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We formulate a theory of quasi-phase matching of high harmonic generation using weak counterpropagating
pulse trains. We predict the optimal laser intensities and pulse shapes for the counterpropagating field and
find that the conversion efficiency is better than the efficiency obtained by simply suppressing harmonic
emission from out-of-phase regions. © 2007 Optical Society of America
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Quasi-phase matching (QPM) is a widely used tech-
nique in visible nonlinear optics. In materials where
perfect phase matching is not possible, QPM makes it
possible to obtain significant conversion efficiency in
a nonlinear process by periodically varying the non-
linear susceptibility of a material [1]. In high har-
monic generation (HHG), infrared or visible light is
upconverted into the extreme ultraviolet and soft-
x-ray regions of the spectrum in a highly nonlinear
parametric process [2]. However, during the HHG
process the medium is ionized, and the associated
strong plasma dispersion precludes true phase
matching for conversion to photon energies >
~130 eV [3]. Therefore, developing schemes for QPM
is critical in extending efficient HHG conversion to
soft-x-ray and shorter wavelengths. The first imple-
mentation of QPM to enhance HHG used modulated
hollow waveguides to modulate the intensity of the
driving laser, and therefore the HHG process [4—6].
This work succeeded in enhancing the conversion ef-
ficiency by 1-2 orders of magnitude, limited by inevi-
table variations in phase matching conditions (the co-
herence length) along the direction of propagation
[7]. Recently, all-optical QPM using three counter-
propagating pulses was used to enhance high har-
monics around 70eV by more than two orders of
magnitude [8]. Since the all-optical approach allows
for adaptive optimization to a varying coherence
length, larger enhancements are expected when
longer trains of counterpropagating pulses are used.
This all-optical QPM approach is based on the fact
that a weak counterpropagating field can suppress
high harmonic emission in regions where it intersects
with the driving pulse [9,10]. Thus, a sequence of N
counterpropagating pulses can be used for imple-
menting QPM by suppressing emission from N out-
of-phase regions [8]. However, in all previous work,
no quantitative model for QPM using counterpropa-
gating pulse trains was formulated.

Here, we present a general model of QPM using
counterpropagating pulse trains. A weak counter-
propagating beam interferes with the driving laser
and induces a sinusoidal modulation in the phase of
the emitted harmonics. The amplitude of this phase
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modulation is proportional to the square root of the
intensity of the counterpropagating beam. These fast
oscillations suppress the buildup of the harmonic sig-
nal, with a predicted suppression factor given by the
zero-order Bessel function of the first kind of modu-
lation amplitude. Negative values of the Bessel func-
tion correspond to flipping the phase of the generated
harmonics, converting out-of-phase zones to in-phase
zones. Consequently, we predict QPM efficiency fac-
tors that are greater than expected from simply sup-
pressing harmonic emission from out-of-phase re-
gions. Our model allows us to predict the optimal
intensity and pulse shape of the counterpropagating
pulse trains for implementing all-optical QPM at
short wavelengths.

HHG is a highly nonlinear process that, under
proper conditions, can result in coherent beams at ex-
treme ultraviolet and soft-x-ray spectral wave-
lengths. In HHG, an intense driving laser first ion-
izes the atom and later accelerates the ionized
electron in the continuum. A high energy photon is
emitted when the energetic electron recombines with
its parent ion. As a consequence of this noninstanta-
neous (~femtosecond) nonlinearity, the emitted har-
monics are not phase locked with the driving laser.
Remarkably, the phase shift A® acquired by the elec-
tron during its trajectory is linear in the laser inten-
sity [11,12]. Consequently, modulating the laser in-
tensity along the propagation direction z, through
interference between the driving pulse and a counter-
propagating beam, will result in a fast modulation of
the phase shift A® given by [13]

AD(z) = Al(z) = E2r cos(2mz/A). (1)

In Eq. (1), E is the peak field of the driving laser, r is
the field ratio between the driving laser and the
counterpropagating beam, A=\/2 is the periodicity of
the intensity interference pattern, and \ is the wave-
length of the laser beams, assumed here to be
0.8 um.

