 (/HQ%)Jr 227 O(pur) 2V§029 Opug) | 208 O(pur) (B.85)
r2sin“ 0 0¢ r2sinf  0¢ r2sin“@ 0¢ 3rsinf 0¢
The last two terms are
pur) Va(ﬁ“(f)) vB
- v AP B.86
. r2 sm@ 0¢ +'r or r puo qu¢ ( )
—_—  —— H,_/
and
2vcos 0 O(pugy) 2vcos?l 2v cos 0 O(pug)
o= — —_— . B.87
r2sinf 00 r2sin? 6 pu¢+r2 sin20 0¢ ( )
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To evaluate ¢ - {V . 2] =|1|+|2|+|3]|+[4]+|5]| by equation (B.82), we combine

pieces from equations (B.83)—(B.87) as indicated in the following expressions:

— va [rsilnﬂ a(g;f’") n a(g:¢) — B pug — %ﬁ%} , (B.88)

coltes RESHN W e R NI 1

[1e]+[2a]+ == +[4b] + [5a] = vV (uy). (B.90)

E+E+!+ [4a]+ [5¢] ’rsn@@a(b V- ()] =0, (B.91)
[1e]+[2b]+[4d]+[5b] = m[1 —281n29—2cos29]([3u¢)

- —m puig. (B.92)

The remaining terms are unchanged:

+[3¢]=v (B.93)

2 O0(puy)  2cos@ O(puyp)
r2sinf O¢ r2sin?6 0¢

Combining equations (B.88)—(B.93) and regrouping, we obtain

{ 2 } d(pur) A(pus)

- . 1
¢-[V'2]=V{V2(ﬁ%)+ 7 fo (0= 0) =5

2cosf O(pug) a df 30 1 .
+'rzsin29 0¢ af+ T +d * +r2sin29 Pl¢

(B.94)

B.3.3.5 Perpendicular Divergence

We now use the results of the previous two sections to evaluate V - [V . 2},

which serves as the diffusion term in the P equation. By definition,

1 osin0Ag) 1 A,
Vi-A= rsind 00 + rsinf ¢’ (B.95)

such that

1.9(24,)

V-A=
2 Or

+V,-A. (B.96)
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Thus,

v.-|v-D :rsilnﬁ [% (sineé-v-g)Jr%(q%v-g)]. (B.97)

The polar and azimuthal components of V - 2 are given by equations (B.81) and
(B.94). We rewrite them here and label the individual terms before combining them as

per equation (B.97):

6-|v-D) =v{V2(ﬁue)+% [a—i—%—kﬂ Xptr) , (o — gy A0t0)

—— 3 0o or
1
2cosf O(pug) a dB 38 1 .
r2sin?0 9¢ af+ o dr + r + r2sin® 6 P
(B.98)
and
A A 1 28 27 9(pu,) Apus)
. Dl = 2 - 2F ) A _ By 22/

¢ [V :} V{w+rsin9 [OH_ 3 +r] 0¢ +la—f) or
2cos O(puy) a dp 30 1 .
r2sin?6 0¢ aﬁ+r+dr+ r +r231n29 Plo
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Combining the terms containing and yields:

v {% [sin&] + 8}

rsin 6 oo
v 0 (. 9/ A 0 oo, -
- {% [sin 6 V*(pug)] + 9% v (pu(b)}}
v e 0 (sin 6 pug) N d(pug)] 2cosb 0% (pug)
rsin 6 00 1)) r2 062

4sin 6 2 O(pug)  2cosf . 2cos 0?(pug)
+< 72 r281n49> 06 T pue r2sin?f 9¢?

v ) 9 . 2cos 0 02(puy) _ 2cosf 02 (pug)
N rsin@{smev [T Vi (pu)} + r2sinf 90 0¢ r2sin?6 0¢?

1 O(pug) cos 1 O(pug)
- — . B.100
r2sinf 00 r2sin? 6 e r2sin®6 0¢ ( )
Combining the terms containing and yields:
v d . 2b 28 2
— |sinf|1b|| + —=—= b = =+ 2| V(o). B.101
rsin9{89 [Sm ]+ 96 } ”[(H 3 +r} Vi) (B-101)

Combining the terms containing and yields:

v {g [sin@} N } _via—0) 0 |:8(Sin9ﬁUQ) N 8(ﬁu¢)]

rsind | 06 BY) rsing or o0 BY)
vioe— ) 0 R
_ %5 VL (). (B.102)

Combining the terms containing and yields:

or. 0 2d
v {% [sm@] +}

rsin @

v [ ) <2cose 8(ﬁu¢)>+2<2cosc9 a(pue)ﬂ

rsinf | 90 \r2sinf 0¢ 9o \r2sin?6 9¢
_ v [ 2cosb 0*(pug) 2 O(pugy)  2cosf 0?(puy) (B.103)
~ rsinf | r2sinf 000¢  r2sin?0 0¢ r2gin?0 092 |’ ’
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Finally, combining the terms containing and yields:

