Appendix A

Calculating the Shape Functions

Equation 4.5 shows the relationship between the redshift space correlation fugéjion (
and its real space counterpaft), For current galaxy catalogs (and those in preparat{én)
is not directly available. Therefore we must find a way to extfaétom the properties of*.
Hamilton (1993) did this by weighting the calculations{dby the Legendre polynomials pf
To find the equivalent functions for the spherically symmetric case, exffaaddé™ into sets
of orthogonal components. This will allow the general functigrte be replaced by specific
functions. Then the distortion operator will operate on a set of specific functions. The results
from the distortion operation can then be added together to yield a final result for the general
One can expand in any complete set of functions but the best choice is to find a set
which makes the calculations simplest. The operéia? Inr2 | commutes with all of the
individual operators contained within the distortion operatotiq the only component of the
distortion operator which does not necessarily commute wjthlnr, |A). HereA is the
shape of the triangle connecting the observer to the two galaxies in question. Therefore the

logical choice for the expansion is the set of eigenfunction3/éfln o |A:
p T, (A.1)
Therefore, define the quantiti€5(w;2) and{® (wi2):
£ (w2, ) = gf £ (riz, A)rly “dria/ri2 | a,
0

1 o B
£ (wi2) = %/ £ (r1g)r]y 12 dria/r1a | A (A.2)
0
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with the inverse transforms:

*(ri2, A / € (wiz, A)rpy 2 dwra,
"(r12) / £ (wi2)ry 2 dwis. (A.3)
Now applying the distortion operator affi(r12) actually applies it to the-,) “ inside the

integral. This gives:

£ (rie) = /_ £" (w12) Daist, [ng%iwm] dwip =
/ € (wiz) [1+ A1 (2, A)B + Ao (mma, A)B?] iy "2 dwia.  (A4)

Letn = v + iw. Now calculate the actual values of ea¢h
To calculate the values of operate with the distortion operator en”. First of all, note

that the operators with subscripgtsommute with those with subscrips So

82
pa a(r1)
7‘1 &l

0 _9 0% a(ry) 0
37‘1)v1 +(8r%+ 9  Org

Aya, A = [( m] o (AB)

and

2 a(r) 0 0% afry) 0
or? 3—)(W * 0
1 1 1 5 2 T2

Aalz, 277 = ki M L

The first job here is to operate Wiﬁﬁ;2 onr,. Becauseri is a spherically symmetric

quantity:
_ _ 1 0 01"

Vi =V = | iy 7. A7
1 T2 2 T2 [T%Q 8r12T128r12 T2 (A.7)

Set this equal to a new variabfeand solve forp:

1 0 45 0 —n

~ 22 = A.8
|:'f'%2 87’12 12 87"12:| ¢ 12 ( )

becomes

[a( 2 i)] ¢ = ry"0r,. (A.9)

T
12 87’12
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After performing one integration

0 P30
2 _ 12
[ru 37“12] b= p— (A.10)
or
Py
Op = 313 nam. (A.11)
Performing this integration yields
i
p=————. A.12
B-m@-n) 12

Note that this equation serves for approvided that) does not equa? or 3. This means that

2—-n
Vi =Vl =12 (A.13)
1 "12 2 12 (3 . ,’7) (2 . ,’7)
and by considering-n' =2 — n:
iy
V2V, 4, = 12 (A.14)

[ GRS [P TG Jps T

Now the values ford become

o [ elr) 0 9 a(ry) 0 P2y
Mom e = [+ 0+ G+ D gy @9
and
Ag(mag, N)r~" =
> alm) 0 a(rz)i] phm
[(ar% 71 87’1)((97'% ) 67“2 (5_7])(4_7])(3_7])(2_77). (A.lG)

To calculate the results fot; and A, start by doing some preliminary calculations. First

define the cosines of the angles in the triangle:

2 2 2 2 2 2 2 2 2
77— +73 — —
pp= etz Tptr o N T Ty (A17)
2’)"12’)"1 2’)”12’)”2 27’1T2
This means that
22 3
19 = [7“1 +ry — 27‘17“2/1,12] . (A.18)
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So,
0 _
52 =1y ?(r1 — rop12) (A.19)
1
and
_Q_ n o __ n—2 _ 2
Oy 12 = M2 (ro — rip12). (A.20)
T2

Simplify the terms in parentheses by noting

2 2.,.2 .9 2 .2, .9
2rirg —ro(r{ + 13 —1iy) _ 1 — T3 + 71y

T — Tol12 = 5 = = u1ria, (A.21)
179 2T1
and similarly
To — T1j12 = [2T12. (A.22)
Another useful equation is
2 piafing + 147 + 5 + pi = 1. (A.23)

