
CHAPTER 2

THEORY

Using atomic PNC to test the standard model brings together two disparate

�elds of physics: high-energy physics and atomic physics. It is not the purpose of

this chapter to write at length about the underlying theories. Instead, this chapter

presents enough theory so that the atomic physics measurements can be understood,

and it also illustrates the way in which the measurements provide a test of the stan-

dard model. The theory of the weak interaction is covered in detail in the literature,

and the reader is referred there for technical details and for general information on

atomic theory [16, 17, 18, 19]. Here only an overview will be provided.

This chapter covers the theory necessary to understand the experiments dis-

cussed and the implications of those experiments. In addition to the general theory,

this chapter also covers the e�ects of external magnetic �elds and their alignment

with respect to the experimental apparatus, and it details the exact transition rates

the experiments measure. Much of the content of this chapter closely follows the

theses of Gilbert [20], Noecker [21], Masterson [22], and Wood [23].

2.1 Weak Interaction

The weak interaction can be mediated by the exchange of a Z0 boson

between an electron and a quark. This exchange, shown in Fig. 1.2(b), is analogous

to the exchange of a photon for the electromagnetic interaction, shown in Fig. 1.2(a).

In the present form of the standard model, the weak interaction is described by a
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Hamiltonian given by

HPNC =
1

2
p
2
GFQW


5�N (r); (2.1)

where GF is the Fermi constant, �N (r) is the nuclear density, and 

5 is the Dirac

matrix, which is responsible for PNC. The weak charge of the nucleus, QW , is anal-

ogous to the electric charge for the electromagnetic interaction. For an atom with

atomic number Z and N neutrons, the value of QW is given by

QW = 2[(2Z +N)C1u + (Z + 2N)C1d]; (2.2)

where C1u and C1d are electron-quark coupling constants for the up and down quarks,

respectively, which are described in Chapter 1. Thus, QW is atomic physics' \win-

dow" into the standard model. At tree level� QW is given by

QW = �(N � Z + 4 sin2 �W ); (2.3)

where sin2�W is the Weinberg angle. Any deviation from the tree level value of

QW indicates the need for higher order corrections (such as the so-called \radiative

corrections") or signals a breakdown in the standard model predictions.

The weak interaction does not conserve parity, so HPNC mixes states of

opposite parity as in

j  i =j  +i+
X
i

j ��i i
h��i j HPNC j  +i

E �E�i
(2.4)

where the \+" and \�" indicate opposite parity states. The matrix elements h��i j HPNC j  +i
are essentially matrix elements of 
5. The operator 
5 does not appear in any

atomic observable, so the values of these matrix elements must be calculated. The

�Tree level is essentially the lowest order of the theory.
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Bouchiats [8] have shown that in the non-relativistic approximation

hn0`0 j HPNC j n`i /
�
Rn0`0(r)

@Rn`(r)

@r

�����
r=0;

(2.5)

where n is the principal quantum number, ` is the orbital angular momentum quan-

tum number, and Rn`(r) is the radial wave function of the jn`i state. Because

Rn`(r) � r`Z`+
1
2 for small r, HPNC mixes only S and P states, and to a good

approximation it only mixes states with J = 1=2.

2.2 Cesium Energy Level Structure.

Atomic cesium has a single valence electron with a Xenon-like core. We

use the stable isotope 133Cs, which has 55 protons and 78 neutrons. It has nuclear

spin I = 7=2, electronic spin S = 1=2, orbital angular momentum L = 0; 1; : : :, and

total electronic angular momentum ~J = ~L+ ~S. Its total angular momentum is given

by ~F = ~I + ~J , so with J = 1=2 there are two hyper�ne levels: F = 3 and 4. With

J = 3=2 there are four hyper�ne levels: F = 2; 3; 4; and 5. The projection of F

onto the quantization axis is given by mF = �F;�F + 1; : : : ; F � 1; F . The most

important of these energy levels are shown in Fig. 2.1.