.V {g [sin@] + 8}

rsin @

06
—v [aﬂ—i—a—l—z—ﬂ—i-gﬂ] Vi (pu)

v g pPug + 9 0 ﬁu¢
rsinf | 00 \ r2sin 0 0¢ \ r2sin?6

d
:—y[aﬂ—ka—i-d—ﬂ—k ﬂ]VL-([)u)
v 1 O(pug) cosf 1 O(puy)
— — . B.104
rsin @ [ r2sinf 00 * P2sinz0 " T r2sin? 0 0¢ ( )
Summing together the terms in equations (B.100)—(B.104) yields
. d
VL-[V-Q] { VQ[V (b )}—{aﬂ+a+d—ﬂ+ Q]VL-(ﬁu)
[3al
(B.105)
—-p 0 20
- |:’I”VJ_ (p )] +lat 3 + V2 (puy) p.
Using equation (B.96) and the fact that V - (pu) = 0, we can make the substitution
o) o) 2
Chay L _ ~ B.1
Vi (pu) 2 Or or Y (B-106)

such that only pu, remains, and then use equation (B.45) to eliminate pu, in favor of W.
Once in terms of W, the commutation relations (B.49)—(B.51) are used to interchange
the V2 operator with r-derivatives. We now examine each term in equation (B.105)

above, starting with the first term:

1 [10 0 d(puy) )
Ty [r28r< 87”) +VL] [ or +2pu7«]

_ [83(pur) N 6 0%(pu,) 6 O(pu,) L2 A(puy) N 2V2

or3 o 72 or Loor T 1(pur)

_ o [a?w 2aw]

—_— —_— B.1
a5 TV igy (B.107)
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The next two terms are

[ﬂ+a+j—ﬁ+ﬂvl-(ﬁu)

:[aﬁ+a+@+3BH (pur) Z“ur]

dr or
:—VL[5+O‘+Z—5+3ﬂ = (B.108)
and
5= P01 (u)]
— —(a—p) [3255357«) N ga(g?r)]
=V [(a - 0) <8;TVZ — %%—Vrﬂ . (B.109)
Lastly, the fourth term is simply
= [a + ? + ] v2 (pu,) = V2% [a + ? + %] V2w (B.110)
Combining equations (B.107)~(B.110) and regrouping, we obtain
v, - [v.g} - uvi{ag‘f +(a—5)a;—v2v
r r
[ﬂ+2—a+d—ﬁ+¥—vi}%—tf (B.111)
[ + ? + ] v? W}.

B.3.3.6 Radial Component of Curl

We now use the results of §B.3.3.3 and §B.3.3.4 to evaluate # -V X [V . 2},

which serves as the diffusion term in the Z equation. By definition,

PV x [V = {aae (sn0$-v-2) - 68¢<9 v D>] (B

The polar and azimuthal components of V - 2 are given by equations (B.81) and

(B.94). We rewrite them here and label the individual terms before combining them as
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per equation (B.112):

3 00 or
1
2cosf O(pug) [ a dB 38 1 ] s }
- 0

0- {Vg] :V{VQ(ﬁU9)+% [a—i-%—l-ﬂ a(ﬁur)—i-(a—ﬁ) O(pu)

1224 o aﬂ+?+$+7+rzsin29

(B.113)

and

$-|v-D| :”{VQ(ﬁ%)Jr; {a+%+§] W) | (o — g 200

rsind 3 0o ar

2cos6 O(puyp) a dB 38 1 .
+7“25in29 0¢ aﬂ+r+dr+ r +rzsin29 Plo (-

(B.114)

Combining the terms containing and yields:

v {% [sine} — }

rsinf o¢p

- Y {% [sin¢9v2(/3u¢)] — % [VQ(ﬁUH)]}

rsin 6

_ v {V2 [8(8111«9[32%) 8(,(3?19)}_2005982(/%(75)

rsin 6 o0 Y r2 902

N <4sin9 2 > O0(pug)  2cosb . 2cos 6 82([3u¢)}

r2  r2sinf 00 + 2 Ple r2sin®0 02

-7 {sinHVQ['rf‘-V X ﬁu}

rsin 6

~ 2cost 0?(pug) ~ 2cosf 9% (puy)
r2sind 000¢  r2sin?f OP?