We first calculate the influence of a weak counter-
propagating beam on the emitted harmonics and
verify that sinusoidal oscillations in the phase of the
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Fig. 1. (Color online) Influence of a weak counterpropagat-

ing field on the phase of the emitted harmonics. (a) Phase
modulation of both the “short” and the “long” quantum
paths for the 131st harmonic order (solid curves) by a coun-
terpropagating beam for a driving laser intensity of
10 W/cm? and a counterpropagating laser intensity of
10" W/cem? in He. Fits to a cosine function (dotted curves)
are also shown. (b) Calculated amplitude of the phase os-
cillations as a function of the ratio r between the peak
fields of the backward- and forward-propagating beams. (c)
Calculated amplitude of the phase oscillations of the long
trajectory of harmonic order 101 as a function of the emis-
sion time with field ratio »=0.01. (d) Microscopic effective
emission factor as a function of the phase modulation am-
plitude A.

emitted harmonics are induced [13]. Consider the su-
perposition of forward- and backward-moving fields
in the frame moving in the z-direction at the speed of
light, ¢, given by E=E[sech(7/7y)cos(w7)+r cos(wT
+2kz)], where k=27/N and w=ck are the angular
wavenumber and frequency, respectively, and 7, is
the driving pulse width. The amplitude of the emit-
ted harmonics and their associated phase are calcu-
lated using the generalized Lewenstein model [14].
We find that the dominant effect of a low intensity
counterpropagating beam is to induce changes in the
harmonic phase, while the intensity of the emitted
harmonic is much less sensitive to the weak counter-
propagating beam. Figure 1 shows a typical result of
such calculations, obtained for E,=8.68x10%V/cm
(Iy,=10"> W/cm?), 7,=11.36 fs (FWHM is 20 fs), when
the nonlinear medium is helium. As expected, the
counterpropagating field induces a sinusoidal oscilla-
tion in the harmonic phase A®, with a periodicity A
=N/2=0.4 um. Figure 1(b) shows that the amplitude
of the induced phase oscillation (A) is indeed linearly
proportional to the field ratio r between the driving
and counterpropagating fields. Moreover, the ampli-
tude of the phase modulation is larger for emission
that results from the so-called long electronic trajec-
tories that are influenced by the counterpropagating
beam for longer times. [Harmonics generated in the
plateau region result from short and long quantum
trajectories. The short (long) paths correspond to
electron trajectories in which the time between ion-
ization and recombination is <37/4 (>3T/4), where
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T'=2.6 fs is the optical cycle of the driving laser [15].]
Also, the difference between the modulation ampli-
tudes of the long and short trajectories decreases
near cutoff (139th order), where the two trajectories
merge. Figure 1(c) shows the dependence of the am-
plitude A on the emission time (different half-cycles
of the driving laser) that results from the changing
intensity of the driving field.

Next, we calculate the microscopic effective emis-
sion factor, which is the ratio between the generated
harmonic fields without and with the presence of
counterpropagating light, for one period of the stand-
ing wave (A) [9]:

1 rA _ 1 rA . 21T
§=Xf exp[zACD(Z)]dz:Xf exp| iA cos N dz

0 0
=Jy(A). (2)

In Eq. (2) J| is the zero-order Bessel function of the
first kind [Fig. 1(d)], and A is the amplitude of the in-
duced phase modulation. Clearly, the counterpropa-
gating field suppresses the harmonic emission, |&(A
#0)| <1, in region that it intersects with the driving
laser. Also, the microscopic effective emission factor
can be negative, which corresponds to an extra =
phase shift for HHG. Thus, the presence of a counter-
propagating field can be used for flipping out-of-
phase regions into in-phase regions, which for QPM
is advantageous over just suppressing HHG genera-
tion in out-of-phase regions [8,9].