Now divide A; into two pieces. The first piece hagerms only:

a(ry) 0 a(rg) 0 ] 7’%2_77
— — . A.24
[ r1 Or * r2 Ora] (3—1n)(2—1n) ( )
Differentiating gives:
-
[a(rl)T‘mM + a(m)ﬁﬂm] 2 (A.25)
71 T9 3—-ﬂ

The second term has no terms with

0 0 ] 7“%2_77 2 a1 Tig
[ar% 57| GowE—w [1 =y npz) 37 ;

Later in the calculation, all factors gfwill need to be in the denominator. So by noticing that

B (A.27)
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A7 can be written:

—asfll)hz/ﬂ ) 2 - 3u? — 3u3

72
3—n

i |y (A29)

Al (7], A)Tﬁn = [

To attack the differentiation necessary by first notice that it can be rewritten:

)(

0 al), 9 alr) 0 0
(97'1 (& (97'2 79 (97'1 (97'2

Anln, D! = [(

ary
G nE-nG-ne_n &

First differentiating with respect to, yields:

[0 alr)y 9 o(ra)) O (ro — rupu)riy "
As(n, DN)ryy' = |:(8—7“1 + - )(3—7’2 + 7“2 )3—7‘1:| T 17)(212_ I (A.30)

After the second differentiation:

2—n L
—H12To (r1 — rop12)(re — ripi2)rys
[(5 )3 -n)(2-n) D) (A.31)

Once again separate out the different terms and calculate them separately to obtain the simplest

looking results. The first term is the term with two factorsxof

alry) olry) —paryy” gty "
oo [(5—77)(3—17)(2—17)+(5_77)(3_,7)]- (A.32)

The second term has one factorcof

+

[a(rl) —2u12p2712 + P12 — NEIPETI2
! G- -mn)

-2 — nu? _
a(r2) —2p12p1712 + fl2712 TIM1M27“12] F 1 (A33)
T2 G-nB-n)

The final term contains no factors af

: [_2“12(7“2 — )yl | (1= ropna)rly

ory (5-n)(3—n) (5-—m)(3—n)
_n(r = rapz)(re — i)y _
G-n@B-n)
20,1y dnpizp piory ry
G-m@B-n G-7B-n GG-1E-n)
—npiryy B[ ST (Rl LTI T

G-m@-n G-719@8-n€ G-79B-n
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Using equation A.23 rewrite this term:

20317y n —2n(udy + pd + pd — 1)riy n Ty n
5-n(3-n) 5= -n) 5-n(3-n)
—npiryy —npsryy @+ n)piedry

G-mB-n G-m9EB-n7 (GG-nE-n)
2035 (1 — n)ryy (14 2n)r}y
G-mB-n  G-n0E-n)
“Snpiryy L Suwgry L n@ A muiugry
G-mB-n G-mMB-n7 GG-mE-n

EachA,;(m2, ) can be expressed in functionsref,r; andr, times functions ofn—7712

(A.35)

wheren = 2,3,5. The factors ofy and ther’s in equation (A.4) can be brought out of integral

overw to become:

wi2)T]s
*(r12) Zg] 7‘12,7"1,7“2/ 5 12) 7]12 dw12- (A.36)

Rearranging the integral in this equation:

r 00 1 r12
/ Gt wi2 =/ " (w12) [T/ Tnmld?“] dws2, (A.37)
n =112 —o0 12 Jo

and switching the order of integration:

1 T12
— et [ / ¢ (w —’712] dr = — r" e (r)dr (A.38)
12 Jo

19

So the integral can be expressed in an averagefouest:

*(r12) Zg] Bj(r12,71,72)8;(£(r12), £(r12), €(r12), £ (r12)) (A.39)

with

’f’2 0

= 3 T12 9

i= 5 /0 £(r)r2dr,

£= 7% /0 Y eryrtar, (A.40)
12

Note that in equation A.39 the functiods;(r;,;,7;), g;(8) and f; are not unique. Choose
any set of functions which satisfy equation A.39. Therefore, choose the functions to make the

rest of the analysis as simple and accurate as possible.
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In order to obtain results that tend towards the distant observer approximation, choose

three of the shape functions as:

By =1, (A.41)
By = % [Po(p1) + Po(p2)], (A.42)
and
By = (358 — 154 — 1543 +3) (A.43)
where
Py = gﬁ — % (A.44)

Define&; as the functiong; (8)Z;(£(r12), £(r12), €(r12), £(r12)) which corresponds to
shape functiomB;. This means that the term with no factorsm€ontributest (r12) to €. The

terms given byA, contribute3 3(¢(r12) — &(r12)) to & and 2 3¢(r2) to &, leaving

5(7"12) [azl)ﬁzm + alra)

g mm] . (A.45)