Perhaps the most familiar spectral features of atomic cesium are the so-

called \D1" and \D2" lines, which are electric dipole transitions from the 6S1=2

ground state to the 6P1=2 and 6P3=2 states, respectively. The work in this thesis uses

the D2 line for optical pumping and for detection, and it uses the normally forbidden

transition between the 6S1=2 and 7S1=2 states to study the interesting science.
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Figure 2.1: The lowest energy levels of the cesium atom. The mechanisms giving rise
to the 6S ! 7S transition are shown, as well as hyper�ne structure of all the states
and the Zeeman structure of the 6S and 7S states. The 6P1=2 state is not shown
because of its relative unimportance for the work presented in this thesis. Energy
splittings are not shown to scale in this �gure.
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2.3 Electric Dipole Amplitudes

2.3.1 Parity Nonconserving Amplitude

In cesium, the mixing of S and P states by the weak interaction discussed

in Section 2.1 is given by

j nSFmF i =j nSFmF i+
X
n0

j n0P ihn
0P j HPNC j nSFmF i

EnS �En0P
: (2.6)

In the presence of an oscillating laser �eld with electric �eld polarization ~�, there is

an E1 amplitude between the 6S and 7S states of cesium. This amplitude is given

by

(E1PNC)
F 0m0

F
FmF

= h7SF 0m0
F j � e~� � ~rj 6SFmF i

=
X
n

�h7SF 0m0
F j HPNC j nP i

E7S �EnP
hnP j ~D j 6SFmF i

+ h7SF 0m0
F j ~D j nP ihnP j HPNC j 6SFmF i

E6S �EnP

�

= iIm(EPNC)~� � hF 0m0
F j ~� j FmF i; (2.7)

where the unprimed quantum numbers are for the ground state and the primed quan-

tum numbers are for the excited state, and the operator ~� is the Pauli spin matrix.

The constant EPNC contains all the radial information as well as the connection to

the standard model:

EPNC =
X
n

 
h7S j HPNC j nP ihnP j ~D j 6Si

E7S �EnP
+ (2.8)

h7S j ~D j nP ihnP j HPNC j 6Si
E6S �EnP

!
:

(2.9)

the geometrical matrix element hF 0m0
F j ~� j FmF i can be written in terms
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of the C
F 0m0

F
FmF

coe�cients:

CF
0mF+q

FmF
�
�

1p
2

�jqj
hF 0mF + q j �1q j FmF i; (2.10)

where q = 0;�1. These coe�cients are simply combinations of Clebsch-Gordan

coe�cients, and they are tabulated in Appendix A. The PNC amplitude can then

be written as

(E1PNC)
F 0m0

F
FmF

= iIm(EPNC) [(��x + i�y)

�CF 0mF�1
FmF

�mFm
0

F
�1 + �zC

F 0mF
FmF

�mm0 ];
(2.11)

where we have evaluated the dot product ~� � ~� in Eq. (2.7). Note that the operators

�x and �y drive �mF = �1 transitions and �z drives �mF = 0 transitions.

2.3.2 Stark-Induced Amplitude

An applied external dc electric �eld ~E polarizes the cesium atom and also

mixes states in a similar way the weak interaction does in Eq. (2.4) with HPNC

replaced with e ~E �~r. An oscillating laser �eld then drives the Stark-induced 6S ! 7S

amplitude given by

(E1Stark)
F 0m0

F
FmF

=
X

n;J;F 00;m00

F

(
h7SF 0m0

F j e ~E � ~r j nPJF 00m00
F ihnPJF 00m00

F j e~� � ~r j 6SFmF i
E7S �EnPJ

+
h7SF 0m0

F j e~� � ~r j nPJF 00m00
F ihnPJF 00m00

F j e ~E � ~r j 6SFmF i
E7S �EnPJ

)
: (2.12)