1 0(pug) cos@ 1 O(pug)
+ 2sind 90 resin?g’ * r2sin?0 09 [’

(B.115)

Combining the terms containing and yields:

v {% [SinH} — } = 0. (B.116)

rsinf oo
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Combining the terms containing and yields:

. {ﬁ [sin6[2c]] - } _va=-0)9 [a(sin%uw 6<ﬁue>]
ol

rsin 6 ¢ rsing or 00 oo
= M% [rﬁ -V X ﬁu]. (B.117)

Combining the terms containing and yields:

o btz - 5}

rsind | 00 oo
_ v [0 (2cosf I(pug) N 0 ( 2cos6 9(puy)
~ rsinf |00 \r2sinf 0¢ 0¢ \r2sin?0 0¢
v 2 cos 0 0% (pug) 2 O(pug) | 2cosd 9% (pug) (B.118)
~ rsing |r2sinf 000¢  r2sin?20 0o r2sin?f O¢? ’
Finally, combining the terms containing and yields:
1
Gy (R s
rsinf | 060 ¢
=—v [aﬁ—l—gﬁ-%—i-%] 7.V X pu
r dr r
v [0 e\, 0 (i
rsinf |00 \ r2sinf 0¢ \ r2sin6
=—v [aﬂ—l—gﬁ-%—i-%] 7.V X pu
r dr r
v cos 1 9(pug) 1 0(pug)
rsinf {7“2 sin2g " * r2sin?0 0¢ r2sinf 06 (B.119)
Summing together the terms in equations (B.115)—(B.119) yields
A 1
7V x [V-Q} :u{—VQ[rf-Vxﬁu} - [aﬂ—l—g—l-%—l—%} 7V X pu
= r r dr r
a—-por . .
+ - E[TT'V Xpu}}.
(B.120)

We now eliminate pu in favor of Z by substituting # - V X pu = —Vﬁ_Z by equa-
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tion (B.46) to obtain

Using the commutation identities (B.49) and (B.50), we finally obtain

2
PV X [vg] =—uVi{8z+(a—ﬂ)8—Z

Or? or
(B.121)
2 d 2
- [a5+—a+—5+—ﬁ+vi] Z}.
T dr T

B.3.4 Derivation of the W Equation

The evolution equation for W is obtained by taking 7. each term in the anelastic
momentum equation (B.8). Applying #- to the time-derivative term gives

L 8'u,_8AA __g 9 _ 20_W
P’“'(at>—at<’“ pu) = — o (W) = -3 A (B.122)

where we have used equation (B.45). As a result, a schematic representation of the W

equation is

, OW

Vi

= Wpa + Waerav + Worrr + Weor + Wapy. (B.123)

We now compute the five terms on the right-hand side.
The pressure gradient and gravitational force terms are simply

Jp

— B.124
8']"’ ( )

Wpg = - (-Vp) ==
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and
Weray = 7 - (—pgf) = —pg. (B.125)
Equation (B.67) gives the diffusion term in terms of W:

Woms = 7+ |V - D]

2
:yeﬁvi{aW+<2a—é>a—w+<vi_%_4_a_%8_ﬂ_%>w}’

or? 3) or 3 r 39dr 3r
(B.126)
dln veg dlnp . .
where a = and § = e The Coriolis term can also be expanded in terms of
T
the streamfunctions:
Wcor =207 « (u X Q)
= 2Qsin 0 puy
20 [ 0*°W 07
= [87“8¢ —sin 0%] . by equation (B.45) (B.127)

Finally, the advection term can be expanded in terms of the three components of u:

. 0 ug 0 Ug 0 uz ué
=— p— A —— — u, — 2 ——1. B.12
p[(u 8r+ r 89+rsin98¢>u r r ( 2

B.3.5 Derivation of the P Equation

The evolution equation for P is obtained by taking V| - each term in the anelastic

momentum equation (B.8), where the expression V| - A equals

. 1 8(sin9A9) 1 E)A¢
Vi-A= rsind 00 + rsinf ¢ ’ (B.129)

such that

1 0(r? A,)
V- A=—-——__"721V, -A. B.130
r2  Or e ( )



192

The time-derivative term simplifies to

\ A <Paa—1;> = %[VL : (;’Bu)}

_ % [V (pu) — %%} by equation (B.130)

_ _% [a(ngr) ¥ Qﬁﬂ by equation (B.4)

— % {@ + %viw} by equation (B.45)

= vi% (%—‘f) . by equation (B.49) (B.131)

Therefore, the P equation is represented by

v28<8_W

— = P P P P, . B.132
1o 8r> pc + Porrr + Pcor + Papvy (B.132)

Note that there is no gravity term since the quantity V - (pg #) vanishes. We now list
the remaining terms on the right-hand side in order.