We are now in a position to formulate a general
model for all-optical QPM using counterpropagating
pulse trains. Consider emission of a single harmonic
order from a single electron quantum pathway (the
more general case may be studied by applying a lin-
ear superposition). The temporal profile of the coun-
terpropagating pulse train maps directly onto the
medium. Thus, it is possible to describe the pulse
train by r(z), the ratio between the driving and coun-
terpropagating fields at some collision point z. The
counterpropagating beam induces a fast phase oscil-
lation in the emitted harmonic with an amplitude
that is proportional to the field ratio A(z)«<r(z). The
proportionality factor can be calculated numerically
[as in Fig. 1(b)]. The harmonic field itself after some
propagation distance L is given by

2
z +A(z)cos<—z> ] dz,
A

3)

where E?_IHG(Z) and Lo(z) are the emitted harmonic
field and coherence length without the presence of
the counterpropagating light, respectively. We
assume that Lo>A, A(dLo/dz)<Le, and
A(IE Y16/ 2) < E¥ g, which are reasonable assump-
tions except for extremely high-order harmonics that
are not considered in this paper. (This is because
variations in L¢ and EY. result from loss of the
driving laser, mode beating, and other mechanisms
with characteristic length scales >100 um.) Under
these conditions, it is possible to replace the sinu-

L
EHHG=f E%HG(Z)eXp[i
0

L¢(2)
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soidal phase modulation term in Eq. (3) with the mi-
croscopic effective emission factor to obtain

L T
Eype = f E%HG(Z)g[A(z)]exp[i z}dz. (4)
0 L¢(2)

Equation (4) can now be used to evaluate the effi-
ciency of QPM by counterpropagating pulse trains.
For simplicity, we assume that L and EY; are z in-
dependent (which is the case in a plasma waveguide
for example [16]). First, we consider a sequence of se-
cant hyperbolic pulses A(z)=A2,sech[(z—2nL;
-Lo/2)/zy), where Ay and z, are free parameters
[Fig. 2(a), top]. Figure 2(a) shows the QPM efficiency
factor, which is the generated signal at L>> L, nor-
malized to the signal generated under perfect phase
matching conditions 7=|Eyya(L)[?/(EYyaL)?, versus
Aj and z,. The largest QPM efficiency factor, obtained
for Ay=4.5 rad and zy=0.26L, is 7=0.14. This is 40%
larger than the efficiency factor predicted for the case
in which harmonic emission is completely eliminated
from the out-of-phase regions, with no influence on
the in-phase regions, which would be (1/7)2=0.1.
Further enhancement can be obtained using pulse
shaping. Figure 2(b) shows the QPM efficiency factor
when the counterpropagating beam consists of
square pulses. The largest efficiency factor of 7=0.2
is obtained for zo=L, and A;=0.403, which corre-
sponds to the smallest value of JJ, [Fig. 1(d)]. It is im-
portant to note that the results presented in Fig. 2
were calculated assuming a HHG field that is gener-
ated via either the short or the long quantum trajec-
tories, but not both. Indeed, this is the typical condi-
tion in all-optical QPM, which can correct the phase
mismatch for only one type of quantum trajectories
[8]. However, if both the long and short trajectories
contribute to the HHG field, then interference be-
tween the two paths probably decreases the QPM ef-
ficiency factor.

In conclusion, we present a semi-analytical model
for quasi-phase matching of high harmonic genera-
tion using counterpropagating light. Our model pre-
dicts the optimal intensities and pulse shape of the
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Fig. 2. (Color online) QPM efficiency factor for (a) a secant
hyperbolic and (b) a square counterpropagating pulse train
as a function of the pulse width and peak phase modulation
amplitude. Note the different color scales in the two plots.
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counterpropagating field and was used to evaluate
the efficiency of all-optical QPM for secant hyperbolic
and square pulse trains. We also demonstrate that
the presence of the counterpropagating field can en-
hance HHG above what is predicted from simply sup-
pressing emission from out-of-phase regions. This
work opens the door to semi-analytical models of
other light-induced QPM schemes for HHG, for ex-
ample, phase matching via difference frequency mix-
ing [17,18] and QPM fibers [4-6].
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