The Bouchiats [8] showed that this complicated expression can be written in a simple

form using an e�ective dipole operator:

(E1Stark)
F 0m0

F
FmF

= ~� � h7SF 0m0
F j ~re�ective j 6SFmF i (2.13)

= �~E � ~� �F;F 0�mFm0

F
+ i�~� � hF 0m0

F j ~� � ~E j Fmi

= �~E � ~� �F;F 0�mFm
0

F
+ i�( ~E � ~�) � hF 0m0

F j ~� j Fmi:
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Here � and � are the scalar and tensor transition polarizabilities, respectively. They

are given by [8, 24]

� =
e2

9

X
n

"
h7S j r j nP1=2ihnP1=2 j r j 6Si

 
1

E7S �EnP1=2
+

1

E6S �EnP1=2

!

+ 2 h7S j r j nP3=2ihnP3=2 j r j 6Si
 

1

E7S �EnP3=2
+

1

E6S �EnP3=2

!#
; (2.14)

and

� =
e2

9

X
n

"
h7S j r j nP1=2ihnP1=2 j r j 6Si

 
1

E7S �EnP1=2
� 1

E6S �EnP1=2

!

� h7S j r j nP3=2ihnP3=2 j r j 6Si
 

1

E7S �EnP3=2
� 1

E6S �EnP3=2

!#
: (2.15)

The �F = 0 transitions are dominated by the � term because �=� = �9:905(11) [25].
Here hnS j r j nP i are e�ective radial integrals which are related to reduced matrix

elements by [24]

hnS jj r jj n0P1=2i = hn0P1=2 jj r jj nSi =
r
2

3
hnS j r j n0P1=2i (2.16)

and

hnS jj r jj n0P3=2i = �hn0P3=2 jj r jj nSi =
r
4

3
hnS j r j n0P3=2i: (2.17)

We use these forms of Eqs. (2.14) and (2.15) to emphasize the fact that � is the

sum of similar sized terms and � is the di�erence of similar sized terms. Thus, the

fractional uncertainty of � is comparable to or better than the fractional uncertainty

of its individual terms, while the fractional uncertainty of � is much worse than that

of its individual terms.

If we evaluate the dot product as before, the Stark-induced amplitude can
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be written as

(E1Stark)
F 0m0

F
FmF

= �~E � ~� �FF 0�mFm
0

F
+ i�( ~E � ~�)zCF

0mF
FmF

�mFm
0

F
(2.18)

+ �[�i( ~E � ~�)x � ( ~E � ~�)y]CF
0mF�1

FmF
�mFm0

F
�1:

The Stark-induced and PNC electric dipole amplitudes di�er signi�cantly

in size. If the D1 amplitude has a strength on the order of unity, E1Stark has a

strength of 3� 10�5 when E = 500 V/cm, and E1PNC has a strength of 10�11.

2.4 Magnetic Dipole Amplitudes

Although to �rst order magnetic dipole (M1) amplitudes vanish between

states with di�erent n, relativistic e�ects [26] and the o�-diagonal hyper�ne inter-

action [8] both contribute to a small amplitude between the 6S and 7S states. The

Hamiltonian for this interaction connecting S states is given by

HM1 = ~� � ~Bac =
�B
�h
(L̂+ 2Ŝ) � ~Bac (2.19)

= �B~� � ~Bac (2.20)

where �B is the Bohr magneton, ~� = 2Ŝ=�h is the Pauli spin operator, and if ~k is the

propagation vector of the laser, ~Bac = ~k � ~� is the oscillating magnetic �eld of the

laser. L̂ and Ŝ are the electron angular momentum and spin operators, respectively.