So, define

a(rz)

z 7“12,“2] . (A.46)

o\r
B, = [Qmm +
1

This means that the terms df; also contribute§§ (ri2) to €.
The terms in equation A.35 will contribute &, &2, andé,. To find the exact contribu-

tions, replace:? ;2

pi+p3) — oo (A.47)
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to get
T o, (1 =)+ (1 20) — S0+ )+
CRCR)
8 3 3
2 —Bi+=(pi+p3) — )| =
02+ n)(gg Ba+ = (w1 + u3) — 52)
—-n
r ) 64 3 ,
12 92 (1 — 1+ —n——
I pig(1 =) + (14 oen — oen”)+
3, 15 8
(i +p2)(Cn” = —n) +n(2+m)5=Ba| . (A48)
Now replaceu? + 13 using
4 2
M%+M%:§B2+§ (A.49)
to get
—-n
r ) 64 3 , 4 2.3, 15
12 192 (1 — 1+ o — o B+ 2)En" - —
GomE_n |l -m+ 0t =g+ B+ )0 - 5+
8
77(2+77)£B4]:
v [%2(1 —n)+ (14 2n+ 21+
(5—n)(3—-n) 5° 5
3, 15 .4 8
°2_22\ip 2 —Bal. (A
(50" = —n)3gB2 +n(2+n)5-Ba| . (AS0)

Before continuing, note a few relations:

2 15 1 35 1 5 "z
T = L G~ S s €l + 5e) — i), (ASD
3p2 15 3 9 1 3 3
G =7 ry oy = #) — ) (.52)
I+2n+¢n> 1 2 4 1 2 4=
G=mB-n 5 35—y -y 5 Fgin)gtle), (A8

and

L= __! + 2 == —ég(ﬁz) + §:(T12)- (A.54)
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The terms of3? which contain factors ofr cannot contribute to the values &f, &, or &,

because the corresponding shape functions contain no factarsTais means that

€0 = [1 + %B + éﬁ] £(r12), (A.55)
&= [gﬁ + éﬁQ] [£(r12) = €(ri2)] (A.56)
and
6= g5 el + 56 - 50| (A57)
This leaves the terms
26 |~ g€ra) + SE(rin) |ty + 57 360r2) - 300 (A58)

and all of the terms with factors ef for some other shape function. Reduce the terms containing

factors ofa with

1 R U S S SR U SR
G-mB-m2-n) 32-n 23-n 65-9

9

65(7“12) - %5(7"12) +

1

305(r12), (A.59)

1 1. 1 -
G-m@B-n) 23-n 25-7 gf(ru) - Ef(ru), (A.60)

and

1 1=
5-n)(3—-n) T23-n 25-79 - §f(T12) - 55(7’12)- (A.61)

Notice that the remaining terms contain no factorg(ef2) and that all of the remaining
terms have a factor g82. The easiest solution to capturing all of the remaining terms is to

define

&3 = B*E(r12), (A.62)
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& = B2E(r12), (A.63)
and

. By

€6 = Ff(m)- (A.64)

These then have the correspondingly complicated shape funcitons:

2 2 1 a(rl)a(rg),ulgrz 1 a(rl)a(m)ul,ugrz
Ba=—242, +24 = 12, - 12
3 3“12 + 3 + 6 rro + 6 r1ro
1 |a(r)r alry)r 1 |a(r)r a(ro)r
5 (r1) 12#1#%‘+ (r2) 12#%#2] ____[ (r1) 12#12#2‘+ (r2) 12#1#12]
9 3 T2
1
{+E [a(rl)rm p1 + alr2)riz Mz] } , (A.65)
(A T9

4 5 4 1 a(r)alrgmar]y 1 alr)a(ry)pperi

Bs = - -~
5 5:“12 5 30 riry 10 1792 +
1 Ja(r)r a(ry)r 1 |a(r)r a(rz)r
Llatine o, 0tone ) | Lfolre, o ol
2 1 5 ™ r
1
_ L felrdre L alrane 1 66
10 71 2
Be — _a(rl)a(TZ)M12r%2 (A.67)
T1T2

Notice that the quantity in curly braces in equation A.65 is exactly the sanig as

Therefore, remove this term from equation A.65 and say that

2
& = (g + %)5(7“12)- (A.68)

The final term ofB; also has the form aB;. However adding this term t would make the
[ term inseparable from the averages of
Although the shape functions and resultifigare not unique, the above set of functions
is complete and has the desireable property of being seperable into functions of the shape,
functions ofg and functions of averages 6f. This set of functions will allow for a complete

description of spherical redshift distortions in the linear regime.