The pressure gradient term simplifies to

1 0 0
Pro ==V (V) == |V (T - oo (P)] =i sy

by equations (B.47) and (B.130). The diffusion term is given by equation (B.111):

Ppirp =V - [V . 2]

PW 0w 200 dB 20 oW
:UeffVi{W—F(OC—B)W—[OC , V2:|

28 2
— [a + ?ﬂ + ;] v } (B.134)

The Coriolis term can be simplified by using

. 1 0Z ,~ 107 .,

_ 1 2 ] ‘ga_Z + 1 i 1 a_Z n
N 2smea0 \> o0 r2sin260 0¢ \ rsinf O¢ "

N 19*Z , N 1 0*Z .
r Orod rsinf 0rdg
0z 0*7Z
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and
oW\ 82w
L (o2 o A I A
VXVXVXxW#=V X (VLW)TJFV(ar) EWT]
0l 0 [eay, OPW] s 10 [Cgyy,  OPW] -
= TSm99 [VLWJFW] o+ a0 [W“W ¢
(B.136)
so that
Poor =V - [2ﬁu x Q}
:29-[V><(,5u)]— 9,2 [7"-(2p“u><ﬂ)
ar r
:2Q(cosc9f—sin99)-[VxVxVxWﬁJerVxZﬁ]
o 2 o
— <§ + ;) [2Qsm0pu¢]
1 0%\ oW sinf 0%7
=20 |~ (Vi+tss) 5 - 17— —
[7“ <VL+3T2> BY cosf Vi r 87“89}
o 2\ [20 /W W
- <5 + ;> [7 <ara¢> - Sm%rae)] ' (B-137)

The advection term can be expanded in terms of the three components of u:

gy o 8- [t 9] |+ [ 6+ [t 91 |

{
-2 {3[sin9<(u.v)ue+“7"r“9_“§COS9>]

rsin 6

T rsin @

+ 2 [(u W)y + 2 D000 COSH] }

p o |. Oug  ug Ouy ug Oug  uyugp ui cos 6
2 ging (u, 280 4 M0 U0 Oug _
i [sm <u or + r 00 + rsinf O¢ + r rsin 6

0 Oug  ug Oug up Oug  Upuy Uty cos b
[UT or + r 00 +'rsin9 Lo * r + rsinf - (B.138)

B.3.6 Derivation of the Z Equation

The evolution equation for Z is obtained by taking # - VX each term in the

anelastic momentum equation (B.8). Applying 7 - VX to the time-derivative term
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gives

9, . ) o) 7
= —(#+V X pu) = —a(viZ) = —via, (B.139)

where we have used equation (B.46). As a result, a schematic representation of the Z

equation is

, 07

_VJ—E

= Zp1rF + Zcor + ZADv. (B.140)

Note that there is no pressure gradient term since V X Vp = 0, and that the gravity
term vanishes since V X (pg #) has no #-component. We now compute the three terms
on the right-hand side in order.

The diffusion term is given by equation (B.121):

Zowr = 7 -V X [v.g}

0%z 8_2_[ 200 dB 20

:—yegVi{m—i-(a—ﬂ)ar af+—+ +vi}z}. (B.141)

dr ' r
The Coriolis term simplifies to
Zoor = 7+ V X [(qu) x Q}

=27+ | (2 V)(pu)]

B d(puy) sinfd(pu,)  pugsind

=20 [COSG or r 00 + r

B [0 sinf 9 ,_, sin W 10Z

=20 [—cosﬁg(VLW)—i—T%(VLW)—%T—QW—FT—Q% . (B.142)
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The advection term can be expanded in terms of the three components of u:

—

=
S
<

2

[Sme 5. [(u.v)u]]_a%[é. [(u.v)"H}

|
|
<
2] .
=
)
— —/— X
S

L p 2 uru¢ gy cos O
~ rsinf | o0 {sm@ <(u Vus r * rsin 6 )]
o Up g ui cos 8
_8_qb [(u-V)ue—i- r  rsind
B p Ouyg ug Ouy Uy Oug = Upty Uty cos b
B rsm@{ [sm@( or * r 00 +Tsinc9 0o * r * rsin 0

9
00
0 Oug | ug dug ug Oup  urug ui cos 0
6 [ r 00  rsinf 0¢ + r 7 sin 0 (B.143)

B.3.7 Derivation of the S Equation

The evolution equation for S is simply equation (B.12),

~0s
pTE = Srrux + Sapv + SpIFF. (B.144)

where the entropy and radiative fluxes are given by

SrLux = =V - dog

= —kppe, V(T +T) — ko pT'V (3 + 5), by equation (B.11) (B.145)

the advection term is

i o 8 ug 8 U¢ E) R
- pT<uTa + - 89+Tsmea¢> (8 +s), (B.146)

and the viscous heating term is

A

Spirr = ®

= 2pVeft [g te—-(V- u)ﬂ . by equation (B.13) (B.147)