The amplitude for the M1 transition is then given by

M1
F 0m0

F
FmF

= h7SF 0m0
F j HM1 j 6SFmF i =M1(~k � ~�) � hF 0m0

F j ~� j FmF i; (2.21)

where the radial integrals have been incorporated into the constant M1. The radial

part can be written as

M1 =M �Mhf�F;F 0�1; (2.22)
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where M is from relativistic e�ects, and Mhf is from the o�-diagonal hyper�ne in-

teraction. The M1 amplitude has a size of about 2 � 10�6 compared with the D1

line. As before, Eq. (2.21) can be written as

M1
F 0m0

F
FmF

=M1f[ �(~k � ~�)x + i(~k � ~�)y]
�CF 0mF�1

FmF
�mFm

0

F
�1 + (~k � ~�)zCF

0mF
FmF

�mFm
0

F
g:

(2.23)

2.5 Electric Quadrupole Interaction

Another transition that is driven by a laser �eld is the electric quadrupole

transition (E2), which arises from mixing of hn0Di states with hnSi states by the o�-

diagonal hyper�ne interaction. This amplitude is very small compared to the allowed

E1 transitions and even the M1 transition (E2=M � 0:01). However, in order to

test the standard model at the few tenths of a percent level, we must account for

the small e�ects of the E2 amplitude, as discussed in Section 5.4 and Appendix B.

In our case, the E2 amplitude requires us to correct our data by only � 0:08%;

in other experiments the necessary correction is as large as 3% [27]. Because the

e�ect of E2 on our measurements is so small, we can determine the ratio E2=Mhf

by comparing our result for Mhf=M with other results that were a�ected by E2.

See, for example, Ref. [28] and Section 5.4. A phenomenological discussion of E2

following the treatment of Ref. [29] will be presented in Section 5.4.

2.6 E�ect of Misaligned ~B

In the foregoing discussion it has been assumed that the quantization axis

is along ẑ. It is important to ask what happens if the magnetic �eld is slightly

misaligned from the ẑ axis.

The e�ect of a misaligned magnetic �eld is to change the de�nition of the

operator ~�. The Pauli spin matrix is de�ned assuming a quantization axis along

ẑ, so we must rotate ~�0, which is de�ned with ~B = Bẑ0, into the experimental
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Figure 2.2: A picture showing magnetic �eld misaligned into the x̂ direction.

coordinate system where ~B = Bxx̂+By ŷ+Bz ẑ. Using Fig. 2.2 it is easy to see that

ẑ = cos �ẑ0� sin �x̂0 and x̂ = sin �ẑ0+cos �x̂0, where cos � = Bz=B and sin � = Bx=B.

A similar rotation can be performed if ŷ replaces x̂ in the formulas. The components

of the Pauli spin matrix are then given by

�x =
Bz
B
�0x +

Bx
B
�0z (2.24)

�y =
Bz
B
�0y +

By
B
�0z

�z =
Bz
B
�0z �

Bx
B
�0x �

By
B
�0y:

Simple algebra then shows that the C
F 0m0

F
FmF

coe�cients are transformed into

C
F 0m0

F�1
FmF

�mFm
0

F�1
! C

F 0m0

F�1
FmF

�mFm
0

F�1
�
�
Bx
B

� i
By
B

�
CF

0mF
FmF

�mFm
0

F
: (2.25)

This means that a misaligned magnetic �eld introduces �mF = 0 transitions where

there should only be �mF = �1 transitions. The form of CF
0mF

FmF
�mFm

0

F
is also

changed, but it is not important for our purposes and so it is omitted.
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2.7 Measured Transition Rates

As we have seen, in the presence of an external dc electric �eld and a cw laser

�eld there are �ve di�erent amplitudes connecting the 6S and 7S states of cesium:

the PNC and Stark-induced E1 amplitudes, the M1 amplitudes from relativistic

e�ects and o�-diagonal hyper�ne interactions, and the tiny E2 amplitude. There

are four hyper�ne components to the 6S ! 7S transition: the �F = 0 F = 3 to

F 0 = 3 and F = 4 to F 0 = 4, and the �F = �1 F = 3 to F 0 = 4 and F = 4 to

F 0 = 3. All the experiments discussed in this thesis use ~E = Ex̂, ~B = Bẑ�, and

~k = ŷ, and a general normalized polarization ~� = �z ẑ + (�x + i�i)x̂.

The most recent PNC measurement performed by our group measured the

interference between the Stark-induced and PNC electric dipole amplitudes. The

geometry in that experiment used E ' 500 V/cm, B ' 6:6 G, �i=�z ' 1 and 2,

and �x = 0. The �nal quantity measured was the ratio of the two amplitudes for

�F = �1 transitions given by��

R
F 0m0

F
FmF

= 2
Im(EPNC)

�E

�i
�z

P
mF

�fmF
dmF

�
CF

0mF�1
FmF

�2
P
mF

fmF
dmF

�
CF

0mF�1
FmF

�2 ; (2.26)

where fmF
is the fractional population in a Zeeman sublevel mF , dmF

is a detuning

factor that accounts for the non-degeneracy of di�erent Zeeman transitions (see

Section 2.8). The value Im(EPNC)=� can then be extracted if all the other quantities

are measured.

In order to measure the dc Stark shift (see Chapter 2.18) we use the F = 3

to F 0 = 3 transition. We use electric �elds from 1 kV/cm to 10 kV/cm, with ~E = Ex̂,

�In this section we ignore the problem of misaligned magnetic �elds. That will be addressed in

Chapter 5
��Actually, the ratios measured on the �F = �1 transitions are slightly di�erent because of

nuclear PNC. This di�erence will be ignored in this thesis.
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B = 0, and ~� = �xx̂+ �z ẑ. The transition rate from Eq. (2.12) is simply

j (E1Stark)Fm
0

F
FmF

j2' [�2E2�2x �mFm
0

F
+ �2E2�2z(C

Fm0

F
FmF

)2�mFm
0

F�1
]�E1(I; �); (2.27)

where �E1(I; �) is a line shape factor that depends on the intensity I and frequency

� of the excitation laser (see Ref. [30]), and the small M1 and E2 rates have been

ignored.

To measure the tensor transition polarizability � we use the �F = �1
transitions. We also have E = 700 and 0 V/cm, B = 4 G, �z = 1, and �x = �i = 0.

With E = 0 V/cm the transition rates from Eq. (2.23) are

j (M1)
F�1m0

F
FmF

j2' (M �Mhf)
2�M1(I; �)(C

F�1m0

F
FmF

)2: (2.28)

With E ' 700 V/cm, [using Eq. (2.18)] they are

j (E1Stark)F�1m
0

F
FmF

j2' �2E2�E1(I; �)(C
F�1m0

F
FmF

)2: (2.29)

Here again, �(I; �) is a line shape factor. The total rate for a given transition is

found by summing over mF and integrating over all �. If we take the ratio of the

total of these two rates, we have

R� �
�
M �Mhf

�E

�2
: (2.30)

These two ratios can be combined with a semi-empirical value of Mhf [27] to deter-

mine �.
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2.8 Zeeman E�ect in Cesium

2.8.1 E�ect on Eigenstates

The presence of a dc magnetic �eld mixes the hyper�ne states and shifts

the energies of the 2F + 1 Zeeman sublevels. For a small magnetic �eld, the e�ect

can be treated as a perturbation, and the Hamiltonian is given by

HZ =
�B
�h

�
L̂+ gSŜ

�
� ~B =

�B
�h
gSŜ � ~B; (2.31)

for L = 0 states. In large magnetic �elds, the di�erent F states can be mixed into

one another. However, for the �elds used in this thesis and in Ref. [13, 23] the mixing

is on the order of or less than 10�3 and is negligible. The energy shift for a given

state is

�"nSFmF
= hnSFmF j HZ j nSFmF i (2.32)

= �BgFmFB;

where gF is the Land�e g-factor. For the F = 3 and 4 states jgF j= 4, so the magnitude

of the frequency shift of each sublevel is given by

��mF
= (0:35 MHz=G)mFB: (2.33)

2.8.2 E�ect on Spectrum

While the mixing of states due to an external magnetic �eld is negligible,

the energy shifts due to the Zeeman e�ect have profound implications for PNC mea-

surements and for the other measurements presented in this thesis. It is this shift in

energy that made the 1988 PNC measurement [31] possible by completely resolving

di�erent 6SFmF ! 7SF 0m0
F transitions in a large �eld. In the 1997 PNC measure-

ment [13], the magnetic �eld was smaller but the atomic beam was spin polarized.
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Therefore, the Zeeman splitting allowed a correction for unwanted transitions that

would not be possible without energy shifts. For the experiments described in this

thesis, no discrimination is made between di�erent Zeeman sublevels, so the energy

shifts serve only to broaden the spectral features observed. In the absence of a mag-

netic �eld, there are only the four hyper�ne transitions described in Section 2.7.

These are shown in Fig. 2.3. The widths of these transitions will depend on, for

Figure 2.3: The four 6S ! 7S Stark-induced electric dipole hyper�ne transitions in
atomic cesium in the absence of an external magnetic �eld.

example, the Doppler width of the atomic beam or the intracavity intensity of the

excitation laser.

In the presence of a magnetic �eld, the spectrum becomes much more com-

plicated. As the Zeeman sublevels lose their degeneracy, each 6S ! 7S hyper�ne

transition splits into its underlying Zeeman transitions. For �F = 0 transitions,
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there are three spectral lines, one each for the �mF = 0;�1 transitions, as shown

in Fig. 2.4(a). However, for �F = �1 transitions, the Land�e g-factors for di�erent

F levels have opposite signs. The result is the very complicated spectrum shown in

Fig. 2.4(b).

Figure 2.4: The Zeeman spectrum for 6S ! 7S transitions in a small magnetic �eld.
(a) The spectrum for the F = 3 to F = 3 transition with the �mF = 0 peak greatly
reduced. (b) The spectrum for the F = 3 to F = 4 transition. The Stark-induced
rates are shown in solid lines and the Stark-PNC interference terms are shown in
dashed lines and o�set for clarity.
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As mentioned earlier, this separation of di�erent transitions made the 1988

PNC measurement possible. This is because the interference terms on opposite sides

of the spectrum have opposite signs, as is shown in Fig. 2.4(b). Without the Zeeman

splitting, and assuming an approximately uniform distribution among the Zeeman

sublevels, all the interference terms sum to zero. If optical pumping is used to spin

polarize the atomic beam as in the 1997 PNC experiment, the Zeeman splitting

reduces the level of precision needed when measuring the degree of spin polarization.

This point will be discussed in more detail in Section 7.3.

For measuring the dc Stark shift (Chapter 4), the Zeeman e�ect is unimpor-

tant because we use the F = 3 to F 0 = 3 transition, where all �mF = q transitions

that have the same value of q are degenerate. Here q = 0 or �1. For measuring

� (Chapter 5), the Zeeman e�ect broadens the spectral feature but does not a�ect

the total transition amplitudes we measure. Sample scans over the E1 F = +1

transition with small and large ~B are shown in Fig. 2.5.

In our measurement of � we would like to use as small a magnetic �eld as

possible. This is because it is di�cult to make scans over very large frequency ranges,

and the smaller the magnetic �eld is, the narrower the transition will be. However,

there is a systematic error that is proportional to the ratio of Bi=Bz, where i = x or

y, so we compromise and use an intermediate magnetic �eld of 4 G.
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Figure 2.5: Sample scans of the E1 transition in (a) small and (b) large magnetic
�eld showing broadening due to the Zeeman e�ect. The total area of each transition
does not change because the Zeeman e�ect does not change the total transition rate.